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I'lJi. aclclitioiib «ind cilteiations which Jiave been ni.ule 
in this fifth edition oi Mi. Buown’^ Loj^ai ithniic 'rabies, 
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the \aiious piactical rules whuh the speiulafive tiuths 
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OF THE NATURE, CALCULATION, AND 
USE OF LOGARITHMS. 


1 Ii the square root of any afhimative nuiuhei bo extracted, 
and the square root ot the result be again taken , and il this pro- 
ccss be carried on lor a sufficient nunibci of tunes, always extiuct- 
ing tlie root of the last result, there will, in every case, at length 
be obtained a nunibii exceeding unity by a \ei> small fraction, 
'rhe integial powers of this last result, will constitute a gconietriial 
series, of which any two successive tonus (ext opt among the very 
distant terms) will differ from one another by «i very small quanti- 
tv Hence it appears, that m this scries, theic will be found terms 
wliicli will deviate but \cry little from the series of natural num- 
bers, and wliieh, for all the purposes of ealeulatioru may hecinploy- 
(‘d instead ot them, so as to obtain results sufficiently accurate. 


2 1 rom these observations, it follows, that all affirmative niim- 
beis may be consult led .is poveis ot any one affirmative number, 
except of unit) '1 lie powxrs oi 2, for t xample, may bitome either 
exat tly equal, or rie.irir than any assignable diflerentc, to any num- 
ber v\liattver, iioni 0 upuaids 

Thus 2^ =1. 2'^ = 4 

VST 3 5 

oi ~ o olouo — 5 


1 I ,'i e 5 » 5 

21UOO ~ JJlOOl) ~ 0 


^e. 


In like mannir may tlie powers of 
all number^ 


Thus 


10 « 


= 1 
= 2 
z= 3 

f. 0 CO « 
f> n ft V 7 

IQlQOOOtJ ~ 5 


•uni) 7 
IQl oooou 

J^7 7 ig^ 
0 0(7 


10, be employed to express 


IQjobSfjo — 5 
r 4', 1 o 

JQiuoouU ^ 7 

10 ~ S 

lOiVoWa 9 

10* 


&c 

A 


=: 10 


Si 01 LOGAftnUMS. 

' In general, tlicrcfore, let a denote any number, and r anj 
given number, a nuinlxT x may be lound, such that 

Ijefimi%on I, Tlie number x ib called the I^artthm of tlic num- 
ber o. 

Definition IL Tlie given number r, b) the powers of which all 
other numbers are expressed, is called the Radical Awnbir of tlic 
logarithms, which arc the indices of the powers 

Corollary. Since = 1, whatever be the value of r, it is evi- 
dent that IjOg 1 IS always c(|ual to 0 

Also, since r*=zr, it follows that Log 7z=l. 'Flic logarithm of 
the radical number is therefore always equal to iinitv 

4 1 lom the definition of a logarithm just given, it appt ars, 

\mOy Ihat the sum of the logarithms of any two numbers is c- 
qual to the logarithm of their product 

Vor, let a and h be any two numbers, and x and a*' their lo- 
garithms , then ci=r^, there foie, n x I* = X 

hence (by Dcf I ) Log ah = r -J- a’' zz Log a 4- Log h 
Corollary. If n be any number whole or fi actional, 

Log «'* iz n Log a 

2flo, The logarithm of the quotient of any tv\o numbers, is equal 
to the difleicncc of tJicir logarithms 
For Cl, b, Xf xfj denoting as before 

' — ~ 
h 

licne c (1)} Dcf I ) Log zr X — if z=. Log, a — Log h 


.'i Let it now be uquired to find the loi^.inthm of an\ number 
^\ith a view to the solution of this piobkm, wi prcmi'*c the fol- 
lowing lemma. 


6 Lfmma. If y and z be any two quantities, and « any whole 
positive number, then y” — z= (// — -) X + 

y*-’ + + 

For, by actually multiplying the factors, »c have 
y"“'+y"-"s + y’-'’s-’+ • • • + ys"-* + 

y — s 


V- +*/»-' + 

— y— ' r— y— • zi~ 


+ y'z'*-'- + yr"- ' 

_y^2— j_yi— 1 __C>- 


»/' 
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CoroHan/ Hence it is evident^ that 

-I- ^ yn.3 -2 ^ • • • + ^ 2-11-1, 

y—z 

7. Let US now suppose that N represents any number, whose lo- 
garithm IS to be found Put N =: 1 + y, and x ior the login ithm 
required, so that 1 + y =: 

Assume Log (1 + //) = A y + B y- + C y* + 

Ileie, \, B, (\ 1) Ac I tjirc sent (|uanti tics altogether independ- 
ent of y, and winch tluTcfore involve only the powers ot r, and dc- 


• It maj be {iroptr to pro\(, lint tiu logarithmic SvThs will nctiiill} have the 
form lure assumed Xuir this purpose^ we remark, that Log 1 being equal to O, 
the logintlim ol inv luimbir N iiia\ be regarded as a tiinctioii of the diilircnce 
lietween that number and unity , that is, il N = 1 + then will Log N be a 
fuiiLtion of y With regard to the form of tnc liimiion, it ib cviiieiit, that it can 
contain no traction il power ol y tor if it docs, let tlie term containing the frac- 
m 

tional power have the tonn U , so that t = A »/ -p B //' -J- C i/ 1 -p Ac • 

I/I 

-|- U Then, since we know from the* theory ol equations that a radi- 

cal quantity Ins <s many diflurcnt values as there are units m its cx|xincnt , it 
tn 

follows thaty'* or j/ff* must liave as many difierent values as there arc units 

m 


in n These values being successively suhstitiitcd for in the senes A y By* 


-4- Ac • -f- L y” tVe , will give fir i, n diflerent values, 

lienee it appears, that the cqu ition N = r*** will give tor N, (which is, in each 
particular ease, a given luinihLr), n ditlereiit values. But this cotiilusioii is als- 
burd It IS equally obvious, that the series tor Log N can contain no negative 

V 

power of y for, if there occurred in it aiiv term of the form — that term when 


7/ = 0 would become iniinitc But when y = O, N = 1 he nee we would ob- 
t tin Log 1 equal to iiifiriiiy , — a cotulusion whieli is iiiconsislcnt with what has 
already bi.en shewn iii ( or l)et 11 ^3 farther, it appears tint the series for 
Log N iniy he muliiplied by uiy const iiii quantity, integral, or tractional, with- 
out altering the inutiiil relations which subsist among the logarithms derived 
from It. Tor put Log N = M ( 4y + B y* + Cy ' + iScc ), M being any con- 
stant quantity , then the logarithmic e<]uation becomes \,= r** "f* + Ac ) 

= + -J-&e., hIiicIi It is evuk*nt, that the logarithms 

derived trom the turmula Log N = M ( A 7/ + B y'* + &c ) will form a system 
chflering in no respect, in relation to their inutuil properties, from the logantiims 
obUine*d from the* lormula I og N = A y -f- By“ -f- (*y® -j- &c If, however^ 
we sup|H)se M a function of y, it appears tliat in tint case, the formula Log 
N = M (A y 4- B y** -f Ac ) would give for the diflerent values of N, loga- 
rithms belonging to eliflercnt systems. Hence we conclude!, that it would have 
been improfier to have assumed for Log N a scries afllcted by any function of y, 
integral or fractional, as a multiplier , and Uiat upon the whole, tlic bencs for the 
Log N ought to have the form above assumed. 


A 2 
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terminate numbers. If we suppose y =: 0 we have Log. 1 =: 0, as 
It ought be. 

Let 1 4* 2: be any other number different from 1 + y ; then we 
have, in like manner, 

Log (I + 2 ^) = A c + B 2:2 c 2-5 + D + &c. 

Now, subtracting the latter of these equations from the former, 
and observing that Log. (I + y) — Log (1 + r) = Log. 
we obtain, 

W- (1 + y) — Log. (1 + s) or Log = 


A — s) + n(ya— s2) + C(y’— s’) + D(y'‘— s^)+&c 
But I ^ ^ = 1 + and thrrcforc Log. 

i.og. (i + ’'JLi" ‘) = A 1} -f. c + 

' I + z' 1+s (l+:p 

Ac 

Ilcntc putting these two expressions of Log equal to 

each other, we obtain 

A (y-s) + IJ (y«- se) + C (»/’ - s’) + D (•/♦- = ♦) + Ac = 


, y— 


•r +1} 


(y. 


1 + » (1 +;) 




(1 + 


^1 f-)' 


In tlii«i equation, both sides are divisdile h} y — , thcrdorc, 
(h> the Lemma, J 0 ) we find, 

A -f B (// + c) + (' (?/2 y- q, 2“) -|- 1) { Ip -)- y- r -f //r^ -j> 

:’)^^^ = + U -I- 

1+s^ (1+*)- 


'fills cqn.ition must icnuun true, whatever be the \alues ofy and 
X , kt us therefore now suppose y = e, and the equation bcioines 

A + 2 15 y + ‘J C y* -|- 4 1) y’ + Ac = — — , Or multiplying 

. 1 + y 

both sides by (1 H- y), .uid transposing all to one side, we have 


f Aj +2Bj +41)) +oE 


+ &c =0 


IVoni this resulting equation, we find by the Method of Jmleter- 



OI- LOGMIITHMS. A 

numU: CoeJRcwiU,* the ioll(>^vlng ei^uatioitb toi the ilutciininuUun 
oi the coehuctitii A, H, Ct D, &i 

A — 4 = 0. A + 2 B ^ 0, K + 3 C = t), .1 C + 4 D = t», 
4' D + 5 E = 0, Ac. 

Hence we ohtain A =. A, B — — A, C = — |1B = -)- 1 A, 

D =z — ?. C = — I A, E D = -f 1 A, and hO on, 

4 4 5 5 

Siilisiitutuig tliC'»c valuci» in the sciUb assumed tor Log (1 j //), 
we have 

Log (1 + y) z= A (y — 3y- -j- ly — ly* + i y' — Ac ) 

Now, N zz 1 + and y =. N — 1 Subbtitutiiig, theitioie, 
lliCbL \alues for 1 + ^ <i><d // ihi ioiniula beconub, 

Log N = A (N — 1 — i (N — 1)'* + i (N— 1)’ — i (N— 1)» 4 

i\.L ) 

8 'Pile ([uantity A leinains still to be determined I'hib may be 
attoniplibhcd, b\ considering, that if in the eijviation 1 + y 
we sujipose 1 ^ y zz r, (hen x becomes equal to 1 , that is 
(^ + y) = ^ when 1 + yz= y '=Lf — L Substitut- 


• I Ih IMtthd l of Iiult Unnin ite Cof flic unis, whufi is of tlie |^riat?bl utility iii 
IIk lii'^lur ifi< lu I iS «W iiiatliLiri dies, upon tliL following tluorcm 

JlitortJii 1 Lt 3 bo any inticUrmii) itr f|imnUty whuivtr, iiixl Jet A, 11, C, 
D, (\4 Q, U, S, be tjuumiUeb uliobt saluts arc alto^elliur iiiilci>cii(]tnl 
ul lilt r|ii iiitity 3 li 

\ -b 15 1 4* C J - + D + Ac = P 4- U r + U J,** + S a * + &c Or iranb- 
posing ill to out suli, if 




then also A = P, or A — P = 0, B = Q or D — Q == 0, C = K or C — R = 0, 
D = S, or 1) — S = 0, At 

l*orsiiuc the values of A, R, C, Ac P, Q, R, Ac are iiltogetlicr independ- 
ent ol tlic value oi X, tluy must rciiiaiii the sarne evoA when x ih huppubcd iquiil 
to 0 Rut when X = 0, the aliuvc equation beiomes A == 1' or A — 1’ = O 
Striking oil tiiesL equal quantities, and disiding by x, we have R + C x 4* •i'' 

4" At 4" R X 4" S X* 4" Ac 

luf + =»• 


If we I 'un suppose x =; 0 we have B = Q, or R — Q = 0 In the same 
inaiiiier, ii may be deiiiotibira*cd, that C =s U or C — R = 0, that D = b or 
D b =x 0, and so uiu 
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ing, therefore, these values in the above formula for Log. (1 
wo find 

1 = A (r_l)« + |(r_l)»-ic.) 

Ilcncc A = ? ; from 

which result, it appears, that the value of A depends entirely upon 
the radical number. 

Definitifyn III. In any system of logarithms, the constant mul- 
tiplier A, which depends entirely upon the radical number of the 
system, lb called the Modulus of that bystem. 

9. If we suppose such a value to be given to r, the radical num- 
ber, that A, the modulus, may be cipial to 1 » then, in this case, 
the general formula found above for Log N, becomes, 

Log N = N - 1 - 1 (N - 1)« + 3 (N -1)^-3 (N-1)* + 

d;c. 

The system of logarithms, which results from this last supposi- 
tion, 18 the most simple with respect to facility of computation. 
The logarithms of this system, are the same as those in\ented by 
Napier, and have likewise, though impropcrl}, been called Hyper • 
holtc Loyanthms % 

10. In the formula of last put N = r, then we obtain. 

Hyp. Log r = r _ 1 _ 1 (r — 1)« + 3 (r _ 1)’ — &c. 

Comparing this result with the \alue of A, already found, it appears 

manifest, that A = — \ , that is, the modulus of any system 

Hyp. Log r 

of logarithms, is equal to the rccipiocal of the hyperbolic logarithm 
of the radical numbci of that system. 

lLThesene8Log.N = A(N— 1 — 1(N — 1)3 + i(N— 1)» 

3 3 

— Ac ) can only be used when y is a small fraction, that is, when 
the given number is but a very little different from unity. In other 
cases, cither the rate of convcrgency is too slow, or the senes di- 
verges. 

12. In order to find a scries tliat will always converge, let us 
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resume the formula, Log. (1 + y) = A — 

&c.^, and let us suppose y to become negative , then 
Log.(l_y) = A(-y-^_^--5j-^e.) 

But Log. (1 + y) =z A (y _ ^ &o.) 

Hence, by subtracting the first of these equations' from tlie lust, 
u c find 

Log. (1 4 . y) _ Log. (1 — y) or Log. = 

2A(y+^+^+^ + &t-) . but puttmg = N, 

N — 1 

y will be found equal to series becomes, 

T xr o A /N— I , 1/N — K* ^ 1 /N— K'» 
Log. N _ 2 A 4 jj (jj ^ j j + 5 (n + i) 

. 1 /N — K7 X 

+ 7(ir+i) *'■) 

13 This senes will always converge, whatever be the valuo of 
N, and by means of it, the logarithms of small numbers may be 
easily found If, however, the nunibci be somewhat large, the se- 
nes will evidently converge too slowly to be of anypiucticul utili- 
ty In the calculation of logarithms, it therefore becomes neces- 
sary, to derive the logaritlim of one number from that of another. 
When a number is composite, its logarithm will most easily be 
found, by adding together the logarithms ot its factors , but if it be 
a prime number, its logarithm may be derived from some conve- 
nient composite number, either greater or less Let n be a num- 
ber, of which the logarithm is already found , then substituting 

— for N in the formula of the preceding }, we have 


Log 1:^ = 2 A (g-„-4^- 4 g (8/4— y, + 


5 + 5)’ 


+ &c.) 


fl 1 S 

But Log. — -?--r = Log- (» + «) — Log. », therefore, 


Log. {n + z)z= Log, n + 2 

1 s* 

5 (2n + z)^ 


‘^(21* 4 


z 3 (2 n + z) 


3 + 


+ 
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Thi8 scries gives the logarithm of n + shy means of the loga* 
rithm of fiy and converges very fast when n is considerable. 

14 Let L denote the hyperbolic logarithm of any number, and 
/, the logarithms of the Marne number, according to two other 
systems, whose moduli are A, and A', then, from what has been 
said, I ssz AL, t = A'h 
I V 

therefore -r = -r-.* <ind A : A' / . , 

A A' 

That is, the logarithms of the same number, aLtording to differ- 
ent systems, are directly proportional to the moduli of those sys- 
tems, and arc therefore to each other in a constant ratio. 

Corollary, Hence it follows, that if the moduli of any two dif- 
ferent systems, and the logarithms of one of the systems be given, 
the logarithms of the other system may be found. 


15. We shall now exhibit, in one view, the different scncM that 
have here been irui tigatcd, and then proceed to exemplify tlicir 
application, hist, in ihe calculation of the hyperbolic logarithm of 
10, from winch wt' ‘luill be able to determine, the modulus of the 
common system of logaiithins, the clctcimmation of this number 
bc^ng the hrst step in the construction of the tables 


I. Log. N = A (N — 1 — 

II T XT « * /N — 1 . 1 /N— In’ , ] /N— 

II. Log N = 2A(j^-^y+3(^-y) +5 (n+i) 

+ &c) 

III Lor. (« + :) = T,og « + 2 A {jj~. + 5 




+ &c) 


16. In the application of tlicse formulae, the chief object is to 
make them converge as fast as possible, for which purpOMC a little 
management is sometimes necessary.* Here, we shall derive the 
liyperbolic logarithm of 10 from those of 2 and 5. 


• In a paper by Proftssor ^^allacL, in the siith volume of Uic Ldin Phil 
Trans, the tullowing m ries for the computation of logarithms nu invcsugauil, 
which have the remarkable pro|)citv oi being alike applicable Mlicllier the nuin- 
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To find the hyperbolic logarithms of 2 and 4, putting N, in tlie 

N 1 

second formula, equal to 2, and ^ ^ ^ ss X, (for the aakc of 
abndguig), we liave X = ^ : hence 


2A = 2 00000000 
2A X 0.6b0b6bb7 
2A X» 0.07407407 
2A 0.00823045 

2AX7 000091449 
2A X9 0.00010161 
2\X“ = 0 00001129 
2AX1S = 000000125 
2A Xis = 0.00000014 


2A X s 0.66666667 

i AX^ =-0.02469136 
AXS =0.00164609 
AX? =0 00013064 
«AX9 =0 00001129 
A A X»' =0.00000103 
A A XJ’ =0.00000009 
A A X>* =0.00000001 
lyp. Log. 2 = 0.6931472 
2 


Hyp. Log. 4 = 1.3862944" 


her wlioiiC logarithm is required be largo or small These senes are fartlicr rc- 
markablC} from this Lircumstaucef that the terms of each approach Lontinually to 
those of a geometrical series 


Let N be any number , then 
1 1 N-f 1 _ /I 

jg N “ " 2 N — 1 \4 


Log 


. 1 ^ 1 N* — 1 ^ 1 
N*4-1 + l 


32 


+ 1 


1 


1 


In tins series tlic terms approach continually to those of a geometrical senes. 
VI hose lom non ratio is | , so that the sum of all the terms which follow any 
assigned term apjiroachis the nearer to ^ of that term according as it is more ad- 
vanced 111 the senes. 

Again, putting N for any number, let a scries of quantities n, n'\ [&c 

be lound sue h that 


" = n' = V' i (“ + ‘ ). n" = v' i (»' + I). n"i = 

Vi <»'' + 1). &c 

Then will 

1 N 1 /I n'— I .1 n" 

g* N~(N — I)*’*’ J2"“ V4* m'+ I 4* n" + 1 
1 , 

4* n'" + i 

In tills scries the terms approach continually to those of a geometrical senes, 
whose common ratio is , so that tlie sum of all the terms winch follow any 
assigned term approaches the nearer to j*j of that term according as it is more 
advanced in the series 

The quantities n, n', nf\ &u being fonned from N, as'spccified above, wc have 
this Ollier senes, 
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To find the hyperbobc loganthms of 5 and 10. In die third 

formula, put n =; 4, z =z 1, and - — ? =: X, then we find 

% n z 

X = 1. Hence 
9 


1 N(N* + 4N+1) 1 

Log^N"~ 6(N — 1/ 8 y 10 

1 n + 12n'— IS 1 n'+12n"— IS 

3 • 16* n + 4 n' + 3 3 • 16^ n' + 4 n" + 3 

+ ^ — 13 ^ 

3 16* n'' + 4n''' + 3 

In tint series Che terms appniach continually to those of a geometrical scries, 
whose common ratio is jf , so tliat the sum of all the terms which follow any 
as.signed term Is the nearer to of ^that term, according as it is the more ad- 
vanc^ in the senes. 

As an eiamplc of the application of this last senes, let it be required to com- 
pute from It the modulus of tlie common system of logantlims, which is eijual to 
tlie reciprocal of the hyperbolic logantbm of 10 

NrslOi nsraos n"' =10417078207 
n* = 1 739252713093 n'"' = 1 01037315 

fi^ss 1 17031036761 n""' = 1 0025899 


N (N* + 4 N-f 1) 
6(N — 1)" 

1 n-H2n^— 13 

3 16“ n + 4 n' + 3 
1 w^-l- 12 11^^ ^13 

3 16» It' + 4 n" + 3 
1 fi"+12nW— 13 

3 16^ n" 4 nfit -h 3 
1 n'" + 12n"^— 13 

3.16» n'" + 4n''" + 3 


= 0358177107148 
= 0011210934214 


= 0000240411229 


= 0000004092394 
= 0000000065357 


1 n"" + 12 n""'— 13 

jU6® n"" + 4 + 3 


0000000001027 


63 


of last term = sum of the remaining 
terms nearly, • 


\ 


.0000000000016 


From sum of positive terms = .096963261 1385 

Subtract =s 0013888888889 
8 9 10 


Tliere remaina ^ — L— ss X)355743722496 
Ijog* 10 

- — I = 1886116970113 

Log* lO 

Modulus s= — i =s .434294481903 

Log. 10 
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2A = 2.00000000 
2AX =0.22222222 
2AXa= 002469136 
2A X’ = 0.00274348 
2A X* = 0.00030483 
2A = 0.00003387 
2A X6 = 0.00000376 
2AX7 = 0.00000042 


2 AX =0.22232222 
f A X9 = 0.00091449 
§ A X^ = 0.00000677 
f A X7 = 0.00000006 


0.2231435 
Hyp. Log. 4. = 1.3862944 


Hyp. Log. 5 = 1.6094379 
Hyp. Log. 2 = 0.G931472 


Hyp. Log. 10 = 2.3025851 

17. From the hyperbolic loganthm of 10, which we have thus 
determined, we hnd the modulus of the common system of loga- 

ritlims, or Hyp ~ Log "*!?) .4342945. 


18. The modulus of the common system of logarithms being 
now found, let it next be required to calculate the common loga- 
rithms of the first twelve natural numbers. 

It 18 evident, that we need only seek the logarithms of the prime 
numbers. Hiesc are 2, 3, 5, 7, 11. The common logarithms of 
2 and 5, might be determined, by multiplying their hyperbolic lo- 
garithms, already found, by the modulus .4342945. We prefer, 
however, to derive them immediately from the above formulas. 

To find the common logarithm of 2. In formula II, put 
N = 2, A = .43429448, and = X. Then X = i. 

Hence we obtain, 

2A = 0.86858896 
2A X = 0.28952965' 

2AX» = 0.03216996 
2AX* =0.00357444 
2AX? =0.00039716 
2A X'J = 0.00004413 
2A X* » = 0.00000490 
2A X19 - 0.00000054 


2A X = 0.38952965 
I AX* = 001072332 
I A Xi *= 0.00071489 
^ A X^ = 0.00005674 
9 A X9 = 0.00000490 
^ AXi> = 0.00000045 
Ir A XI* = 0.00000004 


0.30102999 
Log. 2 = 0.301030 
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To find the common logarithm of 3; m formula 111, put 

5? 1 

Log. n s= Log. 2, and 2 ss 1, then — s y. For the sake 

<6 91 -f- Z O 


of abridging, put s X. 

2A B- 0.86856896 I 


Then we have 


2AX =ai7371779 
2A X» — 0.09694871 
2A X« = 0.00027795 
2AX7 =000001112 
2A X» = 0.00000044 


2AX =017371779 
^ A X® = 0.00231624 
I A X* = 0 00005559 
I A X? = 0 00000159 
^ A X9 = 0.00000005 


0 17609126 
Log. 2 = 0.30102999 


0 47712125 
Log. 3 = 0.477121 

Wc proceed now to find the common logaritlim of 5, which will 
lie most conveniently deterniinc'd from the logaritlim of 4, or 
2 Log. 2 = 0 60205998. in formula III, therefore, put » = 4 


and 2 ^ = It tlicn — -. 

’ 2 » + 1 ~ 9 

Hence, 

2A = 04)6858896 
2AX = 0 096509^ 
2A = 0.01072382 
2AX3 = 0 00119148 
2AX''-= 0 00013239 
2A X* = 000001471 
2A X** = 0.00000163 
2A X7 = 0.00000018 


Let ;; — — r be representcHl by X. 
2 M -f- I * ' 

2AX = 0.09650988 

f A X3 = 0 00039716 

I A X^ = 0.00000294 

^ A X' = 0.00000002 

0.09691000 
Lug 4 = 0.60205998 


0.69896998 
Log. 5 = 0.698970 


To find tlic common logarithm of 7. Tins logarithm will be 
most easily dcterraiiicHl from that of 1 — In formula I, 
put N = 1 — A> fh®® N -- 1 = — A. wt X represent 
i — N. llicn 
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IS 


0.43429448 

0.00868589 

0.00017S71 

0.00000347 

0.00000007 


_ AX ; 

— i AXa 

— i AX» 

— 4 AX* 


— 0.00868589 

— 0.00008685 

— 0.00000116 
— 0.00000001 


Log. = — 0.00877891 
Log. .50 =: Log. 10 -|- Log. 5 =; 1.69896996 

Log. 49 = 1.69019605 

> Log. 49 = 084509802 
Log. 7 = 0.845098 

To find the common logarithm of 11 Tins logarithm, wc sliall 
determine from that of the fraction For this purpose, put 

N, in formula II, equal to } then | Ileprcscnt- 

N 1 * 

mg '*y X, as before, we have 

2 A = 0 86858896 

2A X = 0 00360410 2A X = 0.00360410 
2A X’ = 0.00000006 § A X« = 0.00000002 

Log. = 0 00300412 
Log. 120 = Log. 10 -f. Log. 3 -f- Log. 4 = 2.07918120 


Log. 121 = 2 08278532 


1 Log. 121 = 1.04139266 
iMg. 11. = 1.041393 

19. Collecting together the results of these calculations, wc ob' 
tain. 


I^g. 

1 

=r 

0.000000 

Log. 

2 

= 

0.301030 

Log. 

3 

=r 

0 477121 

Log. 

4 = 

2 Log 2 = 

0.602060 

Log. 

5 

= 

0 698970 

Log. 

6 = 

Log* 2 3* s 

0.778151 

Log. 

7 

zz 

0.845098 

Log. 

8 = 

3 Log. 2 == 

0.903090 

Log 

9 =: 

2 Log. 3 =: 

0.954243 

Log 

10 


1.000000 

Log. 

11 


1.041393 

Log. 

12 = 

Log, 2 -4“ i-og. 6 = 

1.079181 
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20. By means of the following formulas, we are able to derive 
the loganthtns of numbers from each other, and from the logarithms 
of numbers nearly equal to unity* 

Let M -p- 1, n 1 be three numbers having the common dif- 
ference 1 ; then 

_ n« _ 2n2 — I) + l 

+ 1 ) — 1 "" 2 _ 2 “ (2 7i'^ _ 1 ) _ 1 " 

j ^ 1 j 1 

. ~ L Putting ^ ^ = P, and taking the 

1 1 1 ^ 

2n^—l 2 — 1 

logarithms, we obtain 

2 Log. n — Log. (n _ 1) — . Log. (n -p 1) == Log P. Ilencc, 

I. 2 Log. n = Log. (n — 1) -f Log. (» -f- 1) Log. P. 

II. Log. (n — 1) = 2 Log. n — Log (« + 1) — Log P. 

III. Log. (/i^+ 1) zz 2 Log n — Log (n — 1) — Log P. 

21 From tliesc formula, it appears, that the logarithms of any 
two of the three numbers » — i, n, -f* 1 being given, the loga- 
rithm of the remaining number may be readily found. For it will 
only be necessary to calculate the logarithm oi the fraction P, and 
to combine it with the given logarithms But since P must always 
differ from unity by a small fraction, it is evident that senes 1. and 
11. of ^15, will always converge with sufhcient rapidity. 

For example. Supposing the logarithms of 18 and 20 known. 
It IS required to compute the logarithm of 19 

Here we put n = 19, then n — 1 =r 18, and n + 1 zz 20. 
Hence, by the first of the above formulas, we have, 

2 Log. 19 zz Log 18 -[- Log 20 -j- Log 

It IS necessary, therefore, to calculate the logarithm of 

In formula II. of § 15. Put N = and = X, then 

X = Ilencc, 

2 A = 0.86858896 
2 A X = 0.00120470 = Log. 

Log. 18 = Log 9 + Log 2 = 1.25527249 
Log. 20 = Log 10 + Li%. 2=1 30102999 

2 j 2A5750718 

1.27875359 
Log. 19 = 1.278754 
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2g. We now proceed to resolve this other probkw. Having 
given the radical number of a system of logarithms, and a loganthm 
belonging to that system, to determine the corresponding natural 
number, 

# 

2S. Let N rjpresent the number, and x its^ loganthm ; and let 
rbe the radical number of the system, as before; then, N = r'. 
Let us now assume r* == A + + Ca?® + Da:® + &c, 

A, B, C, D, &c being quantities independent of x. Put, there- 
fore, any other qua'itity z instead of x, and we shall have, in like 
manner, 

r* = A 4- Ba: -f Cz^ + Djc® -f- &Ca 

Subtracting the second of these equations from the first, and di- 
viding the result by a; — - we obtain, (Sec Lemma, f 6.) 

B + C (* + s) + D {*« +«*+«“) + 

X £ 

£ (a?® 4- a;® r + a: r® + a®) 4- &c. 

In order to obtain another dcvciopcmcnt of the first member 
of this equation, let us write the numerator thus r® — 1). 
Put now r = 1 4- ft 111 the quantity and let the quantity be 
expanded into a senes proceeding according to the powers of ft, by 
means of the Binominal Theorem^^ then we have, 

(I + by = 1 + b + + 

1 • 2 • 3 

rive, 

1) = b + + 


* For a demonstration of the BtnomuU Theoremt see Wood’s Algebra^ p 117. 
This theorem gives the expansion of any power, whatever integral or fractional, 
positive, or negauve, of any binomial quaooty. Tlio most simple form of the 
theorem, is Uie following • 

n(n— -1} n(n— l)(n — 2) 

(H-y)»ssl+«, + — ii*+ JTg 




w (n — 1 ) (n — 2) (n — s) 


y +&C. 


2 S 4 
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Dividing the last member of thu equation by « a, and pnt* 

ting the result equal to the expression for formerly found, 

a: — z 

we have, 

= B + C(» + 2;)4-D(a;'-* +a:a? + 2f2) + E(a?® +jc^z + xz^+z^) 
&c» 


This equation must be true, whatever be the value of a? and z. 
Suppose, therefore, ar = 2 r, and the equation becomes, 


f*(i — + — &c)z=B + 2Ca: + 3Da?2+ &c. 


Putting in order to abridge, 6 — 


i i® + 1 i'* — &c. = i, and 

A O 


substituting instead of r*’, the series A + BiB+C®® + D®®+ &c., 
we obtain, 


AA + BAx + C^®® + DAa:’ + EA2r4-f.&c. = 
B + 2Cx + SDx® + 4E®’ + 6Fx'*+&c. 


Hence we derive, according to the method of indeterminate co- 
efficients, 

b = a*,c=>b*,d=>c*,e=*d*,f=‘ej, 

&c. 


From these equations, all the coefficients may be determined 
except A. But, it is to be observed, that when x =; 0, the equa- 
tion = A -J- B X -f C X® -j- *tc bccomcb 1 = A , hence it fol- 
lows, that 


*5 


i* 


F = 


A = 1 , B = ■ C = D = E = 


1 • 2 • 3 • 4 * s' 


, d.c. , and, therefore, we obtam 


A*x* 


N = »-= 1 -1- Ai -1- ^ _ 

^ 1 ^ 1 -2 ^ 1-2-S ^ l‘2-3-4 


-t-&c* 
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'Hie quantity k remains still to be considered. It is equal to 
0 — i 4- s + &c. But since A = r — I, wc 

have A s= r — 1 — 1 (r — 1)® i (r — 1)’ — &c Com- 
« •> 

paring this result with formula I. of § 15, and representing 
the modulus of the system by A (as before), it is evident, that 
1 

A- 


k == Hyp. Log. r 3 - — . Hence the above series becomes, 


ac ip* 

^ ^ + A + FF a 5 + r^-TTP + *1 • 2"S-4i- A5 + 

which last IS the senes we proposed to investigate. 

24. By means of this scries, the radical number of the hy- 

1 

perbolic logarithms may be found, for in this system, cs 

1 , and It IS evident, that the logarithm of the radical num« 
her is also 1 , therefore the radical number or r ss I 4 ^ + 
11 1.1 


1 a • 3 


1 2 
2.718,281,828,4.6 


J a • .8 • 4 1 2 • 3 • 4 .8 


+ &c. =: 


25. Having thus given a short account of the nature and con- 
struction of logaritluns, we shall now proceed to shew their prac- 
tical applications 

26. From the properties of logarithms which have been demons 
strated in ^ 4, it follows, that if we possess tables by which we 
can assign the logarithm corresponding to any given number, and 
also the number corresponding to any given logarithm, we shall thus 
be enabled to shorten ^e operations of multiplication, division, &c. 
in common arithmetic. 

27 To answer this end, tables of logarithms have accordingly 
been made for all numbers under 10,000 or 100^000, Ac. from 
which the logarithm of any number may be found, and the number 
corresponding to any logarithm, to five, six, or seven figures, ac- 
cording to the extent of the tables. 


B 
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28i Sincei in the common system of logarithms, the logarithm oi 
1 IS 0, and the loganthm of 10 is 1, it is evident, that the loga- 
rithm of any number between 1 and 10 must be a decimal. Again, 
because the logarithm of 10 is 1, and that of 100 is 2 , the loga- 
rithm of any number between 10 and 100, must be the integer 1 
with^a decimal annexed. In like manner, the loganthm of any 
number between 100 and 1000, is the integer 2, with a decimal 
annexed « and so on. Tlie integral part of a logarithm, which is 
usually called its Irudex or CharacUnstic^ is thus, m the case of the 
logarithms of whole or mixed numbers, always a unit less than the 
number of figures in the integral part of the corresponding natural 
number. 


29. From formula I of ^ 15^ it is evident that the logarithms of 
all proper fractions must be negative. Thus the logarithm of 
which was calculated in § 18, was found to be — 0.008774. The 
logarithms of fractions may, however, be expressed in such a man- 
ner as to have only theif indices negative, but their decimal parts 
positive. For example, since = .98, we have Log 

or Log 0 98 = Log. 98 — Log. 100 Let a represent the deci- 
mal part of the loganthm of 98 , so that Log. 98 = 1 + a, then 
we have Log. 0.98 » 1 + a — 2««1 — 2 + a*= — 1 
Hence it is evident that we may make the decimal part of Log 
the same with that of Log. 98 , and put — 1 lor the index. In 
like manner Log. 2 o ~ 1000 = 1 + o — 3 « 

l — ^ ay that IS, we may make the decimal part 

of Log. 0.098 the same with that of Log. 98 and prefax — 2 for the 
index. Tlius it appears that we may always make the decimal 
part of the logarithm of a fraction the same with that of the loga- 
rithm of the numerator of the fraction in its decimal form, and pre- 
fix a negative index whose numerical value is a unit greater than 
the number of ciphers between the decimal point and the first sig- 
nificant' figure, It IS sometimes convenient in adding and subtract- 
ing logarithms to avoid negative indices, by using their complements 
to 10. 


30. We here give an example of a natural number, with its cor- 
responding loganthm, in several variations. 


Numhfr. 
2651 
265.1 
26.51 
2 651 
2651 
.02651 
.002651 


Logar, 

3.423410 

2.423410 

1.423410 

0 423410 Logar. 

— 1 423410 or 9.423410 

— 2.423410 or 8.423410 
_ .1.423410 or 7.423410 



OF LOGARITHMS. 


19 


Nate . — The negatiYc sign is usoslly writlen over the ind^it 
^tcdd of before it , thus, 1.423410. 

31. The arrangcfhent ahd use of the table of loganthms come 
now to be explained. 


EXPLANATION OF THE TABLE OF LOGARITHMS. 


1. 7b find the Logarithm of any whole number under 100. 

Look for the number under N, in the first page of the logantli- 
mic table, then immediately on the right of it is the logarithm 
sought, with Its proper index. Tlius, the log. of 64 is 1.806180, 
and the log. of 72 is 1.857332. 

2. 7b find die Logarithm of any number between 100 and 1000. 

Find the gi\cn number in some of the following pages of the ta* 
ble, in the first column, marked N, and immediately on the nght of 
the number stands the decimal part of the logarithm, in the column 
marked 0 at top and bottom, to which decimal prefix tlie proper 
index. Ihus the log. of 364 is 2.561101, and the log of 3.33 is 
0 522444. 

3. 7b find dw Logartdm of any number consisting of four places. 

Seek the first three figures in one of the left-hand columns, as in 
the last article, and the fourth figure at the top or bottom of the 
table , then the loganthm directly under the fourth figure, and in at 
straight line with the three figures found m the column on the left, 
with Its proper index, will be the logarithm sotfgbt. — Thus, the log. 
of 7464 18 3.872972, and that of 378.5 is 2.578066, and that oi 
3 132 IS 0.495822. 

4. To find the Logarithm of any number consisting of b or 6 places 

Find the logarithm of the first four left-hand figures, as in the 
last article, to which prefix the index according to the figures in 
the natural number , then from the right-hand column marked D, 
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take the number opposite to that logarithm, and multiply this num- 
ber (which IS called the Tabular Difference) by the remaimng fi- 
gures of the natural number , point off in the product as many fi- 
gures to the right-hand as there are figures in the multiplier , then 
add the rest of the product to the logarithm before found, and (he 
sum is the logarithm required. 

ff 

Ex. 1. Required the logarithm of 36548. 

Log. of 36540 13 4.562769 DilF 119 

Add '95 X 8 

Log. of 36548 z= 4.562864 

2. What 18 the logarithm of 508793 ’ 


Log. of 508700 IS 5.706462 

Diff. 85 

Add 79 

X 93 

Log. of 508793 = 5.706541 

255 

765 


79105 


In like manner the log. of 56789.8 will be found to be 4 754270. 

5. To find the LoganAtn of a Vulgar Fraction^ or of a mixt num- 
her. 

Reduce the vulgar fraction to a decimal , then find the decimal 
part of its logarithm by the preceding rules, and prefix the proper 
index with its negative sign, § 29. 

Or, from the logarithm of the numerator subtract the logarithm 
of the denominator, and the remainder is the logarithm of the frac- 
tion sought. (See rule for division by logarithms.) A mixt num- 
ber may be reduced to an improper fraction, and its logarithm 
found m the same manner. 

Ex. 1. Required the loganthm of or .1875. 

From log. of 3 z= 0.477121 
Take log. of 16 = 1.204120 



Rem. log. of or .1875 =: 1.273001 
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2. Required the logarithm of 13|; or 

From log. of 55 = 1.710S63 
Take log. of 4 = 0.602060 

Rem. log. of or llf.75 =: 1.1S830S 

6- To Jifd the nalurd Number anmomf^ to 

Look for ♦lie decimal part of the given logarithm, m the differ- 
ent columns until you find either it exactly, or the next less. Then 
in a line with the logarithm found, in the left-hand column marked 
N, you have three figures of the number sought, and on the top of 
the column in which the logarithm found stands, you have one fi- 
gure more, which is to be annexed to the other three ; place the 
decimal point according as the index of the given logarithm directs, 
and if tlie logarithm was found exactly you have the number re- 
quired. 

If the logarithm be not found exactly in the table, subtract the 
logarithm found in the table from the given one, and divide the 
remainder by the tabular difterence, annexing one cypher to the 
dividend for each figure in the number, above four, which is re- 
quired to be found , the quotient annexed to the former figures, 
gives the number answering to the logarithm* 

Required the number answering to the logarithm 3.233568. 

The given logarithm = 3.233568 
The next less tab log. is the log. of 1712 z: 3.333504 

Remainder = 64 

Tab. Diff. = 253 ) 64.00 ( 25 

Hence the number sought is 1712.25, making four places of in- 
tegers for the index 3. 

In like manner the natural numbers corresponding to the fol- 
lowing logarithms may be found. 

Number corresponding to the Log. 1.234568 is 17.162 
: J.’S4300 i8 5423.76 

1.092141 is 0.123635 

4.612800 is 40954.4 
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LOGARITHMIC ARITHMETIC. 


1 . Mukif^uatum ly fjoganthm^ 

Add together the logarithms of all the factors, and the sum will 
be the logarithm of the product. If there be negative and affirma- 
tive indices, their difference, with the proper sign prefixed, is to be 
taken for the index of the logarithm of the product. 

Observe to add, to the sum of the affirmative indices, what is 
earned irom the sura of the decimal parts of the loganthms. 

Ex. 1. Required the product of 23.14 and 5.062 

Log. of 23.14 =: 1364363 
Log. of 5.062 = 0.704322 


Log. of IVod. 117.134 = 2.068685 

2. What is the product of 2.58193 and 3.45729 ^ 

Log. of 2.58193 = 0.411944 
Log. of 3.45729 = 0 538736 

Log. of Prod. 8.92647 = 0.950680 

3. What IS the continued product of 3.902, and 597.16, and 
.031473 3 


Log. 3.902 = 0591287 

Log. 597.16 =W76091 

Log. 0.031473 = 2.497938 

Log. of Prod. 73.3357 = 1.865SI6 

The — % cancels the affirmative 2, and the 1 earned from the 
deLinal is- put down as the mdex of the product. 
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4. Required the continued product «fS.586, 3.1046, .8373, etid 
.0394. 

Log 3.586 = 0.554010 
Log. 2.1046 = 0.323170 
Log. 0.8872 =1,922829 
Log. 00394 = 2.468347 

Log. of Prod. 0.185761 =7.268956 

Hcie the 2 which is earned from the decimal cancels the ->2, 
and — 1 rcmaiiiB. 

2. Dmsum by Logarithm. 

From the logantlim of the dividend subtract the loganthm of 
the divisor ; the remainder is a logarithm, whose corresponding na* 
tural number is the quotient. But Rrst, obs^e to change the sign 
of the index of the logarithm of die divisor, from negative to af> 
hrmafive, or from affirmative to negative , then take the sum of the 
indices, if they be of the same sign, prefixing the common sign, or 
their difference when of different signs, prefixing the sign of the 
greater, for the index of the logarithm of the quotient. Farther, 
when 1 0 IS borrowed m the left>hand place of the decimal part of 
the logarithm, observe that the 1 which is to be earned must be 
added to the index of the logarithm of the divisor when that index 
IS affirmative, but subtracted from it when the index is negative , 
then changmg the sign of the result thus found, we are to work as 
before. 

Ex. 1. Divide 24163 by 4567. 

Dividend 24163, its log. = 4.383151 

Divisor 4567 = 3.659681 

Quot. 5.29078 . = 0.723520 

2. Requured the quotient of 37.149 by 523*.76. 

Dividend 37.149, its log. = 1.569947 

Divisor 523.76 = 2.719132 


Quot. 0.0709275 


= 2.850815 
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S. Divide .06314 by .007841. 

Dividend .06314, its log. = 27800305 

Divisor .007241 = 3.859799 

Quot. 8.71978 = 0.940506 

Here 1 earned to — 3 makes — 2, which being subtracted from 

-2 in the dividend, 0 remains as the index of the quotient. . 

4. Divide .7438 by 12.9476. 

Dividend .7438, its log. = 1 87]4b& 

Divisor 12.9476 = 1.112189 

Quot. .0574469 = “^759267 

In this example, the affirmative 1 being changed into negative, 
and added to the — 1 above, the index of the quotient is — 2. 

3. Side of Threey or Proportion 

From the sum of the logarithms of the second and third terms, 
subtract the logarithm of the first , the remainder will be the loga- 
rithm of the fourth term Or, m any compound proportion, add 
together the logarithms of all the terms to be multiplied, and from 
that sum take the sum of the logarithms of the other terms , the 
remainder will be tl e logarithm of the term sought. 

Note . — Instead of subtracting any logarithm, if its arithmetical 
complement be added, the result will be the same. By the arith- 
metical complement of a logarithm, is meant the logarithm of the 
reciprocal of the corresponding natural number, or the diffierence 
between its logarithm and that of unity — To find the arithmetical 
complement, begin at the left hand, and subtract each hgure from 
9, except the last signihcant figure, whieh must be taken from 10 
But when the index i^ negative, it is to be added to 9, and the rest 
subtracted as befoie. In taking the sum of the logarithms, it is to 
be observed, that for every arithmetical complement employed, 10 
must be subtracted from the sum of the indices, m order to obtain 
the proper index of the result. 

Ex. 1. If 72.34 lbs cost L.2 519, what will 357.486 lbs. cost? 
As 72 34 Logarithm 1.859379 

Is to 2.519 0.401228 

So is 357 486 2.553259 

To 12.U83=L 12 8 . IJ.) 1,095108 
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Or, employing the arithmetical complement of the logarithm of 
the first term : 

As 72.34 ar. comp. log. 8.140621 
Is to 2.519 log. 0.401228 
So IS 357.486 ,2.553259 


To 12.4483 1.095108 

2. To find a third proportional to 12.796 and 3.24718, 

As 12.796 ar. comp, log, 8.892926 
Is to 3 24718 log. 0511506 
So IS 3.24718 0.511506 


To .824021 1.915938 

8 To find a number which shall be to .379145, as .85132 is 
to ,0649. 

As .0649 ar. comp. log. 1L187755 
Is to .85132 log. 1.931051 
So IS ,379145 1.578805 


To 4.9844 0.697611 

4, What IS the interest of L.279, 5s. for 274 days, at the rate of 


per cent, per annum ^ 

A flOO) , 

18 000000 

As 4 > ar. comp. log. 

\ 7 437707 

Is to 4.5 log. 

0.653213 

„ 

*»®‘^{274 

..2.445993 

,.2 437751 

To 9.4333 =: L.9 : 8 . 8 

0.974664 


4. hwolvtumy or the Ramng of Powers. 

Multipy the logarithm of the given number by the index of the 
power, and the product will be the logarithm of the power sought. 

Note . — In multiplying a logarithm having a negative index by an 
affirmative number^ the product of the index is negative , but what 
IS carried from the decimal of the logarithm is affirmative , therefore 
their difference will be the index of the product, and is of the same 
sign with the greater. 



26 


OF LOGARITHMS. 


Ex. 1. Raise 25,791 to the 2d poi^er or square. 

Root 25.79L its log. 1.411468 
Index 2 

Square 665.175 2.622936 

2. Required the cube of 30.7146. 

Root 30.7146, log. 1.487345 
Index 3 

Cube 28975.7 4.462035 

3. Wiiat IS the fourth power of .09163 ^ 

Root .09163, log. 2^.962038 
Index 4 

Biquadrate 0 0000704938 5.848 1 52 

The 3 carried, taken from — 8, leaves — 5, the mdex of the pro- 
duct. 

4 Raise 1.0045, to the 365th power. 

Root 1.0045, Its log. 0.001950 

S65 

9750 

11700 

5850 

Power 5 149 0.711750 


5. Evolutiofii or Extraction of Roots. 

Divide the logarithm of the power, or given number, by the in- 
dex of the root, and the quotient will be the logarithm of the root 
sought. 

iVbfe.— -Wlien the index of the logarithm is negative, and the di- 
visor 16 not exactly contained in it without a remainder, increase it 
by such a number as will make it exactly divisible ; and cony the 
units borrowed, as so many tens, to die left-hand 6gure of the de- 
cimal part of the logarithm, which divide by the index of the root. 
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Ejc, 1. To find the square root of S65. 

i ) 2A6829S > the log. of 365. 

Root 19.105 1.281146 

2. To find die cube root of 12345. 

3 ) 4.091491 a the log. of 12345. 

Root 23.1116 1.363830 

3. Extract the lOdi root of 2 ? 

10 ) 0.301030 a the log. of 2. 

Root 1.071773 0.030133 

4. Extract the 365th root of 1.045 ? 

365 ) 0.019116 a the bg. of 1.045 

Root 1.00012 0.000052 

5 Required the square root of .093 ’ 

2 )?.968483 a the log. of .003. 

Root .304959 r484241 

6 I md the cube root of .00048 ? 

3 ) 41681241 a die log. of .00048. 

Root 0.0782973 2!893747 

In the last example we add — 2 to — 4, and then 3 the divisor 
measures it exactly , — 2 is therefore the mdex of the logarithm of 
the root , and, the 2 borrowed, bemg canted as so many tens to 
the left-hand figure of the decimal part, and the result then divided 
by the mdex, gives the deanud part of the loganthm of the root 
as above. 



THE NATURE AND CALCULATION OF 
SINES, TANGENTS, &c. 


1. Let BAC be any angle, and upon A, as a ceiitie, with any 
radius whatever, let the circle BGK be described. Through A 
draw AG perpendicular to IB , also, through the points G and C 
draw GH, CF perpendicular to AG , and through B and C draw 
BE and CD perpendicular to AB. 

Definitions. 

I. The circumference of every circle is divided into 360 equal 
parts, called degrees , each degree is divided into 60 equal partb, 
called minutes , each 
minute is divided into 
GO equal parts, called 
seconds, &c. marked 
thus. 25M4'19" 24"'. 

II. The arch BC is 
called the measure of 
the angle BAC at the I 
centre of the circle , 
and the angle BAC 
is said to be an angle 
of as many degrees 
and parts of a degree, 
as the arch BC con- 
tains. For an angle at the centre of a circle has the same ratio to 
four right angles, that the arch intercepted between its sides has 
to the whole circumference , so that the angle will be determined, 
when It is known, what part the arch is of the whole circumference. 

III. The straight line CD drawn from one extremity of the arch 
BC perpendicular to the diameter passing through the other extre- 
mity, IS called the sine of the arch BC, or of the angle BAC. 
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IV. -The segment BD of the diameter IB intercepted between 
B the extremity of the arch and the sine CD| is coll^ die versed* 
sine of the arch BC^ or of the angle BAG. 

V. The straight line BE drawn at nght angles to the diameter 
IB passing through one extremity of the arch BC and terminated 
by A£ drawn from the centre through the other extremity^ is call- 
ed the tangent of the arch BC> or of the angle BAG. 

VI. The line A£ from the centre, terminating the tangent, is 
called the secant of the arch BG, or of the angle BAG. 

VII. A quadrant is one-fourth part of a circle, and contains 
90 ". 

VIII. The complement of an arch is its difference from a qua- 
drant. 

IX The tangent, sine, versed-sine, and secant of the comple- 
ment of an arch, are called the co-tangent, co-sine, co-versed-sine, 
and co-secant of that arch. 


Corollary I. to Def. III. IV. V. VI. and IX. Since ADG is 
a right angled triangle, we have GD* =» AG® — AD®, also 
AD® = AC® — CD®. Hence, if we put the arch BC = A, 
and the Radius = R, we obtain, Sin. A = R® — Cos.® A, 
and Cos A = i/ R® — Sin.® A. Again, from the similar tri- 
angles ADC, AB£, It appears, that AD . DC : : AB BE 
and AD : AC : . AB . AE, hence we have also Tan. A = 

Sin. A X R R® T r u . 

'Cos A ’ ~ Cos^^* farther evident, that 

BD = AB — AD, that is, Ver. Sin. A =s R — Cos. A. 


CcTolUziry II. It 18 evident, that the sine of 90®, the versed-sine 
of 90®, the tangent of 45®, and the secant of 0®, are each equal 
to radius. 


X. The supplement of an arch is its difference from a semicircle, 
or 180®. 


CoTolUiTy, The sine, co-sine, tangent, co-tangent, secant, and co 
secant of the supplement of an arch are equal to the sine, co-sine, 
tangent, co-tangent, secant and co-secant of the arch itself. The 
sine and co-secant of the supplement have also the same direction 
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With the sine, and co-secant of the arch : but the co-sine, tangent, 
co-tangent, and secant of the supplement have an opposite direction 
from the co-sme, tangent, co-tangent, and secant of the arch* When 
these lines are numerically expressed this difference of position is in- 
dicated by the positive and negative signs , so that if we consider as 
positive, or as affected by the sign -f , the co-smes, tangents, co-tan- 
gents and secants of arches less than a quadrant, we must consider 
as negative, or as affected by the sign — , the co-sines, tangents, 
co-tangents and secants of arches greater than a quadrant. 

2. By means of the lines m and about a circle, that have here 
been defined, we arc able to express the relations between the 
sides and angles of a triangle , and, upon these magnitudes, the 
solutions of the cases in trigonometry depend. 

A Tngonometneal Canon is a table exhibiting the length of the 
sine, tangent, &c. to every degree and minute of the quadrant, 
radius being supposed unity, and conceived to be divided into 
10000000 or more decimal parts. 

3. One method of constructing the trigonometrical table, is con- 
tained in the followmg propositions 


-PROPOSITION L 

Tlie cosine of an arch A being given to find the cosine of half 
that arch. 

Let A£ be any arch, of which 
CF IS the cosine. From A and 
B, the extremities of the diame- 
ter AB, draw the chords AE, 

BE , and let CQ bisect the arch 
AE in Q, and, consequently, its 
chord AE perpendicularly in D. 

Then, since the right angled tri- 
angles ABE, BEF arc equiangu-' 
lar, and similar, AB . BE : BE BF , and therefore BE« = AB 
X BF. But since CD is parallel to BE, AC . CD : AB : BE, 
and alternately AC : AB . CD BE. Now AC = A AB, tlterefore, 
also CD = JBE, and CD^ = ^BE®. But BE® has been shewn 
to be equal to AB x BF , hence CD® | AB x BF = JAC x 
(AC -f- CF) Or putting the radius equal to R, and the arch 
AE = A, we ha\e (since CF = C os. AE, and CD = Cos. AQ) 
Cos. ^Abs^ j^R(R Cos. A). 
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PROPOSITION II. 


Given thi radius of a circle equal find the 

cosine minute. ♦ 

In the formula obtained in last proposition^ let us suppose 
the arch A = 30^ Then, since the sine of an arch is equal 
to half the chord of double the arch, it follows, that the sine 
of must be equal to half the chord of 60^. But the chord 
of 60^ IS equal to radius, therefore, die sine of 80^ is equal 
to half tlie radius, or equal to ^ Henc e, by the formul a (Cor. 1. 
Def. 3. 4 5. 6 and 9.) Cos. A ss i/ R® — Sin® A, we have 
Cos. SO® = l/l — = 0 8660254. Suppose now, 

that in the formula of the preceding proposition, namely, 
Cos ^ A =s V ^ R (U 4- Cos. A), we substitute for A, R, and 
Cos. A their respective values, and it becomes Cos. 15® == 
(1 + 0.8660^4) 0 9659258. In like manner, by sup- 

posing next that A is equal to 15®, we obtain Cos. 7® SO' =5 
\/'f (r+ Cos, 15^ = V' i (1 + 0”9^^9258) = 0.9914449. In 
this manner, Cos 3® 45', Cos, 1® 52' 30", and so on, may be succes- 
sively computed, till after eleven bisections of the arch of 30® the 
cosine of the small arch 52" 44"' 3"" 45""' is found. But by the 
formula (Cor. I. Def. 3. 4. 5. 6. and 9.) Sin. A =- 1/ ft* — Cos* A, 
we obtain, Sin. (52" 44'" &c.) = i/ Ij — “Cos* (52" 44"'"&cy; 
and lienee the sine of 52" 44'" S'"' 45'"" may be determined. 

Now, It IS to be observed, that the sines of very small arches 
nearly coincide with, and have therefore to one another nearly the 
same ratio as the arches themselves. Hence we have, 

52" 44"' 3"" 45"'" : 1' . . Sin. (52" 44"' 3"" 45'"") : Sin. 1' = 
0.000290888. 

The sine of 1' being thus found, the cosine may easily be de- 
termined , for Cos. 1' = 

\/ 1 — Sin*T SB v' 1 — (0.000290888)* =»= 0.999999958. 


PROPOSITION III. 


Twice the rectangle under the sine of half the sum, and the co- 
sine of half the difference of two arches, is equal to the rectangle 
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under radius and the sum of their sines. Also twice the rectangle 
under the cosine of half the sum, and sine of half the difference ot 
two arches is equal to the rectangle under radius, and the difference 
of their sines. 

Let AB, AD, be two arches of a circle, of which C is the centre, 
and AF a diameter, draw DL parallel to AF, and BG perpendicm- 
lar to DL ; also draw CE perpendicular to the line joining B, D^ 
and AH parallel to^BD. 

Then the triangles BGD, 

CH A, which have the angles 
at G and H right angles 
and the angles at D and 
A equal, by reason of pa- 
rallel lines, are equiangu- 
lar , therefore BD . BG 
C A . CH, and consequent- p 
ly, BD X CH, or 2BI x 
CH = CA X BG. 

Now, BI 18 the sine of 
BE, half the sum of the 
arches AB and AD, CH 
IS the cosine of AE, half 
their difference, and BG 
the sum of their sines, 

whence it is evident, that 2 Sin. \ { AB + AD) x Cos, 

= R X (Sin. AB + Sin. AD). 

Again, let the diameter BCP be drawn, from 
perpendicular to AF, and meeting DL in R , 



1 (AB — AD) 


P draw PQ 

perpcnuiuujiu tu , 

let CT be drawn perpendicular to PL and rV parallel to it. 
Then, from the similar triangles PLll, CVF, we have PL, or 
2PU . PR , . PC . CV , hence 2PU X CV = PR X f C. But 
PU IS evidently equal to the sine of half the difference of PF and 
LF, or to the sine of half the difference ot AB and AD, and CV 
is equal to the cosine of half the sum of the same two arches, also 
PR 18 equal to the difference of their sines. 

Hence, 2Cos. ^ (AB + AD) x Sin. Jr (AB AD) a: R X 
(Sin. AB — Sm. AD). 

CoroUan/. Suppose A and B to represent any two arches , 
and let the arch AB = A + B, and AD = A — B. Then 
i (AB + AD) = A, and ^ (AB — AD) = B. Hence, by sub- 
stituting, and putting rad. = 1, we have, 

’ A X Co** B = i Sin. (A -f- B) -J- ^ Sin. (A — B). 
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By adding and subtracting these two formula*, we obtain the 
two following . 

III. Sin. A X Cos. B + Cos. A x Sin. B = Sin. (A -f B). 

IV. Sin. A X Cos. B — Cos. A Sin. B =z Sin. (A — B). 


PROPOSITION IV. * 


Twice the rectangle under the cosine of half the sum, and the 
cosine of half the difference of any two arches, is equal to rectangle 
under radius, and the sum of their cosines. Also twice the rect- 
angle under the sine of half the sum, and the sine of half the dif- 
ference of any two arches, is equal to the rectangle under radius, 
and tlie difference of their cosines. 


Let AB, AD, be two arches of a circle, whose centre is C, and 
of which AF IS a diameter , draw DL pai^lel and DK perpendi- 
cular to AF, and B6 perpendicular to DL ; also draw C£ perpen- 
dicular to the line joining B, D, and AH and MCN parallel to BD. 
Farther, draw the diameter DP , join BP, and through P draw PQ 
parallel and PO perpendicular to AF. Then from the similar 
triangles BPQ, ACH, we have BP or 2BR : PQ ; : C A : CH ; 
therefore 2BR x CH = CA x PQ- But it is manifest that 
BR = Cos. BE = Cos ] (BA + AD), that CH = Cos. i (BA _ 
AD), and that PQ zz CO -f* CS zzs CS -f- CK zz Cos. AB 
Cob. AD, Hence 2Cos. * (BA + AD) x Cos. i (BA — AD) = 
R X (Cos. AB + Cos. AD). 


Again, from the similai 
triangles BGD, CAH, we 
obtain BD or2BI.DG.: 
CA , AH , therefore 2BI 
X AH = CA X DG. 
But BI = Sin. X (AB -f 
AD), AH = Sin. X (AB 

— AD) and DG = CK 

— CS =: Cos. AD — 
Cos. AB, whence we have 
2 Sin. i (AB + AD) x 
Sin. i ( AB — AD) = R 
X (Cos. AD — Cos. AB). 

Corollartf, Let A and 
B be any two arches, and 
let the arch AB = A + B, 
and the arch AD s 



C 
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^ (AB — AD) = B. Hence, by substituting and putting radius 
equal to unity, we have, - 

I. Cos. A X Cos. B = k Cos. (A — B) + X Cos. (A + B) 

II. Sin. A X Sin. B = | Cos {A — B) — | Cos. (A + B). 

By adding and subtracting these two formulx*, wc obtain theti^ro 
following ; 

III. Cos. A X Cos B + Sin. A x B = Cos. (A — B). 

IV Cos A X Cos B — Sin A X Sin. B =z Cos. (A + B) 


PROPOSITION V 

The sine and cosine oi the arch of 1 minute being given, to find 
the sine and cosine ot every arch of an exact number of minutes, 
lioni I minute to 90 degree's 

I h(' sine and cosine ot tlic arch of 1 minute being known, the 
siius of all the multiple aitlies ot 1 minute may be successively 
dediucd, by putting in formula I of Cor to l*rop III, B = P, 
and by making siuctssively A equal to 1', 2', 3', 4', \c. Thus, 
Me obtiiin, 

Sin 2' = 2Cos P X Sin. P — Sin. (V 
Sill 3'=: 2Cos P X Sm 2'— Sin. P 
Sill 4'= 2Cos P X Sin T — Sin. 2' 

Sin. 6' = 2Cob. P X Sin. 4' — Sin. 3' 

6ic &c. &c 

In like manner, by putting m formula I of Cor. to Prop. IV., 
B = 1', and by making A successively equal to P, 2', 3', 4', &c., 
M e liavc, 

Cos. 2' zr 2Cos. P x Cos. P — 1 

Cos. S' = 2Co3. P X Cos 2' — Cos. P 

Cos. 4' z= 2Cos. 1' X Cos. 3' — Cos. 2' 

Cos. 5' = 2Cos. I' X Cos. 4/ — Cos. 3' 

&c. &c, &c. 

♦ 

Thus, the sines and cosines of all arches of an exact number of 
minutes, may be successively derived from one another , but hav- 
ing proceeded in this manner as far as the sine and cosine of 30^, 
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the sines and cosines of all the multiple arches of 1 minute beyond 
30^, may be found by addition and subtraction only. This will 
appear manifest, if in the formulae, ^ 

Sin. A X Cos. B = J Sin. (A + i Sin. (A — B) 

Sin. A X Sin. B = i Co 8 .(A— B) — ^ Cos. (A + B) 

we suppose A = 30^ , for then Sin. A = Sin. 30^, becomes equal 
to and we bbtain 

Cos. B = Sin. (300 + B) + Sin. (300 — B) 

Sin. B z= Cos. (300 — B) — Cos. (SO® + B) 

Ilcncc it follows, that 

Sin. (300 + B) = Cos. B — Sin. (SO® — B). 

Cos. (300 + ij) _ Cos. (300 ~ B) — Sin. B. 

Ill these two last expressions, let B be made successively equal 
to r, 2^ 3', 4', Ac. then we shall have 

Sin. 300 1 / ^ Cos. 1' — Sin. 290 59' 

Sin. 300 2 ' = Cos. 2' — Sin. 29o 58' 

Sin. 300 3 ' ^ Cos. 3' — Sin. 290 57' 

Sin. 300 4 ^ - Cos. 4f' — Sin. 290 56' 

&c. Ax Ac. 

And 

Cos. 300 I' = Cos. 290 59 / _ Sm. 1' 

Cos. 300 2' = Cos. 290 58' — Sin. 2^ 

Cos. 300 3' z= Cos. 290 57' — Sin. 3' 

Cos. 300 4 / « Cos. 290 66' — Sin. 4' 

Ac. Ac. Ac. 


In this manner, it is manifest, the sines and cosines of all arches 
of an exact number of minutes from 30O to 600 , are readily found 
from the sines and cosines of arches less than SOO. 

In order to derive the sines and cosines of the arches between 
600 and 900 , in the formula 

Cos. A X Sm. B = i Sin. { A + B) — ^ Sin. (A — B) 

Cos A X Cos. B = ^ Cos. (A + B) + J Cos. (A — B) 

C 2 
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let us put A = 600, so. that Cos- A z= Cos- GQO = | , then 
we obtain 

Sin. B = Sin. (600 + B) — Sin. (GO® — B). 

Cos. B = Cos. (600 + B) + Cos. (600 — B). 

Hence it follows, that 

Sin. (600 + B) = Sin. B + Sin. (60® — B). 

Cos. (600 + B) = Cos. B — Cos. (60^ — B). 

Let us now suppose B to become successively equal to L, 2^ 3^ 
4', &c. and we find 

Sin. 600 1' = Sin. 1' + Sin. 590 59' 

Sin. 600 2' = Sin. 2' + Sin. 590 58' 

Sin. 600 S' = Sin. 3' + Sin. 590 57' 

Sin. 600 4' = Sin. 4' + Sin. 59o 56' 

&c. Ac Ac. 

And, 

Cos. 600 p _ Cos 1' — Cos. 590 59' 

Cos. 600 2' = Cos. 2' — Cos. 590 58' 

Cos. 600 3' = Cos. 3' — Cos. 590 57' 

Cos. 600 4^ - Cos. 4' — Cos. 590 56' 

Ac. Ac. Ac. 

By this method, a tabic of sines and cosines may be calculated, 
tor every degree and minute of the quadrant. But, it is to be re- 
marked, that the sines and cosines of the arches between QO and 
450, comprehend the sines and cosines of the arches between 450 
and 900 , for, it is evident, that Sin. (450 + A) = Cos. (900 — 
(450 ^ A)) =1 Cos. (450 — A) , and that Cos. (45® + A) z= 
Sin. (900 — /450 ^ — g,n, ^450 _ A). Hence, it follows, 

that when we have proceeded in ^e calculation of tlie sines and 
cosines, as far as the sine and cosine of 450, the table of sines and 
cosines is completed. 

With regard to those arches, which do not consist of an exact 
number of minutes, for the odd seconds in each, a proportional 
part of the difference between the sines or cosines of the next 
greater and next less arches may be taken, and added to or sub- 
tracted from the sine or cosine of the less arch, and that will give 
the sine or cosine of such an arch nearly. 
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PROPOSITION VI. 


• Hie sine and cosine of every arch of the quadrant being given, 
to find the tangents, cotangents, secants, cosecants, versed-sinch, 
and coversed-sines of these arches. 


Let A represent any arch of the quadrant, then, since by hypo- 
thesis, Sin. A and Cos. A are given, we obtain at once from Cor. L 
to Def. 3. 4. 5. 6. and 9., the following expressions (radius being 
unity), 


Tan. A = 


Sin A ^ ^ . Cos. A 

•p; -r-, Cot. A ZS Q 9 

Cos. A Sin. A 


See. A = pr—A » Cosec. A = ^ -- , 
Cos. A Sin. A 


Ver. Sin. A = 1 — Cos. A, Cover. Sin. = 1 - Sin. A. 


The secants and cosecants will be found most conveniently irom 
the tangents and cotangents. For the secant of any arch, is equal 
to its tangent, added to the tangent 
of half Its complement. Let AB be 
any arch of the quadrant AD, and 
let AG be the tangent, and CG the 
secant of the arch AB. Produce 
GA to F, makmg GF equal to GC, 
and let CF be joined. Then, since 
the angles ACG, CGA are toge- 
ther equal to a right angle, and the 
angles ACF, AFC are dso together 
equal to a right angle, the angles 
ACG, CGA are together equal to 
the angles ACF, AFC. But the 
angle AFC is equal to FCG , there- 
fore, the angles ACG, CGA, are to- 
gether equal to ACF, FCG, that is, 
to the angle ACG, together with 
twice the angle ACF. Taking from 
each of these equals the common 
angle ACG, there remains the angle CGA equal to twice the angle 
ACF. Hence, it appears, that the aimle ACF is equal to halt the 
angle AGC, or to half the angle BCD, and, therefore, the arch 
AH, 18 also equal to half die arch BD. Now, BD is the comple- 
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ment of AB, and AF is the tangent of AH , wherefore, AF is the 
tangent of half the complement of AB. From this property of the 
secant, we derive the following formulae. Let A represent, as be- 
fore, any arch of the quadrant , then 

Sec. A =z Tan. A + Tan. 46o — ^ A). 

Cosec. A = Cot. A + Tan. ^ A. 

From these expressions, the secant and cosecant of every second 
arch, of which the tangent and cotangent are known, are derived 
by addition only. Thus, supposing the tangents to be given for 
every minute of the quadrant, we have, 

Sec. 2' = Tan. 2' -f- Tan. 44^ 59' 

Sec. 4' = Tan. 4' + Tan. 44® 68' 

Sec 6' = Tan. G' -j- Tan. 44® 57' 

Sec. 8' = Tan, 8' + Tan 4l« 56' 

Ac. At 


4. Upon the principles laid down in the pieceding propositions, 
the trignonietricdl tables nuy be constructed But there is ano- 
ther method of computing the natural sine, cosine, Ac ol any arch, 
immediately from the length of the arch being given, by means of 
senes. 

5. For investigating the forraul® necessary for this purpose, let us 

again suppose the radius equal to 1 , then, it is evident, that A being 
any arch, Cos.® A + Sin ® A = 1, The first member of this equation 
may be re garded as the product of the two imaginary factors, Cos. A 
+ — I Sin A, and Cos. A — — 1 Sin. A. If ue multiply toge- 

ther the two similar factors, Cos. A + v'm Sin. A, and Cos. B 
+ — 1 Sin. B, tlie product is found to be Cos. A Cos. B — 

Sm. A Sin. B + (Sin A Cos B + Sin B Cos. A) v'HT But, 
by Cor. Prop. IV. { 3 , we have Cos. A Cos B — Sin. A Sin. B 
:= Cos. (A + B), and by Cor. Piop. Ill, Sin A Cos. B + 
Sin. B Cos. A = Sin (A + B), llencc the above product be- 
comes Cos (A -p B) q- \/ — i Sin (A -J- B), an expression ex- 
actly similar in fdrm to each of the factors, from which it has been 
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dtrived. We hav e therefore in .general, (Cos. A + V—\ Sin. A) x 
(Cos. B + ^/ — 1 Sin. B) = Cos. (A + B) -f a/HI Sin. (A + B) , 
and, It IS remarkable, that the multiplication of this kind of quan- 
tities, 1 $ performed bv simply adding together the arches themseivcb. 
This property is analogous to that of logarithms. 

From the above formula, wc derive successively, 

(Cos. A + — 1 Sin. A) X (Cos. A + i/-— 1 Sin. A) = 

Cos 2A + — r Sin. 2A. 

(Cos. A + Sin. A) x (Cos. 2A + Sin. 2A) =z 

Cos. 3A + \/ — ! Sin. 3A. 

(Cos A + J Sin. A) X (Cos. 3A + — 1 Sin. 8A) =z 

Cos. 4 A + Sin 4 A. 

&c. &c. Ac. 

The first product is c«]nal to (Cos. A + >/ — 1 Sin. A)-, tiu* 
second is equal to (Cos A + — I Sin. A)’, and so on. 1'hcre 

fore, in genera), wc have 

(Cos A + — 1 Sin. A)** =z Cos. nA -f \/ — 1 Sin hA 

Hence, by changing the sign of — 1, wc obtain, 

(Cos. A — V •— 1 Sin. A)* = Cos. tiA — — I Sin, ?iA 

From these two equations, which have been derived, the oin* 
from the other, wc obtain the values of Sm wA, and Cos, 71 A , loi, 
by adding them together, wc find Cos. 7i A = 

I (Cos. A + — 1 Sin. A)" + I (Cos. A — — 1 Sin. A)’^ , 
and by subtracting the one from the other, *wc have Sin. 71 A = 

({Cos A + Sin. A)“ — (Cos A — ■/— 1 Sin. A)") 

If WC now wish to express the same quantities by means of se- 
nes, It will be necessary to expand by means of the Binomial Theo- 
rem, the expression (Cos A -f — i Sin. A)’S this will give us 
for a result, f 
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Cos« A + J Cos *”‘a Sin. A •/ZTl — Co8*^A Sin« A 

— Co 8*^A Sm5 A -/ITT + &c. 

Tins expressioa being the value of Cos. nA + V — 1 Sin. it A, 
let us put t he retf part equal to Cos. it A, and the imaginary part 

equal to — 1 Sin. itA. We therefore have for the sine and co- 
sine of the multiple arch, the following formuls : 

Cos, «A = Cos" A — . Cos"^A Sin« A + 

1*2 ' 

« {«— 1) {»— 2) («_3) „ «-♦. r, A . 

■ r.2»8«4 A Sin* A — Ac. 

Sin. «A = nCos""*A Sin. A — “J±=]^J!^Cos"^A Sin® A + 

JL ^ 


The law of these senes, is easily perceived. 

Since we know that Sin. A = Cos. A x Tan. A, the above se- 
nes may also be put under the following form : 

Cos. «A = Cos, A (1 — Tan« A + 

1^1) («~2H^ A - &c ) 

Sin. «A z= Cos" A (? Tan. A - Tan’ A + Ac.). 


Let us now suppose we dial! have, by substituUng 

this value, retaining, however, the factor Cos" A. 

Co8.* = Co8»A(1 


X (ar— A) {x— 2A) ( 
r- 2 • 3 • 4 


Tan* A 


— Ac.) 


s«,.«=co.- a(?. 

M A 1 • 2 • 8 


Tan’ A 
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In these formulas, we may take the arch A at pleasure ; let 
US therefore suppose A to be very small^ then — - — will dif- 

Ix 

ter but very little from unity » because the tangent of a very 
small arch is very nearly equal to the arch itself. But» it is 
evident, that as long as the arch is not equal to nothing, we 
• Tans A 

have, — - > 1 : and we have, at the same time, A > Sm. A, 


so that, — 


A 
Tan. A 


Tan. A Tan. A 
or — I — 


j. Hence it fol- 

Cos. A 


^ Sin. A’ 

Tan A 

lows, that the ratio — ^ is always comprehended between the 


limits 1 and 


Cos. A* 


Let A be equal to 0, then we shall have Cos. A =: 1 ; therc- 

Tan. A 1 

fore, since — ~ — is comprehended between 1 and it 

necessarily follows, that when A = 0, we have exactly 

— = 1. Put, therefore, A = 0, and we obtain. 


Cos.aj = Cos«A(l- 

Sin.s?=:Cos’*A(a: 

+ ). 


1-2 




'l*2*3*4 l*2*3»4i*5*a 


+ &C.) 


1*2*S*4*3 l*2*S-4'3*6*7 


It still remains to be determined, what the^ multiplier Cos" A 
becomes, when the arch A is continually diminished, and at lost 
becomes equal to 0. For this purpose, it is necessary to ob- 
serve, tliat A — Sec® A ss 1 + Tan® A; and tliat 
Cos® A 

therefore Cos. A =r (1 -f- Tan® A) ^ Hence, Cos" A = 
(l + Tan«Ar5=l “ Tan« A + Tan* A - 

&c. 


X 

Substituting mstead of its value we have, 
rn«- A - I _ ? A . J. Aa • ^ 
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If we now suppose, that A is continually diminished, while the 
value of X remains the same, it is evident, the value of Cos” A will 
approach continually to unity , and, if at last, we supjiosc A = 0, 
Tan. 


and consequently • 


= 1, we bhall have exactly Cos” A = 1 


Hence wc obtain these two formulae, 
Cos. a: = 1 . + n-2%-r4 — 


Sin. xzizx — 


1 • 2-3 • 4 • 5 • 6 


!• 2 • 3^1-2-3-4-5 1-2 3-4-5-6-7 


r + &C 

Ac 


From these series, the sine and cosine of any arch may be tal- 
ciilated , the length of the arch being given in parts of the radius 
considered as unity. 

G. The sine and cosine being determined, the tangent and co- 
tangent may be found from the formulae Tan. x = 

Cos. X 

Cos. X 

Cotaii. 0 ^ = It may, however, be convenient, to express 

the tangent and cotangent, in the following manner . 


Tan. . 


l-2-3‘^l-2-3-4-5 1 2-3-4-5-6-7'*’^‘^ 

r 6 ' 


X 


^ — 1 o + r 




A 1 o 


— + Ac 


Cotan. :i; I 


1-2 
^ ““ 1 . o”."q 


1 • 2 • 3 4 


1-2- 3^1-2-3-4 o 1-2-3 4 5-6 7 


1 2-3 4-5-6 + 

+ Ac 


The secant and cosecant might be expressed in a similar man- 
ner, but these, as has already been observed, are most easily 
found from the tangents, simply by addition, by means of the 
formula', 

1 = I” A + S; ir 


7. The SCI ICS ot { .*> , expressing the sine, cosine, and tangent ot i , 
may be exhibited under a succinct lorm, by means of exponential 

1 
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quantities. For this purpose, let e be the radical number of the 
hyperbolic system of logarithms , iben, from a formula already in- 
vestigated (Logar. § 23.), by putting r = e, A, the modulus, = 1, 
and z =r Hyp. Log. N, (N being any number,) we obtain. 


e« = N= I -l-y +y 


1-2-3 ^ l-2-S*4 


4- SlC. 


If, in this senes, vre put « x v^— I, it becomes. 


rV— 1 , . * 1 

e = * + r— 


x® V'— I 


1-2 


I*2-3 


+ TT. 


l*2*d-4 


x^ . 1 
1*2 3*4-5 




We have, in like manner, by changing the sign of — 1, 


— *‘✓-1 , xv'— 1 .*V— I , 

e — 1 — J.OT" .UA a 


xW—l 
r*2'3'4 5 


1 


— &c 


f»*2*S 


I •2*3-4 


Whence wc derive, by adding and subtracting, 
X V — . 1 — xV* 1 


+ « 


2 




1 • 2 


1-2*3 4 


1 


— xV 1 


2y/— 1 


=: X 


&c 


1*2*3 


1 • 2 * 3 • 4 • 5 


— Ac. 


Tiic second members of these equations, arc the values which 
He have found for Cos. x and Sin. x* Hence we have, 


Cos. X zz 


1 . — i 

e ^ e 


, and 


Sin X zz 


I — I 

e — e 


From these we derive, 


1 

v'irr 


jrv'-. 1 — xV— 1 

c — . c 


^w - 1 ^ 1 


^ = Tan ^ 
Cos. a; 
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8. The above formulas for Siu. x and Cos a?, give us addi- 
tion and subtraction. 

1 ^ X V — 1 Sin. a?, and 

* = Cos. X — — 1 Sin. a?. 

Hence, by dividing the former of these equations by the latter, 
we obtain, 

e 2rv'irT ^ Cos. X -f. — 1 Sin, x _ 

1 * Cos. X ^ ^ — 1 Sin. X 

1 + ^ ^ Ta n. X 

1 — — 1 Tan. X 

Or by taking the hyperbolic logarithm of each member of this 
last equation, 

(Log. e) X 2^?^/ — 1, or, (since Hyp. Log. c = 1), 2a?v^ — 1 =: 

Log. But we know (Logar. { 12.) that 

V.1 — V — 1 Tan. a?y 

Log. 2 y + f y’ + J y^ + therefore, 

— 1 Tan. X instead of y, and dividmg both sides by 2 — 1, 

we find, 

X = Tan. X — J Tan^ ar + ^ Tan^ x — } Tan^ x + d.c.* 


* Tins expression for the arch, in terms of the tangent, was originally found 
by James GniooEY, some time after the middle of the 17th century 

The senes fur the arch, in terms of the sine, is likewise remarkable, and was 
hrst discovered by Sir Isaac Newiok Let S denote tlie sine of any arch whose 
length is represented by a, then radius being umty, we have, 

^ , 1 S'* , 1 T S* , 1 • 3 • 5 , 1 • *5 5-7 S” . 

“ — ® + 2.» +2 4“T * U 4 0-8 9 


Ora=:S4. 


S® , 3S» , 5S^ ^ 35S» , . 
6 + 40 112 + IISJ + 


This senes, under ite second form, is easily derived, by reverUog the senes for 
tlie sine, in terms of the arch. 
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This iff a very simple and elegant formulai by means of whicli, 
an arch may be derived from its tangent, when the latter iff less 
than unity. 

9. We proceed now to shew, in what manner these formube are 
to be applied to the calculation of the trigonometrical tables. 

, It w'lll be necessary iirst to determine the ratio of the circum- 
ference of a circle to the diameter , that is, to find the length of 
the circumference when the diameter is supposed equal to unity. 
For this purpose, we shall employ the above series, which expresses 
the arch in terms of the tangent. If, m this series, we put Tan. x 
= 1, we find the length of the arch of 45^, or of one-eighth part 
of the circumference, equal tol — 

rate of convergency is here> however, by much too small to admit 
of the series being applied to any practical purpose.* But, by the 
following artifice, we shall be able to make it convcige with consi- 
derable rapidity. 


• In the paper by Professor Wallace, in Vol VI of the Edin. PhiU Trnni 
referred to in a preceding note, tlie following formulas for the rectification of an 
arch of a urcle are inrestigated* which have the property of being equally appli- 
cable to every possible case of the problem Tliey are farther remarkable on this 
account, that the terms of each approach continually to those of a geometrical se- 
nes 


Putting T for an arch of a circle, the first series investigoted is, 


In this expression for the reciprocal of en arch of a circle, the terms approach 
conunually to those of a geometrical senes, whoso common raUo is so tliat 


the sum of all tlte terms following any assigned term approaches nearer to ^ 

of that temri, according as it is more advanced fn the senes. The expreiaioiisL 
1 _ 1 ^ 1 

Tan — jf, Tan. — r. Tan -x, &c arc easily deduced from Tan. r, and from 
one another by the formula. 


Tan —A 


1 he second formula is as follows . 

11 H-Cot,. ^ 1 /I 1- Co. jar 1 1-Coi. 

»• 41 — Cot.v'^G M’l + CofcJr + iM + Cofci*'*' 

1 1 — Co. |r \ 

4« 1 + Co. J z 

In this the teniM appoarh contutualiy to to tboie of • geometrical 
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By Cor. Prop. III. § 3., and Cor. IVop. IV. of tlie same section^ 
we have, 

Sin. (A 4 . B) = Sin. A x Cos. B + Cos. A x Sin. B. 
Cos. (A 4- B) = Cos. A X Cos. B — Sin. A x Sin. B. 


llencc, by dividing the former of these equations by the latter, 
we obtain, 

Sin. (A 4 B) __ Sin. A x Cos. B + Cos. A x Sin. B 
Cos. ( A + B) Cos. A x Cos. B — Sin. A x Sin. B* 


Or by dividing the numerator and denominator of the second 
incniber of this equation, by Cos A x Cos. B, and substituting 
tiie tangent instead of*thc sine divided by the cosine, it becomes, 

Ton /A J- ~ Tan. A + T an B 
Tan. (A + B) _ j ^ g. 


In like manner, from the formulae for Sin. (A — fi) and 
Cos. (A — B), we obtain, 


Tan. (A 


__ Tan. A — Tan. B 
- 1 + A ^ 


senes, whose common ratio is ~ , so that the sum of all the terms which follow 
any assigned tenn, approaches the nearer to ~ of that term, according as it is 


more advanced in the senes. The expressions Cos ^ x, Cos. ^ x, Cos. ~ x, &c 
arc to be found from Cos x and one another by the formula, 


Cos 




Cos A 


2 


Or, let a scries of quantities, /, r, V'', Ac be found, such that 
__1 — Cotr .. Vl+t'—l 

1 + tOb. s' * “Vi ‘ “■v'i + </+ 1 ’ 


tin — 


Vl + t'l — i 

Vi + /" + r 


Then will the above formula become 
1 1 1 + Ccw X 1 /I 


1 


1 


1 
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If, in the above formula^ for Tan. (A. B)^ we suppose A =: B, 

It becomes, 

T* n A ^ Tan. A 
Tan. 2A _ 


, Now, in order to make the senes for the arch in terms of the 
tangent, converge with sufficient rapidity when applied to the de- 
termination of the ratio of the circumference to die diameter, wc 


TortiiulHs cxpre^i^ing the third and fourth powers of the reciprocal of an arch 
IK nUo inv <%tigfited. Hut we will tonejude this note by showing the application 
of the first formula to the computation of tlie length V Uie arch of 90" 


I 

0 

1 
4 

I 

8 

JL 

16 

-L 

tSJ 

1 

64 

1 

128 

1 


= Cot r = 0 * 

lull J. 

Uan i T = l 

1 

laii 

2 

2 


Ian i r = 041421356237 51 

1 

Tan 

1 

4 


Ian i x = 0 1989123673796 

1 

I'an 

8 

8 


Tan -L I = 0 0984014033571 
lo 

1 

16 

Tan 

Tnn i- ar = 0 0491 268497694 

1 

Tan 

U 

32 

3 an -i X =s 0 0245486221089 

1 

Tan 

61 

64 


Tan — * = 0012272462379 

1 

Tan. 

1J8 

128 

fin ~ * = 0006136000157 

1 

Tan. 

256 

256 

3 in * = 0003067971201 

1 

Tan 

512 

512 

fan * = 0 00153398194 

1 

Tan 

1U24 

1024 

Tan -^* = 0 00076699054 

t 

Tan ; 

20*1 S 

20^8 


; 0.0248640450225 


2!»6 

1 

512 

1 

1024 

2(88 


rs 0 00002*59687506 


I = 0000005992131^ 


Ts 00000014980293 




- = 06366197723677 

a? 

Arch of 90", or »= 1 570796326795 

2 


r= the circuroference of a circle whose diameter la unity. 


3 14159265359. 
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shall first determine some small arch, such that some multiple of 
it may be nearly equal to 45”. The tangent of the small arch, by 
which the multiple-arch thus found difiers from 45”, may be ob- 
tained by means of the above formula, expressing the tangent of 
the difference of two arches ; and hence. Urn differential arch itself 
may be detemuned. 


Let ^ or .8, therefore, be the tangent of some small arch , the 
tangent of the double arch will be found, by the formula, 


Tan. 2A 


STan. A 
1 — Tan* A’ 


to be equal to 


A 

.96 


.1 _ 

724 ~ 2.4* 


Again, from this last result, the tangent of the quadruple arch, 

4.8 

is found by the same formula to be equal to = 1.00840336. 

But since this tangent does not diffb, much from unity, it follows, 
that*thc quadruple of the arch, whose tangent is .2, docs not differ 
considerably from 45°. To determine what the arch is, we have, 
in the formula which we have found for the arch in terms of tlic 
tangent, Tan. x zn 2. Hence, 


T x= 0.200,000,000,00 
T3 a: = 0.008,000,000,00 
Ti xzz 0.000,320,000,00 
T7 *= 0 000,012,1.00,00 
TO * = 0.000,000,512,00 
T> » * = 0.000,000,020,48 
1 *’ * = 0.000,000,000,82 


-f T * = 4- 0.200,000,000,00 

— i T» * = _ 0 002,666,666,67 
+ I T« * = + 0.000,064,000,00 

— yn * = _ 0.000,001,828,57 
-I- i T9 * = + 0.000,000,056,89 

— lVT» * * = — 0.000,000,001,86 

+T^T>* * = + 0.000,000,000,06 


+ 0.200,064,056,95 
— 0.002,668,497,10 


Arch, whose tangent is .2 = 0.197,395,559,85 

4 


Arch, whose tangent is = 0.789,582,239,40 


Next, to find the small arch, by which the arch last found ex- 
ceeds 450. By the formula. Tan. (A - B) = TtrAVrn:!* 

the tangent of the differentia! arcli is found to be or 

0 004yl84>yl00>42y from which the arch itself is now to be tound. 
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Taa. X = 0.004,184,100,49 
— ^ Tan’ ^ _ a000,000, 024,42 

Differential arch =: 0.004, 1 84,076,00 
0.789,582,239,40 


The ardiof 450 . a785,398,l63,40 

4 


3.141,592,653,6 == the circumference of the 
circle, the diameter being supposed equal to unity. 

10. Having thus determuied the ratio of the circumference to the 
diameter, we now proceed to shew the method of applying the se- 
nes of $ 5 and ( 6, to the determination of the sine, cosine, tan- 
gent and cotangent of any arch, which is given in degrees and 
parts of a degr«;e. For this purpose, it is necessar} to have the 
length of the given arch expressed m parts of the radius , or whifh 
amounts to the same thing, it is necessary to have the ratio of this 
arch to the radius. Now, the radius being supposed equal to uni- 
ty, the semicircuraference, or the arch of 180^, is, as we have found, 
equal to 3.1415926536, or, carrying the computation to still greater 
accuracy, it is found equal to 3.1415926535897932. Let this 
number be represented by w, and let the ratio of m to n, express 
the ratio of the given arch to a quadrant , then shall the length of 

the given arch ^90®, be equal to ^ w. Hence, if we put iu the 

senes for the sine, cosine, tangent and cotangent, instead of w its 
value, and calculate the coefficients to a convenient number of de- 
cimal places, we shall have the following formulae ; 


Sin. -900 = 
n 

1.570,796,826,794,897- 

n 

—0.645,964,097,506,246^ 
+ 0.079,692,626,246,167 
—4).004,68l, 754,185,819^ 
+ 0.000,160,441,184,787^ 


Cos. -900 _ 
n 

1 . 000 , 000 , 000 , 000,000 

—1.233,700,550,136,170^ 

+ 0.253,669,507,901,04^ 

—0.020,863,480,768,353^ 

+ 0.000,919,260,274,839?“ 
T' 
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—0.000,003,598,843,235^ 
+ 0.000,000,056,921,729^ 
—0.000,000,000,668,804^ 
+ OXK)0,000,000, 006,067^ 

mt 9 

—0.000,000,000,000,044^9 


mio 

— 0JX)ObO25,202,042,S73^ 
+ 0.000.000,471,087,47^^ 
— 0^)00,000,006,386,603^ 
+ 0.000,000,000,065,66(^^ 
—0.000,000,000,000,529^° 

+ aooo,ooo^ooo,ooo,oo^^ 


Tan. - 900 
n 

0.636,619,772,3675-^!^ 

+ 0.297,556,782,0597“ 

+ 0.018, 688,650,277Sp 

+ 0.001,842,475,2034^ 

+ 0.000,197,580,0714^ 

+ 0.000,021,697,7245^ 

+ 0.000,002,401,1370^ 
n* * 

+ 0.000,000,266,4132^ 

+ 0 . 000 , 000 , 029 , 586 ^ 4 ; 

+ a000,000,003,2867^ 

+ 0.000,000,000,3651^° 

niy 

+ a000,000,000,0405?^/ 

+ 0 . 000 , 000 , 000 , 0046 - 5 ,. 

-j. 0 000,000,000,0005“° ’ 


Cotan. - 90° = 
n 

0.636,619,772,367^ 

— 0.318,309,886, 1837j ^--- e 

SM 

—0.205,288,869,4145- 

It 

in® 

—0.006,551,074,788^ 

—0.00^345,029,2554^ 

m> 

— 0.000,020,279,106(^ 

—0.000,001,236,6627^ 

—0.000,000,076,495^' 

—0.000,000,004,7597" 

—0.000,000,00(^2969^ 

1^1 7 

—0.000,000,00(^0185^ 

— 0 . 00 (^ 000 , 000 , 001 1 ^ 
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11. At hat already been idMerved, the unet and eotiaes of the 
ardiee between and 45°, comprehend the ainet and ootines 
of the arcfaet between 450 and 90°. Hence, it u evident, that 

in the above formulae for Sin. * 90°, and Cos. * 90°, we may 

always suppose * <} ; so that the series will in every case con- 
verge with such rapidit^^ as to render necessary the calculation of 
only a few terms, provided there be not required a great number 
of decimal places m the result* 

12. As an example of the method of applying the formulas above 
investigated, let it be required to calculate the sine, cosine, tan- 
gent, and cotangent, of the arch of 10^. 


Here, - = A- Hence, substituting this value of m the se- 


nes for the sine, cosme, tangent, 

sively, we find, 

Sin. 10» =; 0.174,532,92 
—0 000,886,10 
4-0.000,001,35 


Sin. 100 =;ai73, 648,2 


Tan. IQO =0.143,239,45 
4-0 033,061,86 
4-0.000,025,64 
-1-0.000,000,03 


Tan. lOO =0.176,327,0 


fH 

and cotangent of - 90° suoces- 


CoB. 10° = 1.000,000,00 
—0.015,230,87 
4-0.000,038,66 
—0.000,000,04 

Cob. 10° =:a984,807,8 

Cot. 10° r= 5.729,677,94 
—0.035,477,26 
—0.022,809,87 
—0.000,008,99 

Cot. 10° =5.671,281,8 


13. After the same manner, may the Bine, cosine, &c. of any 
other arch be determined. The facility with wHSch the above re> 
suits are obtamed, is a proof of the excellence of this method. In 
the actual calculation of the tables, the above senes are, however, 
to be employed in combmation with the geometneal relations of 
the Bines, cosines, Ac. which have been laid down in $ 3. If it be 
required to calculate the sine and cosine of every arch consisting 
of an exact number of minutes, from 1 minute to 5400 minutes, or 
90° , the Brst thmg to be done> is to determine the sine and co> 
sine of 1 mmute, to a great degree of accuracy. Suppose, lor cx« 

D2 
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ample^ that the table of tines and comnet is to exhibit the sine and 
cosine true to the tenth decimal place, it will be requisite to find 
the values of the sine and cosine of 1 minute, true to the fifteenth 
decimal place. For, in constructing the table, we must calculate 
the sines and cosines to several more decimal places than we in- 
tend to retain, in order to be assured, that the errors which may 
accumulate in the course of 2700 operations, shall not affect ihe 
tenth decimal place of the last results. The calculation of the sine 
and cosine of F, to the requisite degree of accuracy, is easily 

accomplished by means of the formulae for Sin. - 90^ and 

Cos. if we suppose In this manner, by taking 

the first two terms, we obtain. 

Sin. V =z 0.000,290.888,204,564 
Cos. r = 0.999, 999,9i;7, 692,025 


The sine and cosine of 1 minute being determined, the sines 
and cosines of the multiple arches of F are to be successively de- 
rived fiom each other by the formulm already deduced, Prop. V. 
§ 8, namely. 


Sin. 2's:2Cos. V Sin, P — Sin. O' 
Sin. S'=2Cos. r Sin. 2' — Sin. V 
Sin. 4'=2Cos« P Sin. 8' — Sin. 2' 
Sm. 5'=;2Co8. P Sin. ^ — Sin. 8' 
Ac. &c. &c. 


Cos. 2'=:2Cos.l' Cos. P—1 
CoS. 3'=:2Cos.P Cos. 2' — Cos. 1' 
Cos. 4's=2Cos.P Cos. 8' — Cos. 2' 
Cos. 5'=2Cos.PCos.4/ — Cos. 8' 
&c. &c. drc. 


14. In the above expressions for the sines and cosines of the 
multiple arches, Cos. P occurs as a constant multiplier. But, wc 
may remark, that this quantity being nearly equal to unity, there 
IS a method of abbreviation, which it may be proper to pomt out. 

Let 5 = 2 (1 — Cos. 10 = 0.000,000,084,615,950, we shall 
have 2 Cos. 1' = 2 — A. Hence, if in the formulae 

Sin. (A + B) =: 2Co8. B. Sin. A — Sin. (A — ^B), (Cor. Prop. III.) 
Cos. ( A 4- B) = 2Cos. B. Cos, A — Cos. (A — B),(Cor. Prop. IV.) 

we suppose B = P, and for 2Co8. B, insert 2 A, we shall ob- 
tain, 


Sin. (A -f* P) Sin. A = Sin. A — Sin. (A 10 — A Sin. A 
Cos, (A 4* P) — Cos. A = Cos. A — Cos. (A — 10 — A Cos. A 
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Putting, therefore, A equal P, S', S'; 4', Ac. aucceasively, we ob- 
tain, 

Sin. 2' ~ Sin. = Sin. P _ i Sin. P 

Sin. 3' — Sin. V s= Sin. S' — Sm. P — k Sin. 2' 

Sin. 4' — - Sin. 3' = Sin. 3* — Sin. S' — A Sin. 3' 

Sin. 5' — Sin. 4f = Sin. « _ Sin. 5' _ « Sin. 4' 

Ac. Ac. Ac. Ac. 

And 

Cob. 2' — Cob. P = Cob. 1' — * Cos. P 

Cob. 3' — Cos. 2' = Cos. 2' — Cos. 1' —* A Cos. S' 

Cos. 4( — Cos. 8' =r Cos. S' — Cob. S' — Cos. S' 

Cob. 5' •— Cos. 4' n Cob. Cos. S' A Cos. 4' 

Ac. Ac. Ac. Ac, 

From these expressions, it appearg, that in order to find the dif- 
ference between the sine of 1' and the Bine of 2', we have only to 
multiply the sine of P by the small fraction A, and to subtract the 
product from the sine of I'. Again, to hod the difference of the 
sine of 3' and the sine of 2', it is only necessary to multiply the 
sine of 2' by A, and subtract the product from the difference of the 
sines of 2' and 1'. In like manner, to find the difference of the 
sines of S' and 4', it is only necessary to multiply the sine of S' by 
A, and subtract the product from the difference of Sin. 2' and 
Sm. 3' , and so on. These differences being calculated, it is evi- 
dent, that Sin. 2', Sin. 3', Sm* 4', may be successively deduced with 
great facility. But, m calculating the differences, die one from the 
other, the only operation, somewhat tedious, whidi is to be per- 
formed, IS the multiplication by the fraction A. Now, it is to be 
observed, ^rstf That it is only necessaiy that we find th^ product 
true to the fifteenth decimal place, which will require but a short 
process of calculation , and, second/y, That these multiplications 
may be much Abridged by finding previously the product of the 
constant number 84315950, by each of the nine digits ; for, by 
this means, we shall have immediately the partial products which 
result from the different figures of the multiplier, and it will only 
remain to add together these products, observing to extend each 
to the fifteenth decimal place. 

^ The same method is to be pursued in the calculation of the co- 
sines , and, when we have calculated as far as the sine and cosine 
of 450 , the table will be completed. 

15. Tlie sines, such as they result from the calculations now 
pointed out, ore expressed m purls of the radius, and are called 
Miiural Sines : but it has been found in practice, that much ad- 
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vantage is derived from employing the logarithms of the sines, in- 
stead of the Bines themselves. I^e same may be said of the tan«' 
gents and se^ts. Hence, in the trigonometrical tables, besides 
the natural sines, tangents and secants, their bgarithms are like- 
wise inserted; or frequently the former are altogether omitted. 
The natural smes being calculated, their logarithms are easily ob- 
tained from the logarithmic tables But, as the supposition of ra- 
dius being equal to unity, would render negative all the logarithms 
of the sines, it is usual to assume radius equal to 10,000,000,000 ; 
which amounts to the same thing as to multiply by 10,000,000,000 
all the sines found upon the supposition of raduus being equsi to 1. 
Upon this supposition, the radius or Sm. 90 ^, which frequently oc- 
curs in calculation, has for its logarithm 10 units , and those angles 
which have the logarithms of their sines negative, must necessarily 
be much smaller than any which are met with in practice. 

The logarithms of the sines being found, we can easily deduce 
from them the loganthms of the tangents and secants ; for smee 


rti A Ex Sin. A j c A 

Ian. A s: — , and Sec. A = 
Cos. A 


RQ 

Cos. A' 


It follows, that 

Log. Tan. A = 10 4- Log. Slu. A — Log. Cos. A, 
and Log. Sec. A = 20 — - Log. Cos. A. 


16 . From IVop. III. and IV. a great number of trigonometrical 
formulas may be deduced. We shall here deduce those which arc 
of most frequent use. 

Let A and B be any two arches of a circle whose radius is de- 
noted by R, and let A be the greater arch : Then, from Prop. III. 
and IV. with theu: corollaries, we have, 

l . Sin. A -I- Sin. B = Sin* i (^ + B) Cos. (A — B). 

11. Sm. A — Sin. B = ~ Sin. ^ ( A — B) Cos. J (A + B). 

m. Cob. A + Cos. B =-^ Cob. |(A + B) Cos. i (A — B). 

IV. Cob. B Cos. A = ^ Sm. 1 (A + B) Sin. ^ (A ~ B). 
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V. Sin. A Cos. B = f R Sw. (A + B) + J R Sin.^A — B). 

VI. SimBCos. A=iRSin.(A + B) — J R Sin. (A — B). 
VIL Cos. ACo8.B=iBCoB.(A — B)+}RCofc(A + B). 
Vin. Sin. A Sin. B = i R Cos. (A ^ B) — i R Cos. (A + B), 

IX. aiu (A + B) - ^ 

X. Sto. (A _ B) _ 

« A . . Cos. A Cos. B — Sin. A Sin. B 

XI. Cos. (A + B) = — g , 

•«.»v « , A Cos. A Cos. B + Sin, A Sm. B 

Xn. Cos. (A — B) ss — -g — . ' • 

If, m formulas IX. and XL we suppose the arches A and B 
equal, we obtain, 

8 Sm. A Cos. A 


XUI. Sin. SA s 


XIV. Cos. 2A 


Cds« a ~ Sin« a 

K 


If, in this last formula, the expression R" — Cos’’ A be put in- 
stead of its equal Sin> A, we find 

2 Cosa A — R8 


XV. Cos. 2A = 


IT 


andif,inlhe8amefonnula,weputRa-»Sina Ainsteadof Cosa A, 
it becomes 


XVL Cos. SA < s 


R9 -. 2 Sla« A 

E . 


From these two last, by multiplying by R, then transposing, and 
extracting the square rool^ we obtain 


xvn. Cos. A =r A PP^ 



so 
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XVIII. Sin. A = 
or Sin. J A = 


R« R Cos. SA 
- , 

/R> — R Cos. A 


Dividing by esdi other formulas, I, 11, III, IV, and observing 
. Sin. A Tan. A R - , 

'^cs.-A=-Tr-=c5nA-”'“ 

YfY Sin. A .i|. Sin. B Sin. ^ (A *.|- B) Cos. ^ (A B) ^ 

Sin. A — Sin.T“ Cos. i (A + B) Sin. ^ (A — B) = 
Tan. ^A + B) 

Tiiirl (A — B)‘ 

„„ Sin. A + Sin. B _ Sin. i (A + B) _ Tan. (A + B) 
Cos. A + Cos. B “■ Cos. |(A 4- B) “ 5 ' 

Sin. A + Sin, B _ Cos. ^ ( A — B) _ Cot. ^ (A — B) 

co8.b— coira.- sis:f(A^) ~ r 
S in. A — Sin. B Sin. i (A — B) _ Tan. ^ (A ~ B) 


XXIII. 


Cos. A + Cos. B ” Cos.^ (A — B) fi 

, Sin. A — Sin. B _ Cos. i (A + B) _ Cot. ^ (A + B) 

Lo M M m Ti’v Ta • 


Cos. B — Cos. A Sin. |(A + B) 


wTvr Cos. A + Cos. B _ Cos. I ^A + B) Cos. ^ ( A — By _ 
Cos. B — Cos. A ~ Sin. i (A + B) Sm. J (A — B> ~ 
Cot. •jr (A B) 

Tan. 4 (A — B)' 

If rve divide formula IX. by formula XI., and observe that 
Sin. (A + B) _ Tan. (A + B) * . 

Cbs. (A +H) R ’ 

Tan. (A B) ^ Sin. A Cos. B + Cos. A Sin. B 


R Cos. A Cos. B — Sin. A Sm. B 

or, iniiltipl 3 ring by R, both sides of the equation ; then dividing 
numerator and denominator of the second member by Cos. A Cos. B, 

1 t. Tan. A , Tan. B . ^ - Sin. A , Sin. B 

and substituting — ^ — and — g — mstead of and ; 

and, lastly, multiplying numerator and denominator of the result 
by R®, we find 
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XXV. Tan. (A + B) = t y"* 

V ^ ^ Xan. A Tan. B . 

By proceeding in the same mannmr with fimnulas X. and XU., 
we obtam 

. V . «v B® (Tan. A — Tan. B) 

XXVI. Tan. (A — B) = a TiSTB* 

If, in formula XXV., we suppose A =: B and SA = B succes- 
sively, we get 

SRS Tan. A 


XXVIL Tan. 2A = 


R» — Tan" A* 


SR» Tan. A — Tan» A 


R« — STan» A 


If we multiply both sides of formula IX. by R‘', divide by 
Cos. A Cos. B ; and substitute in the result Tan. A for 

Cos. A 

and Tan. B for P we find 

Cos. B 

XXIX. Tan. A + Tan. B = 

^ Cos. A Cos. B 

In like manner we obtain 

xxx.t«.a-t..kB = 5 ^^ 1 ^ 

XXH.C«.B + C«.A=^^^. 

vv-o-TT ^ « A R* Sin. f A — B) 

XXXn. Cot. B — Cot. A _ -gJft.ASmrB 


17. Hanng explamed the nature and odculation of sines. 
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tangents, Ac- we now proceed to explain the arrangement and use 
of £e tngonometrical taUea. 


EXPLANATION OF THE TABLES 

LOGARITHMIC SINES, TANGENTS, AND SECANTS. 


1. To find the Logairidmie Sine, Tangent, or Secant of any 
Number of Degrees and Minutes. 

If the number of degrees be less than 45^, seek them at the top 
of the page, then in a line with the given number of minutes in the 
left-hand marginal column, under the word sine, tangent, or se- 
cant, you have the logarithmic sine, tangent, or secant of the pro- 
posed number of degrees and minutes. 

If the number of degrees be abo\e 45^ and less than 90^, seek 
them at the bottom of the page, then against the minutes in the 
right-hand marginal column, and above the word sine, tangent, or 
secant, respectively, you have the logarithm sought. 

When the degrees exceed 90^, take the supplement of the arch, 
that is, subtract the given degrees and minutes from 180^, and 
look out the sme, tangent, or secant of the remainder as above. 


EXAMPLES. 


Arches. 

Sines. 

Tanffents. 

Secants. 

18° 

15' 

9.495772 

9.518185 

10.022414 

S3 

45 

9.744739 

9.824893 

10.080154 

47 

9 

9.865185 

10.032624 

10.167439 

64 

56 

9.957040 

10.330009 

10.372970 

135 

44 

SOI 

S0| 

9.845662 

9.992420 

10.146758 
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^ole»— -The logsrithmic cosine, cotai^ent, or cosecant of any 
number of degrees and minutes, may be fsund in the same mam- 
ner as above, m the columns ‘Vnaiked^eosine, cotangent, cosecant, 
respectively.^-'nius, die cosine of 42<’ 51' is 9il65185, wl)ich is 
also the sme of its complement 4/7^ 9'. The cotangent of 71*> 45' 
is 9.518185 = to the tangent of 18^ 15', and ^ cosecant of 
500 15' IS 10.080154 ss to tlie secant of 380 45*. 


2. To find At Sme, Tangent, or Secant any Number <f Degrees, 

' Minutes and Seconds. 

Find the sine, tangent, or secant oorrespon^g to the given 
number of degrees and minutes, as before, and also the tabular 
difference from the column marked D , multiply this difference by 
the given number of secorus , cut oft two decimal places from die 
right of the product, and the remaining figures are the part to be 
added for the seconds. 


EXAMPLES. 


Required the logarithmic sine of 190 24' 86" ? 


Sine 190 2V 

= 9.521349 
215 

Diff. 

598 

36 

5ine 190 24' 36" 

= 9.521564 

• 

3588 

1794 

215|28 

Arches. 

Smes. 

Tangents. 

Secants. 

440 25' 37" 

9.845098 

9.991312 

10.146214 

670 7'62» 

9.924237 

10.189664 

10.265427 

260 12 ^ 4 , 3 V 

9.645120 

9.692247 

10.047127 

390 w SO" 

9.805469 

9.919405 

10.113935 

710 56' 19" 

9.978055 

10.486643 

i0A08588 


Note . — ^The cosine, cotangent, and cosecant of any number of 
degrees, mmutes, and seconds, are to be found in the same man* 
ner ; except that the proportional pttft for the seconds is to be sub* 
tracted. 
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EXAMPLES. 


AnAet. 
18® 17' 24» 
82® b' 86" 
58® 49' 56" 
88® 12' 16" 
21® 46' 52" 


Corines. 

9.977486 

9.927979 

9.718949 

9.078102 

9967833 


Criangents, 

10.480797 

10.202642 

9.781650 

9.076164 

10A98S87 


Cmoanis. 

10A03310 

10.274663 

10.067701 

10.003062 

10.430554 


8. To find the mmAer of D^ees and Mandes comgmtdfng to any 
gtven Logarrihme Stne, Tangent, or Secant; Cosme, Crian- 
gad, or Cosecant. 

Seek, in its respecdve column, the sine, tangent, Ac. nearest to 
that given ; if you find the given sine, Ac., or the next less, in a 
column titled at the top, you have the number of degrees at the 
top of the page, and number of minutes in tlie left hand marginal 
^column. But if you find the sme, Ac., or the next less, in a co* 
lumn titled at the bottom, you have the number of degrees at the 
bottom of the page, and the minutes in the nght-hand marginal 
coliunn. 


EXAMPLES. 


* Stnes. 

Arches. I 

Tangents. 

Arches. 

9.724682 

320 2' 1 

9.876454 

360 67 

9.958298 

63 54 1 

10.109765 

52 9 


Seoaeds. 

Andes. 



10.043624 

26® 15' 



10.423631 

67 51 



4. To find the Seconds eorrespondmg to the remainder tfiany Logo- 
rUkmie Sme, Tangent, Ac. qfrir the Degrees and Muades have 
been found. 

If the given sine, tangent, Ac. be found exactly in the table, 
there will be no remamder for seconds. But, if there be a re- 
mamder, the eorrespondmg seconds arc to be iound by annexing 
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two cyphers to the difference between the tabular rimt, taiq^nt or 
secant next less, and the given one, and dividing by the jtabttkr 
difference ; the quotient is the number of seconds to be added to 
the degrees and minutes. 

The seconds corresponding to the remainder of any k^puithiaic 
cosine, cotangent, or cosecant, are to be found in toe same man- 
ner : but ^ seconds most be subtracted from the degrees and mi- 
nutes in order to find the true ardi. 


, EXAMPLES. 

I. ToSudSie degrees, minutes, and seconds correiqwnding to 
the logUtMunic sine 9.880054. 

Sine in the table, nextl 9 979963 _ 490 gQi 

1688 than given sine, J 

Given sine = 9.860054 


Tab. Diff. = 181)9100(5(y' 

Hence, to the given sine, 9.8600543 corresponds the arch 
490 2(y 50". 

2. To find the number of degrees, mmutes, and seconds corres- 
ponding to the logarithmic cotangent 10.008688. 

Cotangent in the table, next less) 10.003591 _ got. 44® 2& 
than the given cotangent, J ™ v 

Given cotangent =; 10.008688 


Tab. Diff. = 421)9700(28^ 

Hence 44^ 26' — 23" =: 44^ 25^ 37" is the arch to which the 
given cotangent 10.008688 corresponds. 

3. Required the degrees, minutes, and seconds answering to the 
logarithmic tangent 10.199471 ?— Ans. 57P 43' 6 ". 

4. Required the degrees, minutes, and seconds correqpOQding to 
the cosine 9.924237 ?— Ans. 320 52' 8 ^ 

Note.— The same rules are applicable to obtuse angles if we take 
the supplement of the angle instead of the angle itself. For the 
sine, tangent, and secant c^f an ardi, is likewise the sine, tangent 
and secant of the supplement of that ardi. 

4 
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5. To find the Natural Sine^ Tange^tf or Secant of any Angle^ or 
number of Degrees and Mmutes. 


Find the logarithmic sine, tangent, or secant, bjr the table ; can- 
cel Its index, and find the nearest logarithm to it, in the table of 
logarithms of numbers , the natural number corresponding to this 
logarithm, is the natural sine, tangent, or secant respectively. If 
the index of the logarithmic sine, tangent, &c. be under 10, prefix 
to the natural sine, Ac. os many cyphers as make the complement 
of its index to 9. But, if the index be 10, 11, 12, or 13, then one, 
two, three, or four figures respectively, are to be pointed off for in- 
tegers ; the rest are decimals. 

The natural sine agreeing to any number of degrees and minutes, 
may also be found more readily, at once from the table of natural 
sines, the arrangement and use of which, are sufficiently obvious, 
from the explanation already given of the table of logarithmic sines ; 
and the natural sine and cosine being known, the natural tangent, 
Ac. are easily calculated {§ S. Prop. VI ). 


EXAMPLES. 


Arches. N. Sines. 
230 20' .396080 

— 30' .008727 

870 15/ .998848 

890 SO' .999962 


N. Tangents. 
.431358 
.008727 
20.81883 
114.5887 


N. Secants. 
1.089068 
l.(X)0038 
20.84283 
114.5930 


6 . To find the Loganihmtc and Natural Versed^sme of any 
Angle. 

To twice the logarithmic sine of half the given angle, add the 
constant logarithm 0.301030, and from the index of the sum, sub- 
tract the logarithm of the radius, or 10 ; then shall the result be 
Ae loganthmic versed-sine of the given angle. Seek this logarithm 
in the table of the logarithms of numbers, the natural number cor- 
responding to It Mill be the natural versed-sine, the position of the 
decimal point being ascertained precisely in the same manner as m 
the natural sine. 

Or, the natural versed-sine may be found by subtracting the 
natural cosine of the angle from the radius, (unity,) if the angle be 
less than OO^’, or by adding)if greater. 



PLANE TRIGONOMETRY. 


6S 


Ex To find the logarithmic, and natural versednune of 760 48'. 

Log. Sin. i <760 49) Log. Sn. S80 84' » 9.798195 

8 

19.586390 
Log.S« 0.S010SO 


19.887480 

10.000000 

Logarithmic versed-sine 760 48*^ as 9,887480 

Nov, corresponding to the decimal part of the logarithmic 
versed-sinc, ve obtain the natural vcrsed-sinc Of 760 49 = 
77165 . 


PLANE TBIGONOMETRY. 


I. Plane Trioonomethy is the method of determining the 
measures of the unknown parts of plane triangles, from certain 
parts being given. For the conveniency of calculation, it is usual 
to dmde the general problem vrhich trigonometry proposes to 
resolve, into two , acco^ng as the triangle has or has not a right 
angle. 


SolutioH rf Riffkt-AMffkd Plane Trtangk*. 


8. A right-angled trian^e consists of five parts, namely, the 
three sides and two aciite angles; the right angle, beings con- 
stant quanti^, is not redconed. Of thes^ any two being given, 
and one of these two being a side, the other parts of the triangle 
may be found. ; 
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8. In right-angled trianglee, the ride q>ponte to, or snb- 
ten^g the ri^it-angle, is called the Hypokmui the other 
sides, irlu(^ contain the nght<angle, are sometimes called Ltga : 
Or, the one is denommated the Bate, the other, the Perpembeu- 
hr. 


4. If the hypotenuse be assumed equal to the radius, then wiC 
the rides be the sines of the angles opposite to them ; and if either 
ride be conridbed as radius, the other side will be the tangent of 
the dngte opposite to it ; and the hypotenuse will be the secant of 
the same angle. 



This appears sufficiently evident, by comparing the figures 
with the defimtions already given of the sme, tangent, and se- 
cant. 

In the calculation of right-angled plane triangles, any side, whe- 
ther given or required, may be made radius to find a side , but a 
given side must always be made radius to find an angle. 


THEOREM. 

The sine, versed-sine, tangent, and secant eS va. mh, which 
is the measure of any given angle, is to the sine, versed-sme, 
tangent, and secant of any other arch, whidi is the measure of 
the same angle as the radius of the first ardi is to the radius of 
the second. 


Taty, ZC 



P£AMlg TRIGONOMETRY. 


65 


Lft AB and HF lie two txAea, which measare ^ iWBie 
angle AEB, and let 
tively* Let BD 
be the sine, AC the 
tangent, and EC 
the secant of the 
arch AB ; also let 
HK be the sine, 

FG the tangent, 
and EG the secant 
of the arch FH. 

Since AC, BD, 

FG, and HK are 
parallel, being each 
perpen^cular to 
£ A, we have BD ; HK, or Sin. AB : Sin. FH s ; Ra£ EB : Rad. EH : 
Again, we have ED : : EB or EA : : EK : l^fi or EF, there- 
fore, by division, DA . E A ; : KF : EF , and alternately, DA : 
KF : : EA : EF, that is, Ver. Sin. AB : Ver. Sin. FH : : Rad. EA 
: Rad. EF. Farther, we have AC : FG, or Tan. AB : Tan. FH : : 
Rad. EA : Rad. EF; and EC : EH, or Sec. AB : Sec. FH : : 
Rad. EA : Rad. EF. 

5. From this theorem, it appears, that as the trigonometncal 
tables exhibit in numbers the sines, tangents, secants, Ac. of cer- 
tain angles to a given radius, they also exhibit the ratio of the 
sines, tangents, &c. of the same angles to any radius whatever. 
Upon this principle the solution of the different cases in nght- 
angled plane triangles depends ; and from the theorem, we may de- 
duce the following generd rules. 



RULES. 

Write the word radius upon one side of the triangle, and mark 
the names on the other sides accordingly (f ,4.) ; then, 

# 

To find a Side. 

As the term or name on the given side 
Is to that on frie required side, 

So is the given side . ¥ 

To the required ^e. 

E 
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And to^^nd <m Aa^e. 

As the Bide made radius 
Is to the other given side, 

So is radius > 

To ^ term or name upon that aide. 

Ahthi— Fimm this property of a plane triangle, that the three 
ati|^ are together equal to two rightoangles, or ISO**, the follow* 
ing very useful corollanes anse. 

Ist; When two angles of a triangle are given, the third is also 
given } for it is the supplement of the sum of the other two, and 
may be found by subtractmg theu* sum from 180<*. 

When one angle of a ^nangle is given, the sum of the other 
two may be foun^ by subtracting the given angle fW>m two ri^t* 
angles, or 180**. 

If one angle of a triangle be right, the other two are acute, 
mid together make another right*angTe ; and, if one of the acute 
angles be given, the other is also given, being the complement of 
the other giv:n one, or what it wants of 90<*. 


PROBLEM I. 


♦ 

Given the angles and hypotenuse of a nght-angled plane triangle, 
to find the base and perpendiodar. 


1. In the triangle ABC, r^t* 
angled at B, suppose the angle C 55** SO*, 
and the hypotenuse AC 121 yards, re- 
quired the rides AB^and BC ? 

GeamttneaBy, 


Draw the mdefinite line BC ; at the 
point C, with the chord of 60*>, descnbe 
an ardi, and upon it lay off the quantity 
of die angle C, 55** SO*; then measure 
the hypotenuse, 121 equal parts, firom C 
to A, and firom A let fall a p^pendimUar 
upon CB ; ABC is the triangle propos^ 
Measure the sides AB and BC on the 
scale firom whidi AC was taken. 
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Jiy Cdleiialitm, 

The hjrpotenuse AC being radius, then AB is the sine of the 
angle C, and BC the one of angle A, or cosii^ an^ C. Henoe^ 

To 6nd AB. To find BC. 

As radius 10.000000 As radius 10.000000 

So is AC, 121 2.082785 So is AC, 121 2.082786 

To AB, 99.719 1.998779 To BC, 68.535 1.8S591S 


The base BC being radius, then AB is iSie tangent, and AC the 
secant of the angle C« Hence, 


To find AB. 


As secant of C, 

550 SO' 

10.246872 

To tangent of C, 
550 SO' 

10.162866 

So IS AC, 121 

2.082785 

To AB, 99.719 

1.998779 


To find BC. 

To radius 10.000000 

So IS AC, 121 2.082785 

To BC, 68.535 ^-835913 


The perpendicular AB being radius, then BC becomes the tan- 
gent of the angle A, or the cotangent of the anzle C, and AC be- 
comes the secant of angle A, or cosecant of anpe C. Hence, 

To find AB. To find BC. 

As co8ec.of C,550 30' 10.084006 Ascosec.Q£C,550 M 10.084006 

To radius 10.000000 To cotan.#:, 550 30' 9A37 134 

So u AC, 121 2.082785 So is ACjfil 2.082785 

To AB, 99.719 1.998779 To BC, 68.535 1.835913 


Gamal Suit fir Chmtar’t Scale, 

Extend the compasses Bom the first term to the second , that 
extent will reach Bom the third to the finirth term ; obaenung to 
take the hne marked jiVtiiii. finrfeet, yards, miles, Ac. the hnemark- 

B 2 
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ed S| for sines of angles, and that marked T, for tangents. The 
radius is 90^ of sines, and 45^ of tangents. 


Esa* 2. In the triangle ABC, right-angled at B, let the hy- 
notenuse AC be 1045 feet, and the angle A 35<> 56' ; what is the 
length of the base and perpendicular? — Ans, Length of the 
base, AB = 846.155 feet Lengtli of the perpendicular, BC = 
613.25 feet. 

S. A ship, from latitude 20^ SO' north, sailed N. W. by N. 235 
miles, what is her departure from the meridian, and what her dif- 
ference of latitude, and the latitude come to ^—Ans. Dep. from 
meridian 130.5 miles. DilF of Lat = 195.4 miles. Hence the 
latitude come to, is 23^ 45' N. ^ 

4. Suppose the one end of a rope 350^ feet long, fixed at the 
top of an eminence, and the other end brought down to the plane 
below, so that its direction make with the plane an angle of 50^ 40', 
required the perpendicular height of the eminence, and tlie space 
of the level covered by the rope ?~Ans* Height of the eminence 
s 271.102 feet Space of the level = 222.158 feet. 

PROBLEM 11. 

Given the angles and one side, to find the hypotenuse and other 
side. 

Ex. 1. In the right-angled triangle ABC, right-angled at B, 
let the angle at A be 55^ 30', and the side AB 294 feet; required 
the base BC, and the hypotenuse AC ? 


Geometncalfy. 

Make AB = 294, from a scale of equal 
parts, and at the point A make an angle 
of 36° 30', from the line of chords , then 
from B draw the perpendicular BC, and 
ABC IB the triangle proposed m the ex- 
ample.^ Measure BC and AC severally, 
bv taking them in the compasses, and ap- 
plying them to the scale from which AB 
was taken. 
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Bj/ CkiknkkotL. 

The Hypotenuse AC being radius, 

To iind BC. 

As^irosme of A, g gj^ggg 

To sine of A, 350 SV 9.703954 
So IS AB, 294 S.468347 

To BC, 209.7 2.321615 

The base BC being radius, — 

To find BC. To find AC. 

10-146732 10.146732 

To radius 10.000000 Tocosec.of A,S50S0'10.236046 

So IS AB, 294 2.468347 So is AB, 294 2.468347 

To BC, 209.7 2.321615 To AC, 861.18 1.557661 

Tlic perpendicular AB being radius, — ■ 

To find BC. To fiind AC.# 

As radius 10.000000 As radius 10.000000 

8-853268 10.089814 

So IS AB, 294 2.468347 So is AB, 294 ^ 2.468347 

To BC, 209.7 2.321615 To AC, 361.13 2A57661 

2. Id the triangle ABC, nght< angled at B, suppose the base' 

BC 3744 yards, and the angle A 52^ 8^ , required the other side 
AB, and the hypotenuse AC ? — Ans^ AB =3 221.19 yards. 

Hypotenuse AC s= 474.386 yards. 

3. Suppose a ship to sail S. W. by W. until she has made 140 
miles of southing , requured the distance sailed, and also hew &r 
she IS west from the meridian of the place sailed from ?->mA»s. 
Distance sailed 252 miles. Dep. from meridian 209.5 mdea west. 


To^find AC. 

A8^w«neofA,850|ggjgggg 

To radius IO.OOOOOO 

So is AB, 294 2.468847 

To AC, 361.13 2A57661 
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4 . Obaerving the tun’t altitude to he 80<’ and tite length 
of the shadoir of a tree at the same time to he 70 feet S indies on 
the horizontal plane ; what is the height of the tree, and what will 
he the Imigth m a rope which will reach from the extremity the 
shadow to tibe top tk t^ tree ?■— iribis. Hei^t of the tree s 41.794 
feet. Length of the rope = 81.742 feet. 


PROBLEM m. 

Given the hypotenuse and one side, to find the angles and the 
other side. 

Ex. 1. In the right-angled triangle ABC, nght-angled at B, 
let the hypotenuse AC be 350 feet, and the perpendicular AB 
245 fleet ; required the angles A and C, and the base BC ? 


Gtomancalfy. 

Draw the line BC terminated to- 
wards B, but unlimited towards C, and 
at the point B draw AB perpendicular 
to BC, and make AB =: 245, from a 
scale of equal parts; from the same 
scale ta£e AC = 350 ; place the one 
loot of the compasses in A, and with 
Ae other, describe an arch, cutting BC 
in the point C , join AC, and ABC is 
the triangle requuod. The angles are to be measured on the line 
of diords. 



By Cakulatxm. 


Hie hypotenuse AC being radittSr~- 


To find angle C. 

As AC, 350 2.544068 

To BA, S45 2.389166 

So is ra£us 10.000000 


Toaine ofC,440 
25' 37" 


To find BC. 

2.544068 As radius 10.000000 

2.389166 To cos. of C, 44^ *1 om^nmA 
0.000000 25' 37* J 9.853786 

I So IS AC, 350 2.544068 


>.845098 


To BC, 249.95 


2.397854 
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The perpendiodar AB beiag ni^Qii%— 

To find angle A. To find BC. 

AbAB, 245 2A89166 Aindtiu lOJOOOOOO 

ToAC,SfiO 2A44068 Totang.ofA,4801 mnnnftnn 

Soiaradius KMJOOOOO 84^ } 10X)08688 

SoAB,845 2A89166 

To secant of A| ) iq i^ono 

450S^2S» I 10.IMSW IV, BC, 240.95 2A97854 


The base BC being ladius, to find itselfr— 

To radius 10.000000 To radius lOiOQOOOO 

So IS AB, 245 2A89166 So is AC, 350 2A44068 

To BC, 249.95 2.397854 To BC, 249.95 2A97854 

The Bide BC may also be found, independeiitly of the angles, 
by means of the known property of a right-an{^ triangle; 
that the square of the hypotenuse la equal to the sum of the 
squares of the two sides. For, since AC*^ =: AB‘ •{' ^ 

follows, that BC« = AC» — AB« = JAC + AB ) »(AC — 
AB); and therefore BC s (AC +, ^®) • — 'AB) 

Or, Log. BC = Log. (AC + AB) + Log. (AC A^ . 

2 

From which BC is easily determined. Thus, 

AC = 850 
AB = 245 

— Xn^antfoM. 

AC4.AB=595 2.774517 

AC.~ABal05 2.021189 

2)4.79^706 

BC a 249415, 8A9785S # 


2. Suf^^ose the hypotenuse of a r^ht-angled trarngjle to be 274.5 
yards, and its base 196.25; what are the two acute angles, and the 
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perpendicular? — Aw. Angle opposite the base sr 45^ SW 17*'; 
angle adjacent to the base 4A^ 21' iS". Length of the peipendi- 
cular s 191.927 yards. 

S. Suppose a ship to have sailed between south and east 204 
miles, and thereby made her difference of latitude, or southing, 
126 miles ; upon what course did she sail ? — Ans. Course, S. 51^ 
51' 20^ E., or S. E. JE. nearly. 

4. A ship sailed from latitude 49^ 30' north, between the 
south and west 135 leagues, till, by a good observation, she is 
found in latitude 45^ 15', required the course on which she 
sailed, and her departure from the meridian P-^Ans, Course, 
S. 50® 5^ 38" W., or S. W. ^W. nearly. Dep. from mend. = 
104.9 leagues. 


^ PROBLEM IV. 

Given the base and perpendicular, to find the angles and hypo- 
tenuse. 


Ex. 1. In the right-angled triangle ABC, right-angled at B, 
let the perpendicular AB be 650 feet, and the base BC 420 
feet; required the acute angles A and C, and tlie hypotenuse 
AC? 


GemetneaUy. 

Make BC = 420, taken from a scale of 
equal parts, and from B raise the perpendi- 
cular AB, and make it = 650 from the same 
scale ; join AC, and ABC is the triangle re- 
quired. With the chord of 60® taken from 
Ae line of chords, describe arches upon tlie 
angular points A and C as centres^ for the 
measure of^e angles; the chords of these 
arches applied to the same line of chords, 
will give the quantity of each angle. 
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By Cdadahtm, 


.The base BC radius,— 


To fiud angle C. 

As BC, 420 2.623249 

To AB, 650 2.812913 

So IS radius 10.000000 


10 * 189664 


To find AC. 

As radius IO.OOOOOO 

^®7??2 }• 10.265427 

So is BC, 420 2.623249 


To AC, 773.88 2.888676 


The perpendicular AB being radius, — 


To find angle A. 

As AB, 650 2.812913 

To BC, 420 2.623249 

So IS radius 10.000000 


Totang.ofA,32® 
52' 8» 


9.8103^ 


To find AC. • 

As radius 10.000000 

10-073763 

So IS AB, 650 2.822918 


To AC, 773.88 2.888676 


Tlie hypotenuse AC being radius, to find itself. 


J 9.924237 

To radius 10.000000 

So is AB, 650 2.812913 


As sine of A, 32<* 
52' 8" 

To radius 
So IS DC, 420 


9.734573 

10.0QOOOO 

2.623249 


To AC, 773.88 


2.886676 


To AC, 773.88 


2.888676 


The Iwpotenuse may also be found independently of the angles; 
for, by Em. Elm, B. I. Prop. XLVII., we,have ^ 

AC = V APirica = y^B (AB +^). TUllast form 

of the ejcpression for AC, is by piuch the most convettient for loga« 
rithmic calculations 
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BC = 420.. 


LoganAm. 

..2.623249 

2 


Log. BC* = 5.246498 

AB = 650 2.812913 2B12918 


BC* 

AB 

BC« 


= 2714W4 2.433585 


AB + =s 9214)84 2.964441 

AlJ 


Log. AB (AB + = 5.777854 


AC = 773.88, 2.888677 

2. In the triangle ABC, nght<angled at B, suppose the side 

AB 495.45 yards, and the side BC 560.5 yards; what are the 
acute angles A and C, and the hypotenuse AC Angle 

A = 48* 31' 31". Angle C = 41* 28' 29". Hypotenuse 
AC = 748.086 yards. * 

3. Suppose three towns. A, B, C, to be so situated, that A 
lies 35| miles south from B, and C hes 50^ miles west from 
B; the bearings of A from C, and of C from A, are requir- 
ed?— vdns. The bearing of A from C, is S. 54* 34^ IS" E., or 
S. E. |E., nearly. The bearing of C from A, is N. W. |W., 
nearly. 

4. When the sun shines, if a steeply 196 feet high, pro- 
ject a diadow 237 feet 9 inches, on the horizontal plane, 
what is the sun’s altitude at that tune?— ilix. Sun’s altitude = 
390 sV 7", 


SAutum ObUque-A^iiffbd Trumght. 

6. In an oblique-angled triangle, «x parts are concerned, 
via. the three sides three angles. Of these, one side 
and other two parts being given, thf other parts may be 
found. 
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7. The Mdation engled triang^ depend* upon the 

following theorems. 

THEOREM 1. 

. The sides of a plane trian^ are to one another, as the sines of 
the angles opposite to them. 

Let ABC be a triangle ; AB: AC : : Sin. C : Sin. B. 

the vertext A draw AD peqiendicalar to BC the opposite 
side. Then in the right-angled triangle ACD we have, 

AC : AD : : Rad * Sin. C, 
and, by inversion, 

AD : AC : : Sin. C : Rad. 

Now, in the right-angled 
triangle ABD, 

AB : AD : : Rad. : Sin. B. 

Hence, tat teguo, m- 
versely, 

AB : AC : : Sm. C : Sin. B. 

In the same manner, it 
may be proved, that AB : 

BC : : Sm. C : Sm. A, and tHat AC : CB : : Sin. B : Sin. A. 


THEOREM II. 

In any plane triangle, as the sum of any two sides is to their 
difference, so is the tangent of half the sum of the opposite 
angles to the tangent of hwf theur difference. 

Let ABC be a triangle, of which the side AC is greater than 
AB, and consequently the angle ABC greater than AC]^ 

AC+AB ; AC-AB ; ; Tan. i(ABC-|-BCA) : Tan. ^(ABC— BCA). 

About the cmitre A, at the distance AB, let the semi- 
circle DBE be desenb^ meeting CA produced in D. Join 
DB, BE; and through £ draw EF paralld to BC. Then, 
beoause the angle DAB h tiw exterior angle of die tnangle 
ABC, it is eqiw to die sura of die two interior and opposite 
angles ABC, ACB. But die angle DEB is equal to bw the 
angle DAB, therribre the angle DEB is equal to half the sum 
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of the angles ABC^ ACB. Agaui;^ since AB is equal to AE» 
the angle ABE is 
equal to AEB. But 
the angle AEB is 
equal to the two angles 
EBC) BCE f there« 
fore, also the angle 
ABE IS equal to the 
sum of the angles ID 
£BC| BCE. To each 
of these, add the angle EBC, then the whole angle ABC, is 
equal to twice the angle EBC, together with the angle BCE ; 
whence, it is evident, that the angle EBC, or the alternate 
angle BEF, is equal to half the difference of the angles ABC, 
BCA. Now, DBE being an angle in a semicircle, is a right 
angle. Therefore, to the same radius EB, DB will be the 
tangent of the angle DEB, and FB the tangent of BEF. So> 
that BD : BF : : Tan. DEB : Tan. BEF. : Tan. ACB) 

: Tan. j(ABC — ACB). Also, since AD and AE are each 
equal to AB, it is evident, that DC is the sum of the sides AB 
and AC ; and CE is their difference. But, because £F is parallel 
to BC, we have DC : CE : : DB : BF , that is, 

AC+ AB : AC— AB . . T(Mi.i(ABC+BCA) : Tan. ABC— BCA), 

Scholium. 

When two sides, and the included angle of a triangle are given, 
half the difference of the two remaining angles can be found by 
the above proposition. 

Then, half the difference being added to half the sum, gives the 
greater angle , and half the difference being taken trom half the 
sum, gives the less. 



THEOREM III. 

In any plane triangle, the cosine of half the difference of any 
two of Its angles is to the cosine of half their sum, as the sum of 
the sides opposite to these angles is to the remaining side of the 
triangle. Also, the sine of half the difference of the angles is to 
the sign of half their sum, os the difference of the opposite sides 
is to the remaining side. 
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Let ABC be a triangle, of wlmh the side AC is greater than 
AB, and the angle ABC than ACB ; 

Cos. J(ABC— ACB) ;Co8. 1{ABC+ ACB); ; AC+ AB ; BC, 
and Sin. i(ABC— ACB) : Siii. ^ABC^f ACB) : AC— AB i BC. 

In CA and CA S' 

produced take A£ 
and AD each e- 
qual to AB : join 
BD, BE and pro* 
duce CB to F: 

Then the angle 
DBE js a nght 
angle; the angle 
AEB IS half the . 

sum, and the an- D £ 

gle £BC half the ' 

difference of the angles ABC, ACB : Also DC is the sum and 
EC the difference of the sides AC and AB. Now m the tnahgle 
DBC we have 

Sin. DBC 6t FBD i Sin. BDC : : DC : BCa 

But FBD IS the complement of the angle EBC| and BDC is the 
complement of the angle AEB ; therefore 

Sin. FBD = Cos. EBC = Cos. {(ABC — ACB), 

Sin, BDC zr Cos. AEB =z Cos. {(ABC + ACB) : 

Hence we have 

Cos. {(ABC — ACB) : Co8.{(ABC + ACB) : : AB + AC : BC 
Again, in the triangle EBC we have 

Sin. EBC : Sin. BEC or AEB : t EC i BC* 

But Sin. EBC z: Sin. {(ABC — ACB), and Sin. AEB s: 
Sin. {(ABC + ACB), 

wherefore 

Sm. ^(ABC— ACB) : Sin. ^(ABC + ACB) : : AC — AB : BC. 



THEOREM IV. 

In any plane triangle, as the base, or longest side, is to the sum 
of the other two sides, so is the difference of these sides, to the dif> 
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fereDce of the tegmeoti of the baae, made by e perpendicular let 
fall upon it from the opoaite angle* 

In the oblique-angled triangle ABC* let a perpendicular AE 
be drawn from the vertex A to the base BC ; 

BC : AB + AC : : AB--- AC : BE — EC. 

About^ A as a 
centre at *the dis- 
tance AC, the 
shortest side, de- 
scribe a circle 
FDC ; produce 
BA to meet the 
circle in 6 ; then 
is BG the sum of 
the sides BA and 
AC, and BF is 
their difference ; also BD is the difference of ^E, and EC the seg- 
ments of the base. Now, from a known property of the circle, the 
rectangle contained by BG and BF, is equal to the rectangle con- 
tained by BC and BD ; hence, it follows, that BC : BG : • BF . BD, 
that is, 

BC: AB + AC:: AB — AC: BE — EC. 

Scholium. ' 

When the three sides of a triangle are given, the difference of 
the segments of the base may be &und by the above proposition. 
Then, half the difference added to half the sum, gives the greater 
segment , and half the difference taken from half the sum, gives 
the less. In each of the right-angled tnangles ABE, ACE, into 
which the given tiiangle ABC is divided by the perpendicular, 
there are given, therefore, the hypotenuse and base, from which 
the angles may be found by Prob. III. of the solution of right- 
angled triangles. Hence the angles of the tnangle ABC become 
known. 



THEOREM y. 

In any triangle, twice the rectangle contained by any two of the 
sides IS to the dif^nce between die sum of the squares of those 
sides and the square of the base, as the radius is to the cosine of 
the angle included by the two^udes. 
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Let ABC be any trianglek twice liie rectanj^ contained by AB 
and BC is to the fuffinence between the sum of the equavee m AB 
and BC and the square of AC, as the radius is to the cosine of 
angle B : that k, 

SAB K BC : AB* 4. BC* — ACA : : Bad. : Cos. B. 

• ' 

From A draw AD perpendicular to BC, then SBC X BD s 
AB« + BC» — AC». But 



BC X BA : BC X BD : : BA : BD : : Rad. : Cos. B; 
therefore also SBC X BA : SBC X BD : : Rad. : Cos. B. 
Now SBC X BD = AB* 4. BC* — AC* ; wherefore 
SAB X BC : AB* 4. BC* ^ AC* : t Rad. : Cos. B. 


THEOREM VI. 


In any triangle^ the rectangle contained by two sides is to the 
rectangle contwned by the excesses of half the penmeter above 
those sides, as the square of the radius is to the square of the sme 
of half the angle included between them. 

Let ABC be a triangle of wfaidi AB is the base ; in AB pro- 
duced both wm take AD s AC, and BE ss BC, and bisect DE 
in O: then Du is half the perimeter, and AO, BO are its excesses 
above AC, BC, the sides « the trinigle : it is td be ^ved that 

AC X BC or AD X BE t AO x BOtS Rad* : Sm* 4ACB. 

' 1 
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Join DC, EC ; draw OF paralld to AC, meeting DC in F, and 
06 pmllel to BC,meet> 
ing EC in G I and be- - 

cause the triangles D AC, 

DOF are similar and DA 
= AC, therefore DO = 

OF : In like manner, be- 
cause the triangles EBC, 

EOG are similar, and 
£B =r BC, tlierefore £0 
= OG ; hence OG and 
OF are each equal to 
half of DE. 



From O as a centre, with OD or OE as a radius, describe a se- 
micircle, which will pass through G and F, also join DG, GF: 
And because OG is parallel to CB, and OF to CA, these lines 
form a parallelogram HCKO, of which the opposite angles ACB, 
GOF are equal , but the angle GDF at the circumference is half 
the angle GOF at the centre , therefore GDF or GDC is half the 
angle ACB. Agam, because AC is parallel to OF, and BC pa- 
raUel to 06, 

AD ; 0A;;DC ; CF, 
and BE : OB : : EC : CG, 
therefore AD x BE . AO x OB : : DC X EC : CF x CG. 


Now the triangles DCE, GCF being evidently equiangular, 

EC ; DC : : CF ; CG ; 
hence DC X EC ; DC» ; ; CF x CG ; CG», 
and by altern. DC x EC : CF x CG : : DC‘ . CG^ : 

Therefore AD x BE : AO X BO : : DC^ :CG^. 

But in the triangle DCG, which has the angle at G a right 
angle, 

DC t CG : : Rad. : Sm. CDG or Sin. ^ACB, 
and DCS : CG« : : Rado : Sin> |ACB : 

Wherefore AD x BE t AO x BO : : Ead^ : Sin^ ^ACB. 
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THEOREM VIL 

tn any triangle the rectangle eontidned by two iddea it to the 
rectangle contained by half the peibneter and ita cjxfiesa above the 
bm aa the aquare of the radioa la to the aquare of the coaine of 
half the angle included between then* 

« 

Let ABC be a triangle of whidi AB is the bade ; in BA pro- 
duced take AD equal td the sum of AC, CBy and bisect BD in O ; 
then DO is half the penmeterg and AO is its excess above tlve 
base I It is to be proved that 

AC X BC : DO X OA : : R« : Cos® JACB. 

In AC produced take GE s CB t Join EB ; draw AG parallel 
to CBg meeting EB in 
G ; and draw CH to 
bisect the angle ECB ; 
then EH will be equal 
to HBg and the angles 
at H will be ri^t- 
angles : and because 
the angles ECB, ACB 
are together equal to 
two right-angleSgHCE J) 
and half of ACB will 
be together equal to at 
right-angle; therefore 
HCE IS the comple- 
ment of half the angle ACB. 

The triangles ECB and EAG being similar and EC = CB ; 
therefore E A = AG « but EA = AD by construction ; therefore 
a circle described from A as a centreg with AD as a radiusg will 

B ISS through B and^G^: let it meet AB produced in F ; and since 
F =; 2DA and t>B = SDOg it follows that BF a 2AOa 

t • 

Agadn, beca^ BCTIa ptxtSkl to AG, 

AC : C£ : : GE : BE, 
ther^cre AC x CE t C£« : : GB x BE i ; 

But GB X BE = DB X BPtsADO x AO; andBE« =:4EH> 
thctcfere AC X CE’S CE* : i 4DO x AO : 4EH* 

: i DO X AO : EH«, 

and by alternation AC x CE : DO x AO : : CE* . EH*. 

F 



8S Ft4MS TBIGKHiOMETRT. 

Now die at^Ie ECH belog the complement of half ACB^ 
CE i m : : Ead. : Cob. {ACB, 

«Dd.CE« I EH» : : Rad« : CosO ^ACB : 
TkeBefiM AC X CE : DO X AO : : R« Co8« ^ACB. 


THEOSEM VUL 

In any triangle, the rectangle contained by half the perimeter 
and Its excess ^ove the base u to the rectangle contained by its 
excesses above the sides as the square of the ramus is to the square 
of the tangent of half the included angle. 

Let e denote the base, and a and ft the sideB of the triangl^ 
and C the angle opposite to e : Put ^ =: J(a .ip A ^ e) : Then, it 
is to be proved that 

p {p—e) ; (p-—a) (/>— -i) s s Rod® * Tan* |C. 

For, since by Theor. VII.,/) {ji — e)iabtt Cos* : Rad*, 
and by Theor. VI. ab {p—a) {p — b) : : Rad* : Sin* ; 
therefore, ex aquab, 

p (p—c) : (p — a) {p — b) ; ; Cos® j-C : Sin* ^Cf 
but Cos* ^C : Sin* ^C : : Rad* : Tan* ^C, 
therefore/! (/> — - c) : (/i— o) (/> — • 6) ; : R® : Tan* ^C. 


8. The plication of the iirecedin^ dKorema to the soktion of 
the cases of oblique<angIed triangles. Is contafoedln the following 
problems. 


PROBLEM L 


Given the angles, and one ode of an oldique*angled triangle, to 
find the other sides. 
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as 


Ek. 1. In Ae trii^lle ABC. lUfpem A'iS^W^.Mlgle 
B 790 SS', and, conte^iendT, liM IS^ aton am 

AC 1S5 fiset ; required die aidea AS ud BC i 


G tometr u aOjf. 


Having measured tbe dde 
AC = 135 from a scale of 
equal parts, at tbe point C 
make the angle AGB s= SS** 
15' from a line of chords ; 
also at the pmnt A, the 
other extremi^ of the side 
AC, make the angle CAB sn 
460 22'; the sides BC and 



AB will mil m thedr proper 
position, and are to be mea- 
sured on the same scale from which AC was tBken> 


JBff CalaUatuM. 


To find AB. 

As sine B, 790 23' 9.992501 

4s to sine C, 540 15' 9.909328 
So 18 AC, 135 2.1S0SS4 


To find BC. 

As sine B, 790 SS' 9.998501 
To sine A, 460 28' 9S59601 
80 is AC, 135 8.180SS4 


To AB, 111.47 


8S47161 


Tn BC, 99.41 


1S97484 


2.. In tbe oblique-angled triaa^ ABC, let dian be g^ven dm 
side BC 5304 jnuds, the an^e B 400 34^,' apd the an^e C 36o ; 
required the sides AB end AC AB ;b 39(I5A1 yards. 

AC ai 354ftSByMnii. 


3. Coeadng dong die dtoie^ t lew a ntpe beMdag Bern me 
direcdjr west ; I ste ered away W. N. W. 60 ndles, SM dien the 
asmo' cane bore ftom me S. W. W. ; taqdked the dbtance 
firom eaim station to fhe'capeF—AMS. Distance of the eqie from 
first station 89.796 ndles. Distanoe fim second rtation 41.629 
miles. 
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4» to lihd tnang^ar id4 ABC, let the nde AB be 3045 Imks, 
theen^le^t A 84^46^, wd the angle at B 50^ lO'; required the 
length of the other eidet AC Mu BC?— AC s 2347 A2 
liidcg. BC s 1742.49 links. 


PROBLEM II. 


Given two flidet^ and an angle opposite to one of them, to find 
die other angles and the other side. 

JSee* 1, In the oblique-angled triangle ABC, obtuse at B, let 
the side AC be 818 yards, the side BC 196 yards, and the 
angle A 82^ 40^; required the angles B and C, and the side 
AB? 


GeofrMrtcally. 


Draw AC = 818, 
from a scale of equal 
parts, and at the point 
A make an angle of 32^ 

40 ; then, with 195 e- 
qua! parts in the com- 
passes, set one foot in 
C, and descnbe an arch 
intersecting AB in B, 
join CB, and ABC is the triangle required. Measure the angles 
B and C on the line of chords, and the side AB on the same scale 
from wfaidi the other sides were taken. 



NMe * — ^Wben the side (^[qiosite to the given angle is greater 
than the other given side, the angle opposite to this latter side is 
necessarily acute^ When the side opposite to thq, given angle is less 
than ,the.other given side, but greater than ihe perpendicuto drawn 
to the unknown side from the qiposite angle, ihe same daUi will 
give two difiPerant triangles, and^the anglp; opposite the latter given 
side will be einier acute or obtuse. Por die arch described from 
the centre C, at the distance CB, will then cut AB in two points on 
the same side of AC. When the side opposite the given angle is 
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equal to the peif>eiHlicula&i ^ ikIu 

18 It right-angle. When ^ nie oppo^ iMltt idwft N hn^ 
than the perpendicular, tbA triangle i« linpe8Hll& 

I ' 

Sg Gukiilatm, 

To find the angle B. To find the aide AB^ 

As Uie side BC, 195 2.8900S5 A* voe of A, SSe 40' 9.rS2l9.S 

Is to side AC, 318 SAOMSt To «no of C, «90 «.fi8557i 

So 18 sine A, S20 40' 9.7Sgl9S So is BC, 195 B<S60035 

To Sine of 610 4(y 9.944585 To AB, 175.15 iS^lS 

Hence angle B, il80 2(y 

It IS to be observed, that angle B being an obtuse angle, the 
arch 610 49/^ which » found directly from the tebles, is not the 
measure of angle B, but the measure of ha suf^emeat t epd But, 
therefore, it is necessary to subtract 610 4(y 1800,'>iB{.<Mder 

to hnd the true value of the angle B. To determine ai4|le C, we 
have only to take the sum of angles A and B firom IW { which 
gives angle C ss 29® 

2s!t. 2. In the oUique-angled tnangle ABO, suppose the side 
AB 4101 feet, the side BC 2960 ibet, and the angle A SOb ; rc- 
quircHl the angles B and C, and the side AC In this ex- 

.iinple, the angle C may be either obtuse or acute, IF angle C is 
.icute, then angle C ss 44® 59' 49*, ai^Ie ABC sa 105® O' 1 1", 
and AC = 5602.29 feet. But, if an^e C be obtuse, then angle 
ACB = 1350 O' 11", angle ABC s 14® 59' 49", and AC s: 
1500 85 feet. 

3. In the triangular field BCD, let the side CD be 485 links, the 
side DB 548 links, and the angle C, opporite to die side DB, 
70® 35' , required the nng^ B and D, wttn tbe length 'of the side 
BC®— Ans, Angle' B ss 57® 93' 35*. Aiu^ D = 59® 1' 25*. 
And BC ss 453^ links. 

^ A‘ V •” •, 

4 A hdUMDond was oVserved to bear if>"bjr W : and hav- 
ing steered N. N, £. 54 mihw, we then caulh to an anchor 63 
miles from the satBe headland 1 required the diliettoe of the head- 
land from die first place of observation, and its bearing firom the 
place where we anchored r— Ade, Dhtanoe)^ faeatBand firom first 
place of observation 4iB58 milea, Bearing mrni second station 
- S 66® 32' 20*. W. or W. S. W. neariy. 

F3 
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‘ PROBLEM m. 

(iSvea two irfdea and die included angle, to find the other angles 
and the Rfird side. 

JEH/t, 1. . In die triangle ABC, suppose the side AC 919.95 feet, 
the si^ AB 500 feet, and the contain angle A S60 58' , required 
the angles B and C and the side BC ’ 


GemetncaUy, 


Draw the side AC, making it equal to 980 nearly, from a scale 
of equal parts. At the point 
A, in the straight hne AC, B 

make the angle CAB =: 

88® 58' fiwm a scale of 

chords, and Ikom the same y'o* 

scale of equal parts, firom 

which AC was taken, mea- ^32 

sure the ude AB =: 500. A. ^ 


Join BC ; then ABC is the tnangle required. The side BC is to 
be measured upon the scale of equal parts, and the angles B and 
C upon the line of chords. 




To find the angles B and C. 

As AC + AB, 1419.95 8.158873 

ToAC — AB, 419.95 ^ 2.689188 

So is Tan. ^(B + C), 71® $4' 10.4^7162 

To Tan. 4(B ~ C^ 41® 35' 9.948087 

' Angie B s 118® 9 

C ss 29® 58' 
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TofiiidBC!> 

As ame C, 290 > 

To sine A, 860 9.778119 

So IS AB, 599 >> 2A98970 

ToBC,60i96 %77m6 

Octihiis, (Xheor. IIL) 

9A7Sm. 9Jmi69l 

+ '>•} 9.WMM ^ 

Soil AC+AB, 1419.95, 3-152273 So is AC— AB,419.95,2J88I99 

To BC, 600.26 2.778340 To BC, 600A7 A786S46 

a. In the obtute*angled triangle ABC, let the side ASlie 890 
yards, the side BC, 410 yards, and the contawed atffile B* 1050 • 
required the angles A and C, and the side AC ?— Aim. An|^ A 
= 440 59' 37*. Angle C ss 300 9 83*. SMe AC as 560.18. 

3. Suppose BCD a trirngnlar field ; the tfde BC UMettnes 10 
chains 30 links, the side CD 18 chains 60 llaA% and the oahtained 
angle C, measured with an angular instrunrat, is fiitfnd to be 
560 sor , required the other angles B and D, and the side BD ? 
—Am. Angle B s 720 20' 16*. Anj^e D = 5l5 O' 44*. Side 
BD =: 11.027 chains. 

4. There are three cities. A, B, tnd C, in a triai^lar situation 

to each other ; A lies 3604 miles dae west firom B, end C Hes 
230^ miles S. W. by W. nom B ; what is the diptance between 
A and C, and idmt tbeir bearings firom each' other P — Ans. Dis- 
tance of A firom C, is 81 1.996 miles. Beanng of C firom A, is 

S. 520 53' 9^ E., or S. E. iE.fieaily ; a^d, consequently, the bw> 
mg of A tdO Clio needy N.W.|W. • 


PEOBLEMIB. 


Given the three sides c€ a triangle to find the ai^^Ies. 
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lathetnw^ABC, IfltABs56S,ACs800, and 
BC s 9S0; 

H eo me lr k a B ^. 

Sfnr dw ride AC, Mrfrfng ft equal to 800, from a wale of equal 
paita; fruMi, ftom 
the new acale, 
take ABr; 560; 
set. one foot of 
the compasses In 
A, and with the 
other describe an 
arch; next take 
BC s 820 as a 
radins, and with ope foot in C, intersect the former arch m the 
pomt B ; join AB and BC, and ABC is the triangle required. 

The anj^ are to be measured on the line of riiotds. 



JBjjf Cakutaticn. 

To find CD end AD, the segments of the base. 

As AC, 800 8.903090 

To AB + BC, 888 8.945469 

So is AB _ BC, 848 8.383815 


To AD DC, 866.805 8.486194 

IIow, jUAD DC) =s 400 

^AD DC) = 133.403 


AD 5SSJ4(» 


DC = 866.{i97 

To find an|^ BCD. To find angle BAD. 

AaCD,866A97 8A8^5 As AD.' 583.403 8.787055 

ToBC,380 8.505150 To AB, 568 8.749736 

So is raduis 10.000000 So is nuups 10.600000 

To secant. BCD) mneoooa ^6 secaat B) inAommi 

339 8^47* f J0.079295 lapgj'gy j )0A88^1 

Hence, we obtain angle ABC at 188o S'50*. 




•Or, nidiBMt ftrtkw 
the wglee by Theer. 19^ 
served, that a amen angle apy be BWie can«etlydetef|d«ed#om 
its sue than fiwn Ha «osnWii',|iM| 9 aeJ*tluscaae«aatf 
the cosine pvduces a ceailalMrimMnNr In the aag^ ; On dp cot* 
tiaiy, aiian^nca«^eftiat»4tri g p t H(iiM ^ eBa^^ 

•dy determined from its cosine nan from >t» sHu^ p«aiMe»* saMtt 
error in the sine produces a coimWaiaMe ertgr to vHenoe 

when the angle sou^ is aoutp llejolittiob bwTbatp VL-'l^jiie* 
ferable to that by ‘Diear. VIUH-ljieMvlMD the ai|[te^ii,«Htipib tbp 
solution by Theor. VIL is tobepretencdd. ItMy ^d^l^leieea 
whether an angle is acute or obtuse by etUHidiPHgr imi^ai! the 
square of the side opposite to the anj^ is 1«tM or imhlir than 
sum of the squares of the sides containing the angw. 


To find angle ABC. (Theor. VS.) 

As AB X y Arith. Comp. Log.^ 7!49^0 


To i Perimet^ 841 S.9S4799 

X Penm. ^^AC) L X 41...........«„..mm.1.61’8784 

So is BadB .^^;....80.000000 

To Co8» ^ABC *) i9!2^94 

Cos. ^ABC, 640 11 55 » 9J41847 


Angle ABC = 1280 y 


One of the angles being thus fdund, nether may be found upon 
the principle that the sides are to each other as the sines of the 
opposite angles: and then die> tlufd angle becomes known. 


ise the side AC 
50 yards, it is 


2. Jn the obliquengle triang^ ABC, suj 
l^ yards* the mde AB 85 yards, and the^side jh; sv van 
re^ii:ed^iayhii4.t|t»' tbw angles A, By. aad C ?.-Afis. 
i^2aoJW.^»^47'4f. C»5S0 7'4V. 


Angle 


8. Suppose A, B, aad C thtee towns ; let A be dmtantfrfmi B 76 
mdas, and firom C 87 miles ; also let^ B’s distance firom C be 53 
n^; miaHed theiieilHtglttf 4 ^ towps-B and C, sup* 

po^ to be sHuated W. bj^. from B, and from A some- 
whciS!b^een Nmrth and East ?—Ah$. Ibe bearmg of A from B, 
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u N. 88 *^ SS' Wm ibjr N. i W, ueuly* Aad tbs bearing of 
A from C,a &87* 48* W., or & W. tor W. neatly. 

4. Let then be two poets far die same panllel of latitude, irhoee 
ditfance is 48 leagues; and suppose a diip to sail firnn the one 
pelt 80 leagues bMween North and East, and another dup to sail 
from thenwerpoit 42 leagues between Nordi and West, wherff' 
die meets with the first diqi ; remired the course of each ?<— Aim. 
The course of die first shro, is N. SO** E., or N. N. £. |E. neariy. 
The course of the second, is N. 41^ 47' 18” W., or N. W. ^W. 
■early. 


MENSURATION 


OF 

HEIGHTS AND DISTANCES. 


1. When a line which joins two points in space is accessible 
throughout its whole extent, it may m general be measured by the 
successive application of some line of a known length ; but when 
it 18 inaccessible, or cannot be directly measured, it may then be 
considered as a side of a triangle, of which as many parts can be 
found as are sufSdent to determine ftll the othert, am its length 
may be calculated by the rules of trigonon^etry. In tfahi manner 
the mensuration of inaccessible lines is reduced to that of accessi- 
ble lines and angles. 

So The instruments commonly used for measuring heights and 
distances, are a chain, a square, a quadrant, a themolite, and a 
seiftant. 
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^ chain » used for meaaiiriiig thim in^ 

to be given sides of triangles. The Eftslirii dAi ir# ptdes in 
lengthy and consists of 100 links ; therdare eadi link should be 
7.92 inches long. The Sootdb ^Aain is 74 fiaet in lii^^, end 
therefore each of the links is 8.88 indies. 

A square is usedfofindmgthendieoftbeaidesofariglit^ssigied 
TKangle. TVo of its sides are divided eadi into 100 equal funtst 
itnd It 18 fiiniidied with a plummet suspended from the opposite an* 
gley and with ri^ts fixed on one of the midivided iides.^ 

A quadrant is used fl>r deterDMdiig vMkdoaai^es. It is divid- 
ed into degrees, Ac. and is furnished with a plunimet suqmnded 
from the centre, and with sights fixed on one m the«ns&*. 

A theodolite is used for measunng both horisontal and vertical 
angles. It consists of a arcle and a circular segment at nght an- 
gles to each othery and each divided into degreeSy Ac. When the 
instrument is usedy the circle is placed in a horizontal and the seg- 
ment in a vertical plane by means of a level. To the segment are 
attached si^ts, or a telescope, moveable about the centre both of 
the circle and of the segment. On the circle, horizontal angles are 
measured ; and vertical angles, whether of elevation or depression, 
are measured on the segment. 

A sextant is employ^ to measure angles contained by lines si- 
tuated m any plane whatever. When constructed on a small scale 
the sextant is more portable than the theodolite ; but it is less suit- 
ed to surveying, because the angles determined by it, when out of 
the plane of the horizon, must be reduced to that plane by calcu- 



S. The operation of measuring an angle being much more easy 
than that of measuring a side, it is usual to measure only one side 
which 15 denominated the Base. 


Method ^Measuring a Base Line. 

4 

4. Let it be prepeied to meaaure on greund tbe dittance 
AIL Be|^^ Sxiog in • ▼erticid posttwn, by meoiu of a plttonb- 
liDe» two at#^ pok$ AC, BD at the extreme pomta A, B. 
These polea (whkdr are bkewise called pideets or statioii^taTes) 
enable the observer to fix die other intomediate pideetSi which 

3 be (band necessary for marking out line AB. All the 
ets must be placed perpendicularly, that they may dl be in the 
imftical pfame of the viwel ray CD. When great accuracy is re> 
quired, a small treudi may be drawn ftom A to B , applying from 
time to time the eye to the pickets, and in their vertical plane, in 
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order to dvpect the^ trench as 
nearly as possible in a straight 
line: or we may connect the 
pickets with each other by ccMrds* 

Having thus accurately marked 
out the hue ABf it is next to be 
measured by die chain^ or by a straight rod of any conveniear 
length. 

When this degree of minuteness is not required, thp direction of 
the line may be ascertained by the pmon at one end of the chain, 
directing the person at the other end to place himself in such a po-. 
sition, as to be seen exactly in a line with the picket or mark to- 
wards which they are measuring 

This method of measuring a base supposes the ground between 
the points A and B to be level, and in this case the distance mea- 
sured IS called the honzmkd distance* 

5. When the ground is inclined or uneven we may proceed as fol- 
lows . After having marked, by pickets, the direction of the base 
line BC, we may employ for measuring the distance two oi more 
straight and inflexible rods, of any convenient length, which are tq 
be brought into a horizont^ position, oe, ie, Ac. by means of a spi- 
rit level. The perpendicu-r 
lars Ca, bcy de, Ac. represent 
the position of the plumb- 
line, which should be sus- 
pended from the extremity 
of each rod, to ascertain the 
exact point at which the ex-< 
tremity of the -succeeding 
rod 18 to be placed, '^e 
sum of all the distances to, 

hB 16 equal to AC 
B, C, which therefore becqmes known^ 

6 . If we wish to find AB, Uie perpendicular attitude of the point 
B above C, it is only necessary to measure the heights nC, fe, d!s, 
fg^ kh. then adding or substfacting these heists aocor^mg as ihe 
elevations or depressions of the ground direct, the result is the 



the horizontal distance of the points 



* The termination of each chain length is marked by a imall anpw or rod, 
stuck into the ground by the person who leads, and taken up by fos person who 
follows. There are ten arrows which accompany the chain ; so that by attend* 
ing to the nutaber of times that the arrows have been transferred from the fol- 
lower to the leader of the chain, the wMe number of chains or knks measuied 
arc easily detenouicd. 
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height AB required. When AB and AG are tlopiifg 

distance BC is easily found : for BC = AC* + AB^* 

7, When the height of the point B above the faorisontal line 
AO is all that is required, the hastromeats commonly employed to 
determine the partial hmghts aC, fe, &c. are a spinulevel and a 
•>ir of staves, each comfmsed of two pieces that slide out into a 
rod of ten feet in length, every foot being divided centesimally. 
The intervals between the staves riiould not exceed 400 jmrds. 
When the obie^ts are very remote a good theodolite is the instru- 
ment to be u^cd . and allowance must be made for reftaction and 
the earths curvature. This operation is denominated jCeveftny, 
and is a delicate and important branch^ general surveying. 


Of the Measurement of Angles. 


8. Though when two angles of a triangle are known the third 
may be found ; yet, where accuracy is wanted, it is proper to mea*- 
sure, if It IS m our power, all the three angles of every triangle 
whose sides are to be determined from the base and the angles. 
If the sum of the three angles, as found by observation, be very 
nearly 180^, we are sure that our observations have been made 
with precision and the difference between the sum and 180^ is to 
be divided equally among the three angles, unless we have reason 
to doubt the accuracy of one observation more than that of another. 
Thus, suppose the sum of the three observed angles to be 180^ (X SO^, 
we should subtract KX' from each of the angles before we proceed 
to find the unknown sides of the tnanglej^ To dimmish the proba- 
bility of errors ; and to enable us to estimate nearly the certainty 
or uncertainty of the results, it is proper, in choosing the position 
of the triangles, to observe the following rules as &r as local cir- 
cumstances will permit. 

Rtjlb I. When only one side of a triangle is to be determined, 
make the base as nearly as possible equal to the side required. 

Rule IL Whep two sides of a triangle are to be determined, 
make the triangle as nearly as possible equilateral. 

Rule III. When the base cannot be made nearly equal to the 
side, or to each of the sides, sought, make the base as long as 
possible, abd the angles at the base as nearly as possible equal to 
each other. 
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9. It often bappenf, tliat libe theodolfte cannot be placed at the 
centre of the object which has been obser\'ed at the other points 
of station. SupposCf for example^ that the vane of a spire has 
been observed, it may be impossible to place the theodolite at the 
point of the btwe tminediately under the vane. Hence the angles 
must be taken at a point as near as possible, and afterwards re^ 
duced by calculation to the centre of the station* ^ 


Let O be the centre of a 
permanent station, where the 
angle AOB subtended by two 
remote objects A and B is to 
be determined: letCbeagiven 
point at a little distance, where 
the instrument is placed, and 
the angle ACB actually mea- 
sured. Suppose the distance 
CO given, also the angles 
ACO, BCO; and the dis- 
tances AO, BO, or at least 
their values nearly. Let D be 
the point of intersection of 
AC, BO: and because the 
angle ADB is the sum of the 
angles C AO, AOB, also the sui 
fore 



CAO + AOB = CBO + ACB, 
and AOB — ACB =: CBO — CAO. 

Now, in the triangle COA, COB, 

BO : OC ; : Sin. BCO : Sin. CBO 
and AO : OCT i : Sin. ACO : Sin. CAO. 

From these proportions the angles CBO, CAO may be found ; 
and their difference, which is dso the difference of the angles 
AOB, ACB, will be known. 

It IS useful in practice to Ifeve a formula that expresses the dif- 
ference of the angles AOB, ACB in minutes of a degree. For 
this purpose put the angles AOB = 0, ACB = C, ACO = v , 
then OCB = C o : also, put the lines AO s= m, BO s n, 
OC =; d , from the above proportions we have 

Hid:: Sin. (C -f o) : Sin. CBO = ^ Sin. (C -f c^) 
m:d :: Sin. v Sin. CAO s= - Sin. 
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But small angles being nearly propeitiaBd to their siiies* U fUIows 

Sin CBO 

that the number of mmutes in the angle CBO will be 


nearly ; and in like manner die number of mioutes in the angle 

n A HU Sin. CAO 1 .u r ^ Sm. (C + v). 

J^AO will be— — nearly : therefore CBO = — i» 

CAO = ^ * : hence nnoe CBO — CAO a O C we 


have 


Sin.r 

^ /t _ Sin. (C -f v) d Sn. v 
^ ^ nSETP taSmwf 


This Is the correction of the angle C expressed in minutes of a 
degree.* 

10. A different ahd more simple expression for the correction of 
the angle C may be found as follows : 

Let a circle be described about the triangle ABO, meeting AC 
in E and join 0£, BE : let the angles AOB, ACB, ACO| and 
the lines AO, BO, OC, be denoted by the same letters as brfore ; 
and in addition put the angle ABO = B. Then 

O — C = CBO — CAO or EBO = EBC. 

In the triangle OEC 

Sin CEO or AEOt Sin. EOC ; : OC : CE, 
and in the triangle BEC 

BE : EC : : Sin. BCE : Sip. EBC ; 

Observing now that AEO == ABO ^ B, and that EOC = AEO 
— OC£ = B — ; also that £B and BO s is are nearly equal, 
these proportions may be expressed thus : 

Sin. B : Sin. (B — v) * * ^ 

ft ; CE : : Sin. C : : Sin. EBC 

. d Sin. (B — v) , 

himceCE= g^—'.and 


• In the application of thii Ibnnula we mnat oonddsr whether Sin. (C -f* 
and Sin. v are pontiva or negativab Tba nne of arch between O'* and 180" i« 
po|ili*ek and between 180^ andSSO^ oeganva. oosine between O^and 90" 

IS positive, between 90" and 270" it la negative, and between 270" and 360" it is 
again positive. 


3 
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Sin £BC Sin* C ^ ^ Sin* (B ■*— v) Sin^ CT 
"" n "" n Sin. B. 

But| on account of the smallneM of die angle EBC, the number 
Sin £BC 

of minutes it contains will be ■ nearly ; tberefcHre^ because 

O — i C s EBC> we have in minutes of a degree 

Q r — ^ ^ 

"" n Sin. B Sinrp 

This expression for the difference of the angles O and C is not 
quite so accurate as the former, yet m practice it is near enough 
the truth. It requires that approximate values of the distance 
BO and of the angle ABO be known , but the distance CO should 
be accurately determined. 

It 16 evident that if the instrument be placed at E, in the cir- 
cumference of a circle passing through the points A, B, O, the ob- 
served angle AEB will be equal to the angle AOB at the station : 
this may be done by moving the instrument along CA until the 
angle OEA is found to be equal to OBA ; and then no correction 
is wanted. 

11. When a theodolite is used in surveying, the angles are 
taken at once in a horizontal plane , but when a sextant is used, the 
angles are measured in the planes of the objects, and if they are 
oblique, the corresponding horizontal angles are found by calcula- 
tion. 

Let AC, BC be the straight lines which contain the given ob 
lique angle ACB: in CD a 
perpendicular to the horizon 
take any point D, and let a 
horizontal plane pass through 
D and meet CA, CB in A 
and B ; join AB, AD, BD : 

Then ADB is the horizontal 
angle corresponding to the 
given obhque angle ACB, 
and CAD, CBD, are the in- 
clinations of die lines AC, 

BC to the horizontal plane. Put the angles CAD a, CBD = 
the given obhque angle ACB = C, and its correspondmg horizon- 
tal angle ADB = D. 

In the triangle ABC we have, (PI. Trig. 7. Theor. V.) 

2AC X BC : AC« + BC« — AB« : : Rad. : Cos. ACB ; 
hence, R (AC« + BC« — AB^) = 2AC X CB Cos. C. 


c 
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In like manner in the triangle ABD, 

R (ADa + BD« — AB®) = 2 AD x DB Cob. D 

Substracting the latter of these equations &om the former, and 
observing that, 

• » AC® — AD® and BC® — BD® = CD®, we obtain 
2 R + CD® =s 2AC X CB Cos. C — SAD X DB Cob. D. 
Dividing by SAC x CB, this equation becomes, 


R. 


CD 

^ AC ^ BC 


Cos. C ■ 


AD 
AC ^ 


DB 

BC 


Cos. D. 


fy CD Sin. a CD Sin b AD Cos. a . BD 
AC AC = “^*“^'55 


Cos. b 

“ir“ 


, therefore^ by substituting^ we obtain 


Sin. a Sin. b 
R 


zx Cos. C 


Cos. a Cos. b 
R« 


Cos. D ; 


hence we have 


Cos. D =: 


Cos. C — * R Sin, a Sitf. b 
Cos. a Cos. 6 . * 


From this formula the reduced angle D may easily be determine 
ed. The formula may, however, be put under a form more con- 
venient for logarithmic calculation. By multiplying both sides of 
the equation by R, and then subtractmg the results from R^, andl 
reducing, we find 


R^ — R Cos. D ss 


R^ (Cos, a Cos. Siti. a Sin, b) — ^R^ Cos. C. 

Cos. Cos. b 


But R^ — R Cos. D =; 2 Sin.^ ^D , (page 56 formula XVIIL) 


and Cos. a Cos. b 41 Sm. a Sin. 6 = R Cos. (a — b); (page 56 
formula XII. 


therefore we have 


2Sm.» ^D =: 


(Cos, (g ~ t) — Cos. C.) 
Cos. a Cos. 5. 


G * 
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Now in formula IV. page 54, namely, 

R (Cos. B — Cos. A) = 2Sin. |(A + B) Sm. ^(A — B), 
assume B = a — > 5, A ss C, and we have 


R> (Cos. (a -- 5) — Cos. C) = 2R0 Sin. ^(0 + a — b) x 
Sin. ^(C — a + 5). 

If we put ^(C 4- a 5) = « ; then 4(C + ® — 5)=:* — ^ 
and ^(C — a + b) zs s — a. Hence, oy substituting and ex< 
tracting the square root, we obtam 




We have supposed the angles ft to be both elevations. If one 
be a depression the formula will still hold truey provided the arch 
of d^rcssion be regarded as negative. 


12. When the height of one station above another is to be mea^ 
sured, it is necessary to apply to the observed elevation or depres- 
sion, a correction^ on account of the earth’s curvature, m order to 
find the true verticle angle, from which the height is to be deter- 


mined. 

Let A and B be the 
two stations, and let 
the height of the one 
above the other be re- 
quired. Let C be the 
centre of the earth. 
Draw the horizontal 
line AH in the plane 
of the tnangle ABC ; 
then BAH will be the 
apparent angle of ele- 
vation or depression of 
B, according as it is 
above or below the 
horizon of A. 



* When the lines which contain thefgiven oblique angle have their inclinations 
to the horizontal plane less tlian or 3**, the general solution does not conve- 
niently apply* la this case it is better, instead of seeking the honeontal anfple 
directly, to fin'd its difference from the oblique angle. This difference^ which 
we shall denote by d, may be determined with sufiicient accuracy from the ficl- 
lowing approximate expression . 

Let a and 6 denote me inchnatkms in minutes of a degree ; we have also in 
minutes 


das 




®Tan 4C 


A 


/6 — a\“ CofciC? I 

“R“j3fw’ 
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Take CD = C A> and join AD ; the line BD 19 the difference 
between the heights of stations A and B : and to determine BD* 
the verticle angle BAD must be known. This angle differs from 
the apparent elevation or degression HAB by the angle HAD ; 
therefore HAD is the correctidn of the verticle angle, depending 
on the earth's curvature. 

* In the isosceles triangle CAD, the sum of the angles, that is, 
2 CAD 4. C, 18 equal to two right-angles , therefore CAD -f ^C = 
one right-angle : But the angle CAH (= CAD -f- DAH) is a right- 
angle : wherefore CAD + DAH =: CAD + ^C, and taking away 
the common angle CAD, there remains DAH Hence, the 

correction on account of the earth's curvature is ha^A/i arch mter^ 
cepted between the stations. 

Tlie angle ADB being nearly a right-angle, when the vertical 
angle DAB and the distance AD are known, DB, the height of the 
one station above the other is easily found. 

13 . In observing the elevation or depression of a remote object, 
or of a heavenly body, a correction must be applied for the effect 
of refraction. 

Let A and B be two stations remote from each other, and C the 
earth's centre , draw the lines C A, CB, and produce them towards 
Z and V the zeniths of the stations , join AB, then the true zenith 
distance of B, as seen from A, is the angle ZAB ; and the true 
zenith distance of A, as seen from B, is the angle VBA : these, 
however, cannot be directly measured on account of refraction 
which increases the elevation of 
distant objects. This effect is 
produced by the rays of light be- 
ing gradually bent from their ori- 
ginal rectilineal direction, in pas- 
sing through the atmosphere into 
a curve that is concave towards 
the earth. The change whic^ 
this produces in the position of 
objects IS always in the verticle 
plane. Let a, o be the positions 
to which the poults A and B ap- 
pear to be elevated when seen 
from each other , The errors pro* 
duced by refraction are the angles 
ftAB, aBA ; and these will be nearly equal tf the angles be ob- 
serve at the same instant, which may be done by setting two 
watclies to the same time, or by making a signal at one station so 
as to be seen from the other. 

Put the greater apparent zenith distance lj|A& = the lesser 

G 2 
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VBa = the refraction JAB =: aBA = r, and the angle C at the 
centre of the earth =: C- Then 

ZAB s= ABC + C, and VBA =z BAG + C, 
therefore ZAB + VBA = ABC + BAG + C + C : 

But ABC + BAC + C = 180« ; 

Therefore ZAB + VBA = 180o + C, 

Again ZAB zs ZAJ -I- JAB zs cf 
and VBA = VBa x oBA =: + r, 

therefore ZAB + VBA = c? + 

Putting the two values of ZAB -J- VBA equal to each other, we 
have 

d 4- + 2r =: 1800 ^ c. 

Hence wc find 

r = 900 + 1C — >{d + d% 


14. Such are the principal circumstances to be attended to, and 
corrections to be made in finding the requisite data for detcmiining 
the relative position and elevation of points on the surface of the 
earth. When this operation is carried to a great extent, as in sur- 
veying a kingdom, in addition to some of tho more profound theo- 
ries of pure mathematics, the aid of astronomy and other branches 
of natural philosophy is required, t The following examples will 
serve to illustrate the principles already hud down. 


EXAMPLES. 

1. At the distance of 130 feet from the bottom of a tower AB, 
and on the same horiaontal plane with it, I directed the sights of 
a square to its summit A, and observed that the fdummet cut 76 
equal parts on the side adjacent to the sights *, required the hei^t 
of the tower, supposing the square 5k feet above the ground?*— 
olns* 176.553 feet. 
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2. Let BC be a horizontal fdane, on which stands thfr|Mrpendi- 
«ular object AB ; let the obswrer be placed 196 yarija from the 
bottom if the object, at C, and let the height of his eye be 3 feet ; 
suppose the plummet cuts 45 equal ptirts, upon (he side of the 
square opposite to tne sights, what is the h4i^t of the object ?~ 
Aju. 269.6 feet. 

a 

JVote. — the plummet cut the opposite angk, the distance of the 
object from the place of die observer, is the same with its height 
above his eye; therefore, if to the distance we add the height of 
the observer's eye, this will give the whole height of the object, 

8. Standing upon the top of a tower AB, whose height is 120 
feet, I placed a square so as, through the sights, to observe a 
house on the plane below, and found the plummet cut 80j| equal 
parts on the side opposite to the sights , required die distance of 
the house C from the bottom of the tower Ans, 149.068 feet 

4. From the top of a hill 210 yards high, I observed a tree at 
the bottom, wh^se distance from the centre of the hill 1 wished to 
know , placing the sights of a square towards the tree, the plum- 
met cut 86^ equal parts on the side adjacent to the sights * what is 
the distance of the tree ? — Jns. 18L125 yards. 

5. From a station A, upon a horizontal plane, I observed a tree 
F , and going off at right-angles to AF, SbO yards, to another 
station B, and placing a square so as through the sights to sec 
the former station A , then directing the sights of the index to the 
tree F, the index cut 56 on the -edge opposite to the sigh^ of die 
square , required the distance of the tree from the first stadon ?— - 
Am. 625 yards. 

6. Suppose a mirrotr C to be placed horizontally 140 feet distant 

from the bottom of a tower AB, and an observer, whose eve is 5 
feet 9 inches from the ground, at D, ^ feet distant from the mir- 
ror, to see the image of the summit ot tlje tower in the mirror at 
C , required the height of the tower AB 94.706 feet. 

7. Suppose a staff DE, 9 feet long, to be fixed perpendicularly 
290 feet from the bottom of an object AB, whose height is sought, 
and another staff FG, 5 feet long, 20 feet farther from die object, 
so that the summits of all the three are m the same straight line ; 
wliat is the height of the object ? — Am. 67 feet* 

liel AB be an inaccessiYAe sipwe, whose height is required by 

the help o{ two slaves, the one 0 feet, the q|^cr b\ leet long , at 



OF HEIGHTS AND DISTANCES. 


102 

the finM t(»d(m the staves ate placed perpendicular, so that the 
summit of the may be seen over their tops, the distance be* 
tween the staves is then foiind to be B feet ; and at a second sta* 
tion, 120 feet fiom the shortest staff in the first station, the same 
staff is placed, and the longest betwixt it and the object, so that 
the suni^s of both and of the spire may be in the same straight 
line ; here the distance between the staves is 14<f feet ; reqnir^ 
the height uf the spire 71.917 feet. 

9. Wanting to know my distance firofn an inaccessible object, 
suppose a tree, I took two stations, A and B, at the distance of 
150 feet from each other, and in the same straight line with the 
tree ; then from A, tbfi station nearest the object, in a line per- 
pendicular to AB, I measured AC, 160 feet, and set up a mark at 
the extremity C ; ihen from B, the other station, in a line ako per- 
penchcttlar to AB, I measured the distance BD, 275^ feet, where I 
observed the tree and the mark C to be m the same straight line 
with the point D ; required the distance of the tree from the sta- 
tion A?^Ans. 207.79 feet. 

10. At the distance of 310 feet from a wall, the angle of eleva- 
tion is observed to be 15^ 40^ ; requured the height of the wall ?— 
ilns. 86.9424 feet 

11. Required the height of a tower, and also the distance of its 
summit from the place of observation, 120 yards from the bottom 
of the tower, supposing the angle of elevation at the same place to 
be 30^ W?^^Ans* Height of the tower 69.98 yards. Distance of 
the summit, 138.915 yards. 


* From dmilir tri- 

anfflofl, we ha?e, 

LO . OB LN NM, sod 
FO:OD :FGiG£orKM, 
hence JLO : FO . LN FG , 
therefore, by division, 

LF FO : : LN-^FG ; FG , 
but FOt OB ; • FG : MN; 
therefore. 


LN—FG s LF MN : OB. 

Hence, unee the three first 
terms of this proportion sre 
ffivon, the fourth, OB, may be 
round $ to which the length of 
the shortest staff LK being 
ire obtam the whole 


height AB. 


B 



in^d^two Steves, the geometrical equart may be used for fiadleg the ratio 
^LO to OB, and of FO to OB; lo which caae, the solution is simlar to the 
ODOve. 
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18. Whrt u tba pemen^icidv lni|^ of a hiU. tbow 
devatkm near dM batttna> je SS® 186 ymi* AitHer^oft 

240 S(K, and tdttt the dartauee of dtonerpeadiciibr fimn diefiMt 
8tebon?.--AN«.Heig^of diaU^l^^JfMds. DirtanceoFthe 
pcqiendicular, 278A8 yards. 

. . IS. To find the hei^ of an' object on die top of a hiTl, there 
are given the elevation of the hifi W®> end the elsMtioa of the ob* 
ject at the same stadmi 51®. Also die devadon of die Ol^ at an- 
other station^ IdO yards distant^ in a dfaect line from toe fbnneri 
S3® 46A66 yar^ 

lA Ftom the top of a towery ahoae bei|^ was 120 ieet, I took 
the angles of dqnession of two objects, which lay in a dueM Iim 
fiom, and i^n the same horiaontal plane with, the bottom of the 
tower. The depression of the nearer object, was found to be 67®, 
and that of the &rther, 26® 30' ; what is the distance between the 
two objects, and what is the distance of eacfaffitBi the bottom of 
the tower?— ilfis. The distance of the neanW tAject, 77.0S feet. 
Distance of &rther object, 251A9 feet. Distance between the ob- 
jects, 17SA6 feet. 

15. Bemg on the side of a rivw, and wanting to know the dis- 
tance of a house on the other side, I measured 260 yards in a 
right line, by the side of the river, and found that the two angles, 
one at each end of this linCi subtended by the other end and the 
house, were S80 W, and 920 4S'; what was the diUMce between 
each station and the house ?— Distance from the tme station, 
354.38 yards. Distance from the other station, 221.67 yards. 

16. Wanting to know the breadth of a liicer, I measured a base 
of 250 yards m a straight line close by on4 side of it ; and at each 
end of this line, I found the angles sObtehded by the other end, 
and a tree close to the bank on the other side of the to to 
530, and 79® 12' ; what was the perpendicular breadth of the 
river ?— Afis. Breadth = 264.74 yards. 

17. To find the Atance between two idaccessible objects A and 
B ; at tbe two stations C and D, 300 yards distant, the angles 
ACD 95® 20', and ACB 37®, at the one statum, and the angles 
BDC 98® 46', and BDA 46® 16' at the otoer station aregiven?— 
Ans. 479.79 yards. 

la Bemiired the distance between two parish (hwohes on the 
farther side of a river, supposii^ the 8trai|^ line between them to 
subtend an^ at two stations 60® 20', and 67®, the distance be- 
tween these statums bdng 480 yards; also the other atmles at the 
42® and 46® 16’ reapnetively ?— 4as. 80A4 yards. 
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19. The ship Speedwiil failing along the eofft, the nagter ob- 
served a cape which bore ftom him N.W. by N., and another head- 
land bearing N.N.E. ; then standing away E.N.E4E. Si mdes, he 
Aand the bore from him W.N.W., and the second N. by W. 
IW. , required the distance of the ct^ from the headland 
26.085 aules. 

f 

20o To find llto height of an object on the top of a hOl ; there 
are given the elevation of the hill 26^ 30*, the elevation of the ob« 
Ject et the same station and the elevation of a second station 
in the same vertical plane, but farther from the object, 13^ 2(K ; 
also the distance between the stations 130 yards, and the angle at 
the second station contained by a straight line to the first, and 
another to the summit of the object 38^ lo'? — 86.0878 yards. 

21. From two stations on the side of a hill, distant fh>m each 
other 160 yards, the angles of depression of the bottom of a tower 
on an opposite hill are observed to be 28^ SO' and 35^ , also, at the 
upper station, the depression of the summit of the tower is 7^ SO', 
and its elevation at the under station 13^ 30', and all the angles 
are taken in the same vertical plane , required the height of the 
tower * 224.88 yards 

* The proMein may be elated in general tenjie, thue 

Given the distance between two stauons A and with the angles observed at 
the objects C and D , to find the distance between tlie' objects C and D 

SohUion Draw the line cd of any convenient length, and at the points c, d, 
snake the angles dth^bcA equal to 
tlie angles observed at C, end the 
angles cdA, Adb equal to tho 
angles observed at D , join A6, 
and in A6, produced if neceisaiy, 
take AB of tlie given length 
through the point B draw BD 
parallel to bd, and meStiOg Ad, 
or Ad produced, in D also 
through D draw DC parallel to 
dc, meeting Ac or Ac produced 
in C, and CD is the distance re- 
quired. Join BC , and let us as- 
sume cd equal to any convenient 
number, suppose lOOa Then, 

1. In the triangle cd A are given all the angles and a ude cd , henccb c A miw 
be found ^ 

& In the trungle edb are given all the angles and the side cd, whence cb may 
be found. ® • 

S. In the trungle A6c are given the sides Ac and cb, and the contained angle 
Acb, whence Ab may be found. 

Hie fibres A6dc, ABDC, ere similar; therefore, bj/ConstrucUoii, 
Ab AB • . cd . CD , and, consequenUy, CD may be determined. 
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22. Waadagto ham Aelieig^t of, iny disUnee ihmi, an 

object on the other eide of a river, which seemed to he on a 
level with the place where I itood, doae by the side of the nver, 
and not having room to iheasure byword on the same plane, be- 
cause of the immediate rise of the bank, I placed a mark where I 
stood, and measured in a direction from the object, up the ascend-" 
•ix^ ground, to the distance of S6d ieet, wliere it was evident that 
I was above die level of the top of the object ; there the angles of 
depression were finind to be, viz. of the mark left at the itver’s 
side, 42^ ; of the bottom of the object, 27^ ; and pf its top, 19^ ; 
required, then, the height of the object, and the distance of the 
mark from its bottom Height, 57.27 feet. Distance, 150A 

feet. 

23. If the height of the mountain called the Peak of Teneriffis be 

21 miles, and the angle taken at the top ol it, as formed by a 
pfumb-linc, and a line conceived to touch the earth in the horizon, 
or farthest visible point, be 87^ 58', it is required from hence to 
determine the diameter dt the earth, and the utmost distance that 
can be seen on its surface from the top of the mountain, supposing 
the form of tlie earth to be perfectly spherical Distance^ 

140,876 miles. Diameter, 7936 miles. 


24. From an eminence 860 feet in Iieigfat, the angle of depibs- 
sion of the top of a steeple on the same horizontal plane was found 
to be 41^, and of the bottom 54^ , required the height of the 
steeple ? — Ang. 132.63 feet. 

25. From the summit of a hdl, the angles of depression of the 
top and bottom of a tower on the plane below, whose height is 120 
feet, were observed to bc 30^ and 33^ respectively ; the height of 
the hill is required ? — Ans. 1081.5 feet. 

26. Required the height of a spire, supposing its elevadon at the 
first station to be 15^ 40^, and the honzonbd,angle at the first sta- 
tion, between the spire and the second station 76^, and the hori- 
zontal angle at the second station 65^ 40^; also the distance be- 
tween the two stations 550 links of a Scotch chain ?— iliss. 213.695 
links, or 158.06 feet. 

27. On the top of a monument whose height is 60 feet, stands 
a statue 12 feet high ; at what distance from the monument may 
the statue be viewed under an angle of 3^’, and what is the greatest 
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angle under wbicti it4^ be viewed*?— Distance from the 
bottom of the monument, at whic^ the object will be seen under an 
angle of 3^, 208.23 feet, or 20.75 feet ; and the greatest angle 
under which, it can be seen from a point m the honaontal line, is 
50 12' 57". 

28. The elevation of a tower at one station is 20^ 45', and at* 
another, 60, yards from the former, but not in the same straight 
line with It and the foot of the tower, IQO 40'; and at a third sta- 


* SoluUon Let A B be die height of the monument, and BC the height of 
the object upon its top. Upon BC describe an arch of a circle that will contain 

an angle equal to the angle under 
which the ^ject is supposed to be 
seen. If the problem be possible, 
this circle will eidier touch the ho- 
nzontal line AF, or will cut it in 
two points. 

First let it cut it in F and/, 
then if FB, FC, also /B, fC» be 
joined, It IS evident that the hue 
BC subtends, at each of the points 
F and/, an angle equal to the an- 
gle proposed From O, the centre 
of tlie circle, draw Dfe, DH per- 
pendicular to hy, BC , join DB, 

DC 

Then it is evident that the angle II DC, being equal to the given angle CFB 
or (/B, 18 also given. But BH is also given, therefore DH or A£ may be 
tietermined. 

Now, AE* = FA . Ay - 4 - EF* ss CA . AB EF*. From this equation, 
we find, 

F/or EF =s Afi* — CA . AB. , Hence EF or Bf, and consequently 
AF or Afm»y be detenbined. 

Next, to find ^he greatest angle un< 
der which BC can bo seen J(un DF 
or Df, when BhC or BDH is the 
greatest possible, it is evident that the 
angle DBH will be the least possible ; 
and the line DH, as also DB or DF, 
the radius of the circle, will be the 
least possible But DF will be tlie 
least msiblo when it is perpendicular 
to AF, in which case AF will be a tan- 
gent to the circle at the point F , there- 
fore, when the angle BDH or BFC is 
the greatest possible, BD = DF or 
A H, and is therefore given. Hence, 

It IB evident, that the angle BFC =s 
BDH may be determined. 
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tion, SO yards distant ftom of the finteer, SP 48^; feared 
the height of the tower* S8.01S yards. 

29. At three stations in the same strait line with the foot of a 
tower, the angles of elevation are such^ that the first is double, and 
the second the complement of the third ; also, the distance of the 
first and second stations is 27, and the distance of the second and 
third 100 yards ; leqpred the height of the towerf ?— Ans. 116.74 
yords. ^ 


30. Let A, b, and C be three towns, whose distance fiom the 
spire O IS sought, supposing A 31.4 miles distant from B, and £8 


* Solution Let A, B, C, be (be three 
stations which are in the same straight line» 
and such that ABs BC Let D£ be 
the object whose heii^ht ^ to be neKsured 
Join A1 f BD, and , then, 1)£ being 
pcrpenHiciiIar to the plane of the triangle 
ADC, the angles ADK, BDP^, and CD£ 
are rigbuanglcs Join also A£, BE, and 
then, llo^ tang £AD AD, 

D£; hence, 

DE ss AD X ^ng EAD 

In like manner, BD sss ED X tang. 

BP" D =7 tang EAD X cotan EBD X 
AD , end CD = ED X CED =s 
tang LAD X «>*>tAn BCD X ^1^ But 
AD’O. DC‘=2AB'.i-3BD'' Hence we hm AD* 4- tang 'EAD X cotan* 
DCD X AO’skSAB* 4* ^**>'S**£Al^Xcotan*EBDx AD*$ fiom which 
equation, we find, 



AD 




UD*^ A X C — 2 tan.* A X cot * Ba 


From this expression, AD is easily determined Then, in the triangle ADE, 
die angle EAD, and the side AD beuig known, the side D£ may be found. 


f Solution* Since the angle ACB is double 
AEB, anil also equal to AEB + EAC, the 
angle AEB is equal to the angle EAC, 
hence AC ss C£ Now, ADB being the 
complement of AEB, is equal to F AB , 
bonce the tnangles AEB, ADB are dmilar, 
and EB AB . AB BD ; hence AB*aa: 
£B X BD But AB*sa AC> CB^sae 
(AC + CB) X (AC — CB) « EB X 
(EC — CB) Therefore£BX(EC— CB) 
== £B X BD , wherefore EC — CB 8s; BD 
esCB-f CD, aadSCBssCE— CDas 
ED ; so that BC is given ; and, iherelbre^ 



AB beiDg equsl to £b X BD, may be determined. 
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miles from C» and B 82.6 miles from C ; ulso the an^es at tlie 
spire, AOB 48^ 58', and BOC 23^ &; wbat is the distance between 
the spire and each of the three towns* AO = 41.34 miles ; 

BO = 30.81 miles ; CO ss 58.62 miles. 

31. Suppose the distances between three trees to bo respectively 
267, 346, and 209 yards, and the angles, at a point within the' 
triangle, subtended by those distances, 126<^ 4^, 140^, and OP 20' 
respectively . required the distance .rom this popt to each of the 
treesf ? — Ans. 104.05, 189.33, and 178.86 yvds i <fipectively. 

32. A gentleman wanted to know the contents of a square field, 
A/hf had forgotten the dimensions, only^c remembered that the 

^^^'fBlance between a large oak which grew withn the held, and three 


* Sblutton Let A, B, and C be the positions of 
tilt three towns, make the angle ABD=r= AOC, 
and BAD ss BOC Having thus determined Che 
point D. through the points A. B. D. describe a 
circle , join CD , let DC be produced till it meet 
the circle AOBD m tlie point O, and O mil be the 
po'tition of the spire Then, 

1 In the triangle ABC, the three sides being 
given, tbe angle BAC may be found 
9 In the triangle ABD, tlie angles DAB, DBA, 
and the aide AB being 'given, the side AD may be 
found.' 

3. In tbe triangle ACD, the sides AC, AD, and 
the included angle CAD, are given , hence the angle 
ACD may be found 

In the triangle AOC, the angles and the 
side AC are given , hence OA and OC may be 

found, and in the triangle AOB, tbe sides AB, AO, and the angle AOB are 
given , hence OB may be found. 



t iSblttlion. Let A, B. and C be die positions of 
the Uiree trees. At the eitremities of the hoe AB, 
one of die aides of the triauglc, make tbe angles 
BAD, ABD, cqoal to die supplements to die angles 
BOC, AOC, respectively Ihrough the points 
A, B, U, disenbe the circle AOBU; join DC, 
and DC wiU intersect the circle in O, tli^ place of 
observation 

Tbe mediod of computation, is sufficiently obvious 
fn^m that of the prece^ng example. 
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of its cmers in a successive nrder, were li6» 1S6^ 166 yards; re- 
quired the contents of 'Ae fieM ? 8»1S6 acrefc 


• ,9oiuhoru Th« BFcblem my be ststsd in'niore general torini» thus 
^ Given the d «tahces of .three of the angles of a square, from a gisen point, to 
ooiflBtruct the square and dstermiine its area. ' 

Const ucuon* Let P be the gben point, and Ift op, Ip, qp* be the given dis- 
tances of the three angles of the square, from the pomt P» and kt (q> be the dif 
tance of that ang^e which lies between the other two. 



From P draw a straight line PA, equal to por and draw A(^ perpendicular to 
AP, end equal to AP On P and Q as centres, with radii equal to t/) and cp^ 
describe arcs intersecting each odier in B. Join AB, and AB shall be a side of 
the square required. 

Draw AC perpendicular to AB, and in such a direction that the angle PAC 
nay be of the same kind os the angle QAB, (that is, so that the angles PAC« 
QAB, may be either both acute or both obtuse) , take AC equal to AB, and 
A, B, C shall be the thr»>e angles of the square, whose distances from P are equal 
to 0 p, bp, q), respectively, «is required. 

Demonstration* Join QB, PB, PC, It is evident from the construeben, that 
the distances of the points A and B from P are equal to ap mad bp respectively ; 
therefore, it only remains to prove, that die distance of P fi'om C Is equal to Ae 
remaining line qt* 

Because the angle QAC in fig. 1,, or the angle PAB in fig 2, is common 
to each of the right angles PAQ, CAB , therefore, taking it from both, the re- 
maining angles PAC, QAB, are equal Mow, by construction, FA is equal to 
QA, and CA to BA, therefore, die triangles PAC, QAB, are equal, and tbeir 
remaining sides PC, QB are equai. B jt, by construction, QB is equal to ; 
therefore^ PC Is equal to pc, as was to be demonstrated. 

Calculation of AB, the side of the square* 

1 Join PQ; then, in the nght-angled triangle QAP, because the equal sides 
QA, FA are given, theliypotenuse FQ Is given 

2 In the triangle PBQ, the f*.ree sides FB, BQ, and PQ being given, the 
angle BPQtnay be found 

'I. The angle APQ is given (for it is en angle of 4£"} , thetefore, the angle 
APB (s ArQ — BPC^ fig, 1,, or =s APQ -f* BPQ« fig 2.), u given. 
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33, From the top of a tower 130 feet in height the angle sub- 
tended by a Ime ^ning two objects A and B on the plane below 
was found by the sextant to be 64^ lO'; the depression of the ob- 
ject A was 6^ and that of B» 8^ ; required the distance of 

each oMect from the bottom of the tower ; also the beanng of the 
object B from it, supposing A to lie S.E. by S. ^E.| and B to be 
situated between south and west Jus. Distance of A, 1171;88 
feet. Distance of B, 842.99 feet. Beanng of B from the tower 
S. 250 22f 5¥ W., or S.S.W.iW. nearly. 

84. From an elevated station A the depression of a distant ob- 
ject B was observed to be 6', and the elevation of another ob- 
ject Cf 10 SCK , also the angle subtended by the straight line BC» 
970 36' 9 required the corresponding horizontal angle ? — Ans. 97^ 
34' SO". 

35. The distance between two stations B and on a declivity, is 
220 yards. At B the oblique angle ABC between C and an object 
A on the top of the hill was found by a sexant to be 77^ 8', and 
at C the angle ACB between B and A 62o 18' , also at C the ele- 
vation of the station B ^as found to be 80 32', and that of the ob- 
ject A 320 12' ; required the horizontal distances of the object from 
the stations, and its height above each of them ? — Ans. Distance 
from C, 279.1 yards. Height above it, 175.7 yards. Distance from 
B, 263.1 yards. Height above it, 143.1 yards. 

36. From a station on the surface of the earth the apparent ele- 
vation of the summit of a mountam was observed to be 2o 7' , and, 
again, from the summit of tlie mountain the apparent depression of 
the station was found to be 2^ 2V 10", also the arch intercepted 
on a great arcle of the earth, between the station and the pomt 
immediately under the summit, had previously been computed at 
22.064 miles ; required the true height of the mountain , Supposing 
the circumferance of the eardi to be 24856 nulea Ans. 4597 
feet. 


LaiUjfi In the tnangle APB, the sides AP and PB being giren, and the in- 
cluded angle APB known, the femaimng side AB (that u, the tide of the 
square) may be found. 

jVble.— It appears from the construction, that the same data will afibrd two 
aolutioni to the problem ; for the tnangle PBQ may be on either dde of the line 

PQ. It also appears, that 4* ^ ^ he less than ^Tx op / for 

BP-fi BQGaiiiiotbeleHthanPQ,thatla,leNthaa^*§AP,or ^ 3 X AP. 
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APPENDIX 

TO THE 

MENSURATION OF HEIGHTS AND DISTANCES, 

^ CONTAINIKO 


The apphcation cf LogarUhms to the Meoeuraiion of Heights ly the 

BaromOer. 

# 

1. It is found, by experiment, that the atmosphere or the air 
which surrounds this earth, is capable of being compressed into a 
much smaller space than that which it naturdlv occupies , that it 
is condensed, in proportion to the force by which it is compressed ; 
that, like all other bodies with which we are acquamted, it gravi* 
tates or has weight ; and that it is of an elastic or springing nature, 
the force of its elastiaty being equal and opposite to the compress* 
ing fbrc^. 

2. From these properties, it follows, that, the weight or pres- 
sure of the superincumbent air bemg diminished as we ascend in 
the atmosphere, the density of the air will also be diminished. Let 
us inquire by what law this dimmution of the density is r^ulated. 

Let AB be a column of air perpendicular* to die surfime of the 
earth, and reaching to the farthest part of the atmosphere. It is 
evident, that whatever is proved wim respect to thiis portion of tlie 
atmosphere, will hold with respect to every other^contiguous por- 
tion, and consequently with respect to the whole atmosphere. 

Suppose, now, that this column is divided planes parallel to 
the honzon, into a vast number of strata, AC, CD, DE, EF, Ac. 
of equal thickness : it is evident, that if we conceive the number 

4 
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of these strata to be indefinitely great, wc 
may, without any sensible error, suppose tlie 
air in any one of them, to be of an uniform 
density throughout. Let cP, 

Ac. represent the densities of the different 
strata AC, CD, D£, EF, Ac. respectively, 
from the surface upwards. 

Then, ^fxce the density of the air is al- 
ways as the f 9 rce by which it is compressed , 
and, since the force by which the air in 
every part of the atmosphere is compressed, 
must be proportional to the density (or 
Quantity) of the superincumbent air , it follows that 

d:d^::d! + + d'" + Ac 4- + dT' + Ac. 

therefore, rf— rf' %d^ , i d * d* a! -f- rf"'' -f- ic 

In like manner , d .d* . d* d" d*** ^ Ac. . -f Ac. 

hence d—d' id, d" ' ^ d"^ 4 . Ac. 
did ,d + d^ + d” + Ac. d'" + d^' + Ac. 
and alternately d i d + d'" 4 - d” 4 - Ac. . : d" . d" 4 . eT" 4 - Ac. 

Hence it follows, that d-— d • d , d^ . d'' 
and therefore we have did iid d\ 

In the same manner, it may be proved, that d . d' : • d . d% 
and so on ; that is, the densities' or quantities of air, in the equal 
strata AC, CD, DE, Ac. are in geometrical progression. It is also 
to be observed, that the heights of these strata above the surface of 
the earth, are m arithmeticarprogrcssion And, although we have 
supposed the parts into which the column of air is divided, to he 
inaefinitcly small, their number having been supposed indefinitely 
great, yet it holds, in general, that, if the altitudes above the sur- 
fkce of the earth he taken in arithmetical progression, the densities 
of the air at those altitudes will he in geometrical progression de- 
creasing , for, in any geometrical series, it is evident, that any of 
its terms, equally distant from each other, are also in geometrical 
progression, since ratios compounded of the same number of equal 
ratios are equal to one another. 

3. If any arithmetical scries, whose first term is 0, be applied to 
a geometrical senes, whose first term is unity, in such a manner 
that the first term of the one may correspond to the first term of 
the otlier, and each of the succeedihg terms of the former, to each 
of the succeedmg terms of the latter in their order, as in the fot» 
lowing example, 

0, 1, 2, 3, 4, 5, 6 , 7, Ac. 

1, 3, 9, 27, 81, 243, 729, 2187, Ac. 
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It ap{>ear8) from the nature of logarithms, whidi has already been 
explained, that the terms in the arithmetical series will be die lo- 
ganthms of the corresponding tenns in the geometrical series, ac- 
cording to some particular system. For, in the equation a ss 
where a represents any number, x the loganthm of that number, 
and r the radical number of the system, it is evident, that, in order 
that the values which may be given to a may constitute a geome- 
trical series, the corresponding value of x must constitute an arith- 
metical seneb ; and that, since r is susceptible of any affirmative 
value whatever, except of unify, the successive values of a and'3^ 
may become equal to the terms of any geometrical and antbmetical 
series whatever. 


4. To apply this t ^hat has been demonstrated with respect to 
the atmosphere: x.e AB be a straight line reaching to B 
the farthest part of tiie atmosphere, and perpendicular to 
the surface of the earth. In All take AC, CD, D£, 

&c. equal to each other, and let c/', Ac. 

represent the deiisiues of the ''tr at the points A, C, D, 

Ac. K- 


Suppose now, that d''"' is the umt with which we com- 
pare all the other densities, then, it is evident, from 
what has been )ust shewn, with respect to geometneal 
and arithmclical senes, that, if CxF, GE, GD, GC, GA, 
and cf'", d"', d", d', d be expressed in numbers, the former 
will be the Hgaritbms of the latter, according to some 
particular system. It is likew^e evident, that the lo- 
garithm of the density at any point above (i will be ne- 
gative. 


I- 

H- 


G- d'" 
F-l-if" 


D-l 

C 


l-d 


5. From what has now been shewn we may infer, that 


AC = (GA — GC) = Log. d — Log. d'. 


Hence, if wje can determine the densities at the points A and C, 
and likewise the modulus of the sybtem of logarithms which is 
adapted to the atmosphere, we shall be enablccl to find AC the per- 
pendicular height of the point C, above the surface A. 

6. The barometer enables us to determine, at any time and 
place, the density of the air. For, the density being always as the 
pressure, and the height of .he mercury m the barometer being also 
as the pressure, it is evident, that the height of the column of 
mercury will always be proportional to the density, and of course 
will serve as a measure of it. Suppose B, therefore, to represent 
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the height of the barometer at the point A» and h that at tlie point 
C, and we Bhall have^ 

AC = Log. B — Log. h 

7. With regard to the modulus of the system of logarithms to 
be employed, it can be determined only by experiment. 

It may be determined as follows Suppose the height of 
the point C above A, the surface of the earth to have been 
ascertained geometrically to be equal to 9b b I fathoms. Let 
the mercury in the barometer placed at A, the suiface of |-C 
the earth be supposed to stand at the height of 30 inches , 
ihen, if the barometer be placed at C, the mercury in the 
tube will be found to sink down to 29 34 inches, the tem- 
perature ot the air being supposed to be unitormly 32<^. A 
From this, it appears, that, according to the system of logarithms 

30 

applicable to the atmosphere, Log. = 96.61. But, according 

30 

to the common system of logarithms, Log = 0 009661 , and 

It has been shewn, in treating of the nature of logarithms, that the 
logarithms of the same number, according to different systems, are 
to each other as the moduli ot these systems , therefore, since the 
modulus of the common system of logarithms has been found to be 
equal to .4342945, we have, 

0.009661 : 96.61 . . .4342945 . 4342 945 =: the modulus of the 
system of loganthms, which is applicable to the atmosphere. 

From this, it appears, that the temperature of the air being sup- 
posed to be uniformly 32^, if we employ the English fathom as the 
measuring unit, the modulus of the system of logarithms, which is 
applicable to the atmosphere, is equal to the modulus of the com- 
mon system, multiplied by 10,000, from which we may infer, that 

AC = 10,000 (Com. Log. D — Com. Log. 5). 

8. The air, however, is not all of the same temperature as we 
ascend in the atmosphere, nor is it at all times at tlie temperature 
ot 32^, as we have here supposed. It, therefore, becomes neces- 
saiy to apply a correction to the elcvati'm, as found by the above 
formula, except when the medium temperature of the air happens 
to be 320, A correction is also required for the temperature of the 
mercury itself, for that being seldom the same in the two positions 
of the barometer, a reduction is necessary to bring the mercury to 
the same temperature at both stations. 
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9. In tlie first place, it is found by experiment, that qmck- 

silver expands nearly whole bulk for every degree 

of Fahrenheit’s thermometer. If, therrfore, we put i« and n to re- 
present the temperatures of the mercury in the barometer, at the 
points A and i\ as indicated by the thermometei which is attached 

to the baiometcr, respectively, it is evident, that b -f. j^qq "> 


will express the barometrical altitude at C, wlien reduced to what 
It would be, il the temperature of the mercury wire, at both sta- 
tions the same 


10. A iin, It IS known that air expands nearly 00^44* of its 
whole bulk, for every degree of Fahienhcit*s thermometer. Let us 
suppose, that the temperature of the air is increased so as to 
exceed by p degrees , and let C be the point wdiosc perpen- 
dicular altitude above A, the surface of tlie earth, is required 
It IS evident, that, if the temperature be supposed to be 
reduced to 32^, the thickness of the stratum of air which 
lies between the points A and C will be diminislied by a 
quantity equal to .00244 of the whole thickness of the stra- 
tum, multiplied by the number of degrees, by which the 
mean temperature of the air exceeds 32*^ Hence the poi- C- 
tion of air which forinerl} occupied the space between A c-| 
and C will now occupy a less space, suppose that between 
A and c ; and, therefore, a portioA of the air which was 
formerly situated above the point C will bo alloweil to de- 
scend below C , so that the pressure upon the barometer at 
C being thus diminished, the column of mercury in the A 
tube will sink somewhat , but if the barometer be brought 
down to the point <?, it is evident, that the mercury will again 
ascend to its onginal height Tlie height of the barometer at A 
will continue the same, as the pressure is not changed, so long as 
the quantity of superincumbent air remains thp same. 

From this it appears, that ^hc height of the mercury will be 
the same when the baroractei is placed at r, the temperature 
being suffused 32^, as wlien it is placed at C, the temperature 
being (32 + p)o,* Hence it follows, tliat, since in detennmmg 
the modulus of the system of logarithms, which is applicable 
to the atmosphere, we supposed the temperature of the air to 
be uniformly 32®, if the temperature be mcieased, the formula 
AC as 10,000 (Com. Log. B — Com. tog. b) will give, not the 
real distance between the points A and C, bat only the distance 

H2 
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between A and c ; to which, if we add Cc, we shall have AC, the 
altitude required. It is evident, that, when the temperature of the 
air IS below 32^, the correction for the true altitude must be sub- 
tracted from, instead being added to, the approximate altitude 
found by the above formula. 

Let t represent the temperature of the air at the lower station, 
and t that at the higher station ; then will be the mean tem- 
perature, and may be taken for what the temperature would be, 
were it uniformly the same throughout the whole. Thus, we have, 
upon the whole, the true elevation expressed by this formula : 

• 

AC = 16,000 (com. Log. B — Com. Log. (i + i) ) X 
(l + .00244 — 820^^. 

This formula is applicable, whether the temperature be above or 
below 32 degrees. If the centigrade thermometer is used, because 
the beginning of the scale agrees with the temperature of 32^ of 
Fahrenheit's thermometer, the formula becomes more simple , and 
if the expansion for air and mercury be both adapted to the de- 
grees of this scale, the height is expressed as follows, 


AC = 10,000 ^Com. Log. B — Com. Log. (6 + .00018 (w — n) 
X (l + ^0441 0-^)). 


11. In practice it is not necessary that the two situations of the 
barometer should be vertical to each other ; for, though their hori- 
zontal distance be considerable, it does not produce any material 
alteration. 


EXAMPLES. 


1. It is required to determine the perpendicular height of a hill, 
from the following observations ^ ^ 


At the foot of the hill. 

At the summit of the hill. 


AlMude 
of the 

Barometer, 
29.56 inches. 
28.27 inches. 


Temp€rature\ Temperature 


of the 


tfthe 


lenuru, 

630 

540 


Attm 

560 

480 
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First, 4 + 6 = 2a27 + 0.085 = 28.29S = Reduced baro- 

metncal altitude at upper atation. 

Com. Log. 29.56 is 1.470704i 
Com. Log. 28.295 » 1.451710 

0.018994 

10000 ■ 

189.94 fathoms. 

6 

Approxunatc height is 11.S9.64 feet. , 

Again, — 320 = 52® 82® = 20®. 


Hence (1 + 0.00244 x 20) x 1139.64 = 1139.64 + 55.61 = 
1195 25 feet = corrected height of the hill. 

2. It IS required to determine the perpendicular distance between 
two situations, where the following observations were made ? 

Jiarom altil Attached therm*\DeiQched Ihetm 

Lower place, 29.88 inches. 28^ 26^ 

Upper place, 29.08 inches. 26^ 24^ 

— Ans. 733.89 Feet. 

3. Let the height hf the barometer, at two places, be 28.65 and 
29.9 inches , also let the temperature of the mercury, and of the 
air at both places, be 32^ ; required the perpendicular distance be- 
tween those two places? — Ans, 1112.76 feet. 

4. Required the height of a mountain, at the bottom of which, 
the height of the mercury in the barometer |ras 30.5 inches, the 
temperature of the air and of the mercury being 17<) , and at the 
top the height of the mercuiy was 28.12 inches, the temperature 
being 11^.4, supposing the temperatures estimated acconjing to 
the centigrade s^e ?-— 2222.13 feet. 

12. The following method enables us to determine altitudes by 
means of barometn^ observations, without the assistance of loga- 
rithmic tables. 
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We have already found tlmt> B being taken to represent the 
barometrical altitude at the lower station A, and b to represent 
that at the upper station C, the perpendicular altitude AC is 

equal to Log. B — Log b = Log. y. (jj 6). 


It IS e\ident, that the quantity will be but a little greater than 
unity for those heights which we may most frequently have occa- 
sion to dctcriiiine. Let ~ be put equal to 1 y, supposing y a 
fraction , tlien, we shall have, (Logar § 7.) 

Log ^ = Log (1 + ^) = A (y — ^ ^ ~ T ^ 


Now, if from 1 + y wc subtract its reciprocal whuh, b\ 

division, is found to be equal to I — y -f- y- — y^ + 
obtain, 


I + If — = 2y — y2 -f ^3 _6.t. = 2 (y — + Jy* — 

&c.) 

And, by multiplying both sides of this equation hy wu find, 
JA (l + // _ = A (y — |y'^ + ‘yS — Src.) 

But, It IS evident, that the one side of this last equation coin- 
cides with the series expressing the logarithm of 1 -f. y in the first 
and second terms, and that the third term of the one differs but 
little from the third term of the other Hence, when y is a small 
fraction, the result of the one will be nearly equal to ^e result of 
the other , from which it follows, that y being a small fhmtion, wc 
will have, 


Log 


+ ^)=*A(i+y-^~ -) 



119 


OF HEIGHTS AMD DISTANCES. 

But the altitude AC is equal to Log. or Log. (1 -f- y). 

Therefore, substituting for 1 -|. y, we have, 

ac = 4a(§-‘). 

It IS to be observed, that j A has already been determined ($ 7 ) 
4342 9 

to be equal to — z= 2171.4 fathoms. 


18. As an example of the application of this formula, let us re- 
sume the III St example in ^ 11 

The barometrical altitudes being reduced, as before, we liave, 


B _2171 4 X 29.56 
^ 5 28.295 


=r 2268.5, and 


5 _ 2171.4 X 28.295 

H " 29,56 


2078.5. 


Hence AC = 2268 5 — 2078.5 = 190 fathoms, the approxi- 
mate altitude, nearly the same as before , which, being properly 
correctcHl lor the expansion of the air, will give tlie true altitude 
required. 

14. The ractliod of measuring altitudes by means of barometri- 
cal and th'^irnometiical observations, notwithstanding the attention 
that has bee n paid .o the subject, has not yet attained such a de- 
gree ot }3criection as to supersede geometrical or trigonometrical 
measurements But the facility and expedition with which it is 
performed, renders it extremely useful when no very great degree 
of accuracy is required 
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SPHERICAL TRIGONOMETRY. 


§ I. Definitions 

L Any circle oi a sphere, whose plane pat^ses through the cen- 
tre, IS called a great circle of the sphere. 

Cor. All great circles of a sphere are equal, and any two of them 
bisect one another. 

IL The polos of a great circle of a sphere are the two points in 
which the straight line drawn through the centre, perpendicular to 
the plane of the circle, meets the surface of the sphere. 

Cor. Tlie arch of a great circle, between either pole and the cir- 
cumference of another great circle, is a quadrant. 

III. A spherical angle is an angle on the surface of the sphere, 
contained by the arches of two great circles which intersect one 
another, and is the same with the inclination of the planes of these 
great circles. 

Cor. The measure of a sphencal angle is the intercepted arch of 
a great circle whose pole is the angular point. 

IV. A spherical triangle is a figure upon the surface of a sphere, 
comprehended by Uiree arches of three great circles, each of which 
IS less than a semicircle. 

2. Any triangle, whether spherical or plane, consists of six parts , 
namely, the three sides and the three angles.* The object of 


* In a nght-angled triangle, the right angle being constant, five parts only an* 
(Onsidered. A sphencal triangle may have tliree nght angles; and then each of 
Its sides IS a quadrant ; or it may have two nght angles, then each of the sides 
opposite to these angles is a quadrant, and the remaining angle and its opposite 
side are both measured by the same number of degiecs. It » only necessary to 
c onsidcr such fVianglcs as have but one right angle 
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Spherical Tngonometiy is to resolve the following problem. Hav- 
ing given any three of the six parts of a spherical trianglei to de- 
termine the other three parts. In the solution of plane tnaoglesy 
It wa« found to be a necessarv condition that one of the given parts 
&. iuld be a side , because otherwise the triangle could have no de- 
teminatc magnitude. But in spherical triangles this condition is 
not required , because we consider, not the absolute magmtude of 
the Bides, bi «. the ratio to a quadrant , or what is the same tlung, 
the numW of degrees, Ac., which they contain. 

3. In spherical, as in plane tngonometiy, the general problem is, 
for convenience of calculation, usually divided into two ; according 
as the triangle has or has pot a right angle 


SoliOum of Rtgkt-angUd Spherical Triangk$» 


4. Tlic solution of right-angled spherical triangles depends on 
the following theorems. 


THEOREM 1. 


In every right-angled spherical triangle, the radius is to the sine 
of the hypotenuse, as the sine of eitlier of the oblique angles is to 
the sine of the opposite side. 

Let ABC be a spherical triangle, right-angled at A , then, 
Rad. : Sm. BC * . Sin. B : Sin. AC. 

From O the centre of the sphere draw the radii OA, OB, OC , 
in OC take OF equal to the radius in the tables, and from F draw 
FD perpendicular to O A : the line FD will also be perpendicular 
to the plane O AB , because by hypothesis the an^e at A is a 
right angle, and the two planes OAB, OAC are therrforc per- 
pendicular to each other. (Def. HI.) From the point D draw 
DE perpendicular to OB, and join EF : the line EF will also be 
perpendicular to OB) so that the angle DEF will be the mea- 
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sure of tlie inclination of the two planes OBA> OBC, and will 
therefore be equal to tihe angle B of the spherical triangle ABC. 
(Def. III.) Now, in the 
triangle DEF, right-angled 
at D, we have Rad. . 

Sin. DEF : : EF : DF, 
but the angle DEF r= B, 
and since OF = Rad., we 
have EF = Sin. EOF = 

Sin. BC, and DF = 

Sin.AC. WliercforeRad.- 
Sin.B..Sin.liC.Sin.AC, 
and by alternation. 

Rad. Sin. BC Sin. B Sin. AC. 

In the same manner it may be demonstrated that Rad . 
Sin. BC . . Sin. C : Sin. AB. 


B 



THEOREM II 


In every right-angled spherical triangle radius is to the cosine of 
either of the oblique angles, as the tangent of the hypotenuse to 
the tangent of the side adjacent to that angle. 


Let ABC be a spherical triangle, right-angled at A , (See figure 
of the preceding Theor ) , then. 

Rad. : Cos. B : Tan. BC : Tan. AB. 


For, making the same construction as in the last theorem, in the 
right-angled triangle DEF we have Had. Cos. DEF . . EF . DE. 
Hut the angle DEF = B, EF =: Sm« BC, 0£ = Cos. BC . also in 
the triangle OED right-angled at £, we have DE = 


OE X Tan. DOE _ Cos. BC X Tan. AB 
Rad. "" Rad. 


therefore Rad. . Cos. B 


. Sin. BC . 


Cos. BC X Tan. AB 
R 


that IS, 


R X Sin BC 
Cos. BC 


Rad. . Cos. B : i Tan. BC . Tan. AB. 


Tan. AB , 


In the same manner it may be demonstrated that Rad 
Cos. C . Tan. BC ; Tan. AC 
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Car Since Rad. . Cos. B : Tan. BC . Tan. AB ; and because 
Cot. BC . Rad. . : Rad. : Tan. BC» by equality Cot. BC : 
Cos. B : : Rad. . Tan. AB. Also^ because Cot. AB : Rad. : : 
Rad. . Tan. AB , therefore Cot. BC : Cos. B : : Cot. AB : Rad. 


THEOREM III. 


In every right-angled sphencal triangle, radius is to the cosine 
of either of the sides, as the cosine of the other side is to the cosine 
of the hypotenuse. 

Let ABC be a spherical triangle right-angled at A , (See figure 
of Theor I.) , then, 

Rad. . Cos. AB : Cos. AC . Cos. BC. 


For, the same construction remaining as m the two preceding 
theorems , in the triangle ODF right^ngled at D, and in which 
the hypotenuse OF = Rad we have OD = Cos. DOF = 
Cos. AC Again, in the triangle ODE right-angled at E, wc have 


OE = 


OD X Cos DOE 
Rad. 


^s. AC X Cos. AB 
R 


But in the 


triangle 0£F we have OE == Cos. BC , therefore Cos. BC =; 


Cos. AC X Cos AB 
“ R 


. Wherefore 


Rad. • Cos. AB : Cos. AC Cos. BC. 


THEOREM IV. 

In every right-angled spherical triangle tlie cosine of either of 
the sides is to the radius as the cosine of the oblique angle opposite 
to that side is to the sine of the other oblique angle.* 

Let A, B, C, denote the three angles of any right-angled sphe- 
rical triangle, A being the nght angle ; and let 0 , 6, c, denote the 
opposite sides reiqiectively, 

Cos. € I Rad. . Cos. C Sin. B. 


* This tbeorein and the two following im^t be deinonatnited directly, each 
by a particular construction , but it u preferable to derive them by the way ol 
analysis, from the three preceding theorems. 
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From Thcon I. and 11. we obtain Sin. B =r ^ Cos. C 

Sin. a 

= * hencci by dividing the latter of these equations 

by the former, we find 

Cos. C _ Tan, b Sin, a ^ Cos, a 
Sin. B Sin. & ^ Tan. a Cos. 6* 

But by Theor. III. , consequently 


Cos C _ 

SmTB'^ 


Cos. c 

“TT 


; wherefore 


Cos, c : Rad. • : Cos. C • Sin. B. 


In the same manner it may be demonstrated that Cos. b : Rad. : . 
Cos. B ; Sin. C. 


THEOREM V. 

In every right-angled spherical tnangle the tangent of either of 
the oblique angles is to the radius, as the tangent of the side oppo- 
site to that angle is to the sine of the other side. 

Let A, B, C , a, c, denote the angles and sides of a right- 
angled spherical triangle, as in the last theorem , then, 

Tan. B : Rad. : : Tan. b : Sin. e. 

From Theor. I. and II we have Sin. B = — 

Sin. a 

^ „ R X Tan. c , . 

Cos. B =s — = , hence we obtain 

Tan. a 

Sin. B Tan. B Sin, b x Tan, a ^ R x Sm.b 

C 08 .B R “ Tan. c x 8m. a "" Cos. a x Tan. c* 

But by Theor. III., we have Cos. a = ^ ^ . there- 

fore we obtain 
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Wherrfore 

Tsd. R • Rftd* • • Tad* 5 s Sid* €• 

Id the same manner it may be demonstrated that Tan. C : 
Rad. : : Tan. c : Sin. b. 

Cor. Since Tan. B : Rad. : : Tan. b : Sin. e ; and because 
Tan. B : Rad. : : Rad. ;«,Cot. B» therefore Rad. : Cot. B : : Tan. b : 
Sin. c. Also» because Cot. b : Rad. : : Rad. : Tan. b; therefore 
Cot. b : Cot. B : : Rad. : Sin. c. 


THEOREM VI. 


In every right-angled spherical triangle> radius is to the cosine of 
the hypotenuse as the tangent of either of the oblique angles is to 
tlie cotangent of the other oblique angle. 

Let A, B, C ; 5, c, denote the angles and sides of a right- 

angled spherical tnangle, as before , then^ 

Rad. : Cos. a . : Tan. B : Cot. C : : Tan. C : Cot. B. 


From Theor. V. we obtain 
Tan. B x Tan. C __ Tan. b x Tan. c 


Ra 


Sin. b X Sin. c Cos. b x Cos. c 
„ Tan. B Tan. C * ju rn. th 

®"‘ IT- -SO’" = 

we have Cos. b X Cos. e = Rad. x Cos. a ; therefore 

R 


Tan. B Tan. C 
Cot. C Cot. B 


. Wherefore 


Cos. a * 

Rad. : Cos. a : : Tan. B : Cot. C : : Tan. C : Cot. B. 

Cor. Because Rad. : Cos. a : : Tan. B . Cot. C^ and Cot. B : 
Rad. . : Rad. : Tan. B , therefore Cot. B : Cos. a : : Rad. : Cot. C. 


5. By a particular arrangem^t and classification of the parts of 
a spherical triangle^ all the theorems employe^^ in the solution of 
nght-angled spherical triangles, are redu^ to two, and included 
in one enunciation.* 


* Thw IS what is called Uie Rule the Ctfcular parti. It was invented by 
Napier, and is of great use in Spherical Trigonometry. 
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Definitions. 

I If, in any spherical triangle, we set aside the right angle, and 
consider only the five remaining parts of the triangle, viz the three 
sides, and the two oblique angles, then, t|j|e two sides, which con- 
tain the nglit angle, and the complements of the other three, name- 
ly, of the two angles, and of the hypotenuse, are called the Ctren^ 
lar Parts. 

II. When, of the five circular parts, any one is taken for tlic 
Middk Pait^ then, of the remaining four, the two which arc imme- 
diately adjacent to it on the right and left, arc called Adjacent 
Parts t and the other two, each of which is separated from the 
middle by an adjacent part, arc called Opposite Parts 


PnOPOSITION 

In any right-angled spherical triangle, the rectangle under the 
radius, and the sine of the middle part, is equJ to the lectanglc 
under the tangents of the adjacent paits, ot to the rectangle under 
the cosines of the opposite parts 


6 It IS to be remarked, that when an unknowm part of a spheri- 
cal triangle is determined by its sine only, there are two values of 
that part, and consequently two triangles which satisfy the condi- 
tions of the question* For the same sine which corresponds to an 
arch orv angle, corresponds also to the supplement ot that arch oi 
angle, without any change in the direction of the sine to distinguish 
the arch or angle from its supplement This is not the case, how^- 
ever, when an unknown part is determined by its cosine, tangent, 
or cotangent. For though the same numerical value ot the cosine, 
tangent and cotangent corresponds to an arch, or angle, and its 
supplement, there is a difference of direction, marked by the posi- 
tive or negative sign ot the numerical value, which distinguishes 
the arch, or angle, and its supplement. If the cosine, tangent, or 
cotangent, by which an unknown part is determined, be positive, 
that part is less than 90^^ , hut if the cosine, tangent, or cotangent, 
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be negative, the part detennined by it is greater than 90^* Tlie 
following general principles make it easy to determine from the 
given parts, whether the unknown partly are greater or less than 90^* 

7. Let A, B, C, denote the angles of any right-angled spherical 
triangle, and a, ft, c, the opposite sides respectively ; then from 
*Theor. IV., we have c : Rad. : : Cos. C. . Sin. B , therefore 

Cos. C = ^ Now, since the multiplier is 

always positue, it follows from this equation that Cos. C will be 
positive or negative according as Cos. c is positive or negative. 
Hence wc infer that. 

In any nghUanghd spherical tnanglc^ according as the sides are 
greater or lots than quadrants^ the opposite angles will he greater or 
than right angles and conversely 


8 1 rom Thcor III. wc have Rad Cos ft .Cos c Cos. d, 
Cos ft X Cos c 


therefore C’ns a =: 


R 


From this equation, it is evi- 


dent, that il Cos. ft ard Cos. c be both positive, or both negative, 
C'o«i a will be positive , but if Cos. ft and Cos. r have opposite signs, 
then Cos a w ill be negative. Hence, 


In any nght-angled spherical tnangky tf the sides he greater or less 
than quadrnntSy the hypotenuse untt he less than a quadrant i hut ij 
one of the sides he qreatcTy and the other less than a quadrant^ the 
hgpot^use will he greater than a quadrant . and conversely^ 


0 hrom Theor VI, we have Rad. . Cos. a : Tan. B : Cot, C , 
Cot C 

therefore Cos. a z= g X Rad. From this equation, it is 

ian. B 

evident that Cos. a will be positive or negative according as 
Tan. B and Cot. C arc affected by the 6aih& or by opposite signs. 
Hence wc conclude that, 


In any riglU^nglcd spherical tnangh, the Mup/e angles he 
greater or less than right anglesy (he hypotenuse wdl he kss than a 
quadrant; hut %f one of the Mtque angles he greater and the other 
less than a right angky the hypotenuse unU he greater than a (pia* 
drant and emveridy. 
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10. From Theor. IL we have Rad. : Cos. B : : Tan. a : Tan. c ; 
therefore Tan. a zz X K* this equation, we in hke 

manner infer that, 

In any rtghi^^tngled tpienced tnanghf rf an chbque angU and Us 
adjaeent nde be each greater or each teee mm 60^, tAe hypotenuea la 
less than a quadrant; but %f one of them ofgreater and the other kse 
than 90^, ^ hypotenuse vnU be greater than a quadrant: and con- 
verselg. 


1 1. We proceed now to apply the principles laid down to the 
solution of the cases of right-angled spherical triangles. 


PROBLEM I. 

Given the hypotenuse and one of the angles, to find the sides 
and the remaining angle. 

Exn 1. In the spherical triangle ABC, right-angled at A, let the 
liypotenuse BC be 68^ 36', and the angle B, 35^ required the 
remaining parts of the triangle ^ 

Solutum, 

' To find AB. ^ 

Making complement angle B the middle part, then AB and com- 
plement BC are the adjacent parts. Hence, 

j^ad. X Cos. B = Tan. AB x Cot. BC. 

Converting this expression into 
an analogy, and arranging the 
^terms so as to have Tan. AB for 
the last term ; observing, at the 
same time, that Cot. BC : R . . 

R : Tan. BC, we obtain, 


t 

c 
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As radius lO.OOOOOO'l 

To Tan. BC, 660 36' 10.406829 

So 18 Cos. B, 350 9.909055 }-(Tbeor. II.) 

To Tan. AB, 640 12' 10.315684 J 

, Since the hypotenaae BC is less than 900, the angle B and its 
adjftent side AB are of #ie same species ; ($. 10.) hence AB is 
less than 900. . 


To find AC. 


Making AC the middle part, then complement angle B and 
complement BC are opposite parts. Hence, 

Rad. X Sin. AC = Sin. B x Sin. BC. 


As radius 
To Sin B, 350 4s' 

So is Sin. BC, 68O 36' 


10.0000001 
9.767124 
9.968976 ) 


(Theor. 1.) 


To Sin. AC, 330 9.736100 J 


The side AC is of the same species with* its opposite angle B, 
($.7.) and is therefore less than 900. 


To find angle C. 

Making complement BC the middle part, then complement an- 
gle B and complement angle C arc the adjacent parts. Hence, 

Ran. X Cos. BC st Cot. B x Cot. C. 

* As radius 10.0000001 

To Tan. B, 350 48' 9.858069 

So IS Cos. BC, 68° 36' 9.562146 ) (Theor. VI ) 

To Cot. C, 750 15' 23" 9.420215^ 

Since the hypotenuse BC is less thin 900,^the angle C is of the 
same spectes with the given angle B t {§. 9.) and is therefbre less 
than a nght angle. 

Ex. 2. hi the spherical triangle ABC, right-angled at C, let 
the hypotenuse AB be 630 56' 7", and the angle A 450 41' 21" , 
requu^ the sides AC and BC, and the remaining angle B?— 
Am, AC = 550, BC BE 40*’, angle B = 650 46' 5". 

I 
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PROBLEM 11. 

Given one of the sides and its adjacent angle to find the other 
angle, the hypotenuse, and the other side. 

• • 

JSr. L In the triangle ABC, right-angled at A, let the side 
AB be 56^ SO', ancFthe angle B, 32^ 14/ , required the remaining 
parts of the triangle BC, 600 46' 24" , AC, 27^ 44' 8" , 

angle C, 720 52' 46". 


Solutum* 

To find BC 

Making complement of angle B the middle part, then AB and 
complement BC are the adjacent parts , therefore 

Rad X Cos. B = Cot. BC X Tan* AB . 

Hence 

Tan. AB : Rad. : . Cos. B t Cot. BC , 

Or Rad. : Cot. AB : : Cos. B : Cot. BC. (Theor. 11. Cor ) 

Because the angle B, and the adjacent side AB, are of the same 
species, the hypotenuse BC is less than 90^. (§. 10.) 

To find AC. 

Making AB the middle part, then AC and complement of angle 
B are the adjacent parts ; therefore 

Rad. X Sin. AB =; Tan. AC x Cot. B. 

Hence * 

Cot. B : Bad. : . Sin. AB : Tan. AC ; 

Or> Rad. : Tan. B . : Sin. AB : Tan. AC. (Theor. V.) 

The side AC and its oppoMte angle B being of the same spedes, 
{§. 7.) AC IS therefore less than 90C*. 

To find angle C. 

Making complement of angle C the mid^e part, tlien AC and 
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complement BC are the adjacent parts, and AB and complement 
of angle B are the opposite parts ; therefore 

Rad. X Cos. C =; Cos. AB x B. 

Hence 

^ Rad. . Cos. AB : ' Sin. B : Cos. C. (Theor. IV.) 

llie angle C and its opposite side AB are of the same species ; 
therefore angle C is less tlian a ri^t angle. . 

Ex. 2. In the right-angled sphencal triangle ABC, let the side 
AB be 42^ 8' 24", and its adjacent angle A 64^ SS' 1", required 
the remaining parts of the triangle ? — Ans. The hjrpotenuse AC, 
64^ 39^ 51". 'rh% other side BC, 540 45' 18". The remaining 
angle C, 470 55' 54". ^ ^ 


PROBLEM III. 

Given one of the sides, and its opposite angle, to find the adja- 
cent angle, the hypotenuse, and the remaining side. 

Ex. 1. In the tnangle ABC, or aBe, right-angled at A, or a, 
'et the angle B be 43^ 52', and the side AC, or oe, 37<^ 34'; re- 
quired the remaining parts of the triangle ^ — Ana. In the triangle 
ABC, the side AB is 53^ O' 6" , the hypotenuse BC, 61® 87' 5" , 
and the angle C, 65^ 26' 40". In the tnangle aBc, the side oB is 
126^’ 50' 54", hypotenuse Be, 118^ 22' 55", and the angle e, 
1140 33' 20". 


Sobdum. 

To find AB or oB. 

df 

Making AB or aB the middle part, then AC or ac and com- 
plement of angle B are the adjacent parts , therefore 

Rad. X Sm. AB or aB = Tan. AC or oc x Cot. B. 

Hence 

Rad. : Cot. B : : Tan. ACuir ac * Sin. AB or aB. (Theor. V. Cor.) 
To find BC or Be. 

Making AC or ac the middle part, then complement of angle B 
and complement of BC or Be are the opposite parts , therefore 

12 
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Rad. X Sill. AC or cic = Sin. B x Sin. BC or Be. 

Hence 

Sin. B : Sin. AC or oc : : Rad. : Sin. BC or Be. (Theor. I ) 

To find angle C or c. 

Making complement of angle B the middle part, then AC and 
complement of angle C or c are the opposite parts ; therefore 

Rad. X Cos. B =: Cos. AC x Sin. C or e. 

Hence 

Cos. AC : Rad. : : Cos. B : Sin. C or c. (Theor. IV.) 

All the parts, being determined by their sines only^ are ambi- 
guous. ($.(>.) 

Ex, 2. In the right-angled spherical triangle ABC, there are 
given the side BC equal to 26^ 3" 53^, and the opposite angle A 
equal to 35^ , it is required to find the hypotenuse AC, the other 
side AH, and the other angle C ^ — Am, AC == 50^ , AB = 44^ 
18' 39", and angle C = 650 46' IK 


PROBLEM IV. 

Given the hypotenuse, and one side, to find the angles and the 
other side. 


Ex, 1. In the triangle ABC, right-angled at A, let the side 
AB be 55^ 13', and the hypotenuse BC, 65® 40' ; required the 
remaining parts of the triangle ?^Ans, Angle B z= 49® 22' 42" , 
angle C, 64® 20' 30"; and the side AC, 43® 45' 24" 


SoltUion, 

To find angle B. 

Making complement of angle B the middle part, then AB and 
complement of BC are the adjacent parts , therefore 

Rad. X Cos. B = Tan. AB x Cot. BC. 

Hence 

Rad. : Cot. BC : : Tan. AB : Cos. B. (Theor. II. Cor.) 
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Since the hypotenuse BC is less than a quadrant, the angle B 
and Its adjacent side AB are of the same species , (^. 10.) there- 
fore angle B is less than a nght angle. 

To find angle C. 

• • Making AB the mid^e part, then complement of BC, and com- 
plement of angle C, are the opposite parts ; therefore 

Rad. X Sm. AB =: Sin. BC X Sm. C. 

Hence 

Sin. BC : Rad. : : Sin. AB : Sin. C. (Theor. I.) 

Angle C and its opposite side AB are of the same spemes , 
($. 7.) therefore angle C is less than a right angle. 

To find AC. 

Making complement of BC the middle part> then AB and AC 
are the opposite parts , therefore 

Had. X Cos. BC = Cos. AB X Cos. AC. 

Hence 

Cos. AB : Rad. : • Cos. BC • Cos. AC. (Theor. HI.) 

Since the hypotenuse BC is less than a quadrant, the sides AB 
and AC are of the same species ; (^. 6.) therefore AC is less than a 
quadrant. 

Ex. 2. If the hypotenuse of a right-angled spherical triangle be 
51^ 3(y, and the perpendicular equd to 40^ 18' 15" , what are the 
angles and remaining side ? — Ans. The other side 95^ 17' 8" , the 
angle opposite the given side, 55^ 44' 96"; the angle adjacent to 

It, 470 34^ ly. 


PROBLEM V. 


Given the two sides, to find the angles and hypotenuse. 

Ex. 1. In the triangle ABC, right-angled at A, let the side 
AB be 500 90', and the side AC be 27^ 28' ; rewired the remain- 
ing parts of the triangle ?— ilfis. Hypotenuse BC^ 60^ 4(V 40" , 
angle B 910 56' 19" , and angle C, 790 p 2ir. 
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Solution. 

To find BC« 

Making complement of BC the middle pmrt, then AB and AC 
are the opposite parts , therefore 

Rad. X Cos. BC = Cos. AB x Cos. AC. 

Hence 

Rad. . Cos. AB : . Cos. AC . Cos. BC. (Theor. III.) 

Because the oblique angles B and C are of the same species, the 
hypotenuse BC is less than a quadrant. 

To find angle B. 

Making AB the middle part, then AC and complement of angle 
B are the adjacent parts , therefore 

Rad. X Sin. AB = Tan. AC X Cot. B. 

Hence 

Tan. AC • Rad, • Sin. AB . Cot. B , 

Or, Rad. . Sin, AB , : Cot, AC Cot. B. (Theor. V. Coi.) 

Angle B is of the same species with its opposite side AC, {§• 7.) 
and IS therefore less than a right angle. 

To find angle C. 

Making AC the middle part, then AB and complement of angle 
C are the adjacent parts , therefore 

Rad. X Sin* AC = Tan. AB x Cot. C. 

Hence 

Tan. AB : Rad. : : Sin. AC : Cot. C , 

Or, Rad. . Sin. AC ; : Cot AB : Cot. C. (Theor. V. Cor.) 

Angle C IS of the same species with its opposite side AB, and is 
therefore less than a nght angle. 


Ex. 2. Tlie sides of a right-angled spherical triangle, are 65^ 
19^, and 54^ 29^ 10" respectively ; required the angles and hypo- 
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tenuse ?—Ani* The one angle sz 57<> 2f 19" ; the other == 69^^ 
29' 21"; the hypotenuse = 75® 67' 89". 


PROBLEM VI. 

y* Given the two angks, to find the hypotenuse and sides of the tri- 
angle. 


Rt. 1. In the triangle ABC, right-angled at A, let the angle B 
be 36® 32', and the angle C, 65® 47', required the remaining parts 
of the triangle?-^. BC = 52® 87' 15"; AC s= 28® 13' 54", 
AB = 46® 26' 41" 


Solution. 

To find BC. 

Making complement of BC the middle part, then complement of 
angle B, and complement of angle C, are the adjacent parts, 
therefore 

Rad. X Cos. BC =s Cot. B x Cot. C. 

Hence 

Rad. ; Cot. B : * Cot. C * Cos. BC. (Theor. VI. Cor.) 

Because the oblique angles B and C are of the same Bpecies, the 
hypotenuse BC is less than a quadrant. (^. 9.) 

To find AC. 

Making complement of angle B the middle part, then AC and 
complement of angle C are the opposite parts ; thc^ore 

Rad. X Cos. B = Sin. C X Cos. AC. 

Hence 

Sin. C : Rad. . . Cos. B . Cos. ACi (Theor. IV.) 

The side AC being of the same species with its opposite angle B, 
(f. 7.) 18 less than a quadrant 

To find AB. 

Making complement of angle C tho middle part, then AB and 
complement of angle B are the opposite parts , therefore 
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Rad. X Cos. C =; Sm. B x Cos. AB. 


Hence 


Sin. B : Rad. . . Cos. C : Cos. AB. (Hieor. IV.) 

The side AB, being of the same species with opposite angle 
C, is less than a quadrant. 


jEx. 2 . Given the oblique angles of a right-angled spherical tri- 
angle equal to 68° 29^ 48", and 57^ 16' 1" respectively . it is re- 
quired to find the hypotenuse and sides of the triangle ? — Aw- 
Hypotenuse =r 73® 19^ 48", one side = 64® Wi the other side 

=: 540 28'* 


Sobdum of Mtque^wjled Spherical Trurngles 


12. The solution of the different cases of oblique-angled spheri- 
cal triangles, depends upon the following pnnciples wluch, of 
course, apply equally to right-angled triangles. 


THEOREM I 


In every spherical triangle tlie sines of the angles are propor- 
tional to me sines of the opposite sides. 

Let ABC be any sphencal triangle , then, 

Sm B : Sin. C . : Sm. AC : Sin. AB. 


* If one side of a spherical triangle be a quadrant, the unknown parts may be 
found by means of a nght-angled sphencal tnangle, whose acute angles are the 
supplements of the other sides of the tnangle, and whose three ^edes ara the sup- 
plements of ito angles, the hypotenuse being the aupplemeat of the angle opposite 
to the quadrantal side. (See Lemma, page HO.) 
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From the vertex A draw the ardi AD perpendicular to tlie op< 
po«ite side BC , then in the two right<angied sphericai triangles 
ABD, ACD »e lave, (}. 4. Theor. I.) 


A ^ 



Sin. B : Rad. . Sin. AD : Sin. AB 
Kad. : Sin. C . : Sin. AC : Sin. AD . 

I'hereiorc, ex KBqmlty inversely , wc obtain 

Sm. B : Sin. C : : Sin. AC : Sin. AB. 

If the perpendicular AD fall without the triangle ABC| we have 
the same two proportions as above > but in one of them Sin. B 
then denotes Sin. ABD : SincOp however, the angles ABD and 
ABC are supplements of each other, their sines are equal. There- 
fore wc have in every case 

Sin. B . Sin. C : : Sin. AC : SiOa AB. 


THEOREM II. 

In every oblique-angled spherical triangle, the cosines of the 
sides are directly proportional to the cosines of the segments into 
which tlic base is divided by the perpei^dicular let &11 upon it from 
the opposite angle. 

Let ABC be a spherical triangle^ and from the vertex A draw 
AD perpendicular to the opposite side BC, dividing it into the two 
segments BD, DC , (see figures of last Theorem ,) then, 

Cos. AB : Cob. AC : : Cos. BD : Cos. DC. 

For, from the right-angled triangles ABD, ACD wc have, ($.4. 
Theor. III.) 
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Cos. AB : Cos. BD : : (Cos. AD : Rad. : :) Cos. AC : Cos. DC • 
therefore, by alternation, 

Cos. AB : Cos. AC . : Cos. BD . Cos. DC. 


. THEOREM III. 

The same construction remaining, the tangents of the sides arc 
inversely proportional to the cosines of the segments into which the 
vertical angle is divided by the perpendicular : that is. 

Tan. AB : Tan. AC : . Cos. CAD Cos. BAD. 

For, by Theor. II. J. 4, we have 

Tan. AB Tan. AD * : Pad. Cos. BAD, 
and Tan. AD : Tan. AC * . Cos. CAD : Rad. , 
therefore, ex mquaky inversely, we have 

Tan. AB . Tan. AC : . Cos. CAD : Cos. BAD. 


THEOREM IV. 

The same construction remaining the cosines 6f the angles at 
the base are directly proportional to the sines of the segments of 
the vertical angle : that is, 

Cos. B : Cos. C . : Sin. BAD : Sin. CAD ; 

For, from Theor. IV. 4, we have 

Cos. B : Sin. BAD : : (Cos. AD . Rad. : ) Cos. C : Sin. CAD , 
therefore Cos. B : Cos. C : : Sin. BAD : Sin. CAD. 


THEOREM V. 

The same construction remaining, the tangents of the angles at 
the base are inversely proportional to the sines of the segments of 
the base , that is, 

Tan. B : Tan. C . . Sm. CD : Sin. BD. 
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For, by Theor. V. §. 4^ we have 

Tan. B : Rad. : : Tan. AD . Sin. BD, 
and Rad. : Tan. C : : Sin. CD : Tan. AD ; 
Therefore Tan. B . Tan. C : : Sin. CD : Sin. BD. 


THEOREM VI. 

In any spherical triangle as the tangent of half the sura of the 
segments of the ba^Ci is to the tangent of half the sum of the two 
sides, so lb the tangent of half their diflPerence, to the tangent of 
half the difference of the segments of the base. 

Let bf c be the two sides of a spherical triangle, and m, n the 
segments of the base , then 

Tan. i (»»+«) . Tan. : : Tan. «) : Tan. 

For, by Theor. II. f. 12., we have 

Cos. b * Cos. c . Cos. m : Cos. n .^therefore 
Cosii-f-Cos. c; Cos. b — Cos.c: : Cos. m -f-Cos. n: Cos.m--*-Cos.» 

But, by Formula XXIV. page 56., 

Cos. b 4- Cos. c ^ C ot. i(b -j- c) 

Cos. 6 — Cos. c “* Tan. ^(b — c) 

Or, Cos. b + Cos. c : Cos. 5 — Cos . c • : Cot. i(5+c) : Tan. ^(b>^c) 
and in like manner, 

Cos. m+Cos. Cos. m ~ Co8.n : : Cot. j(m + n) : Tan. ^(m— -a) 
Wherefore we have, 

Cot. j(b + c) : Tan. j(b — c) : ; Cot. ^(»i + n) ; Tan. ^(j»~ n) , 
and by alternation, and observing that 
Cot. ^(5 + c ) : Cot. +n) : . Tan. + n) . Tan. ^{b + cj, 
we obtain 

Tan. + n) . Tan. J{5 + c) : . Tan. |(6— c?) . Tan. |(w» — w). 
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Lemma. 

If the angular points of any spherical triangle be made the poles 
of three great circles, another triangle wiH formed by their in- 
tersection, such that the sides of the one triangle will be respec- 
tively the supplements of the measures of the angles opposite U 
them m the other. 

Let the angular points of the tri- 
angle ABC be the poles of the 
three great circles FE, ED, DF, 
which intersect each other in the 
points F, D, E, the sides of the 
triangle DEF are the supplements 
of the measures of the angles A> B, 

namely, FE of the angle BAC, 

DE of the angle ABC, and DF of 
the angle ACB • and again AC is 
the supplement of the angle DFE, 

AB of the angle FED, and BC of 
the angle £1)F, 

For, let each side of ABC be produced to meet the sides that 
contain the angle opposite to it m the triangle DEF Then;^ be- 
cause BC passes through the pole of each ot the great l rdes ED, 
DF ; the plane of the circle BC must be perpendicular to the planes 
of ED, DF , therefore the line of intersiection ot ED, Df must be 
perpendicular to the plane of BC , so tliat the point D, where that 
line meets tlie surface of the sphere, is the pole of BC. (Def. II.) In 
like manner it may be shown that £ is the pole of AB , and F the 
pole of AC. 

Now, since D and E are Uie poles of BC and AB, the arches 
DH and EG arc quadrants (Cor. Def. II.) , and DH, together with 
EG, that IS, DE, together with GH, are equal to a lemicircle. But 
&JI 1 CC B IS the pole ot DE , GlI is the measure of the angle 
ABC, (Cor. Def. III.) , consequently DE is the supplement of the 
measure of the angle ABC. In the same manner DF and £F arc 
the supplements of tlie measures of the angles ACB, BAC. 

Again, since CK, AL are quadrants, CK, together with AL, 
that IS, KL, together with AC, are equal to a semicircle , and 
since F is the pole of KL, KL is the measure of the angle DFE, 
therefore the measure of the angle DFE is the supplement of the 
side AC. In the same manner it is shown that the measures of the 
angles EDF, DEF are the supplements of the sides BC, AB. 


D 
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Car. Let a great circle pass tlirough D and the vertices of 
the triangles ABC, DEF it will cut the bases BC, EF at right 
angles, because it passes through their poles , and it is evident that 
the segments BP, PC of the base m the triangle ABC will be the 
complements of the measures of the segments IDF, IDE of the 
vertical angle in the triangle DEF^ taken alternately. Also the 
segments £1, IF of the base in ihe triangle DEF will be the comple- 
wnts of the measures of the segments PAB, PAC of the vertical 
angle in the triangle ABC. 


THEOREM VIL 

In any spherical triangle, as the cotangent of half the vertical 
angle is to the tangent of half the sum of the angles at the base, so 
IS the tangent of half tlie difference of these angles to the tangent 
of half the difference, or of half the sum of the segments of the ver« 
tical angle, according as the perpendicular falls within or without 
the triangle. ^ 

Let B, C b( the angles at the hase of a spherical triangle, and 
p, q the segments into which the Tertical angle A is divided by the 
perpendicular drawn from it to the opposite sid^ , then, 

Cot. ^ \ • Tan. ^(B + C) . : Tan. J(B — C) : Tan. Op^q)* 

In the .^applementa] triangle formed by the intersection of the 
three great circles which have the angular points A, B, C for their 
poles, let the sides be denoted by I/, tf; so that ^ is the supple- 
ment of A , ^ the supplement of B, and the supplement of C. 
(Lemma.) Also let m' and n* denote the segments mto whidi the 
base a* of tlie supplemental triangle is divided by the perpendicular 
arch passing through the vertices of the two triangles, so that m' is 
the complement of 9 , and n! the complement otp. (Cor. to Lem.) 

By applying Theor. VI. to the supplemental triangle, we obtain 
Tan. ^(180 — A) ; Tan. ^(c' + : : Tan. i(e'v— ft') : Tan. If n% 

The difference or sum of and is to be taken according as 
the perpendicular falls wi^in or without the triangle. 

Bute's 180 O-.B,€!'s= 180 — C,m'=:90O—y, = 

therefore, substituting, and observing that the tangent of an arch 
is the same with the tangent of its supplement, we have 

Cot. ^A : Tan. ^(B + C ) : : Tan* ^(B — C) : Tan. Up 
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THEOREM VIIL 

In any spherical triangle as the sine of half the sum of the two 
sides, IS to the sine of l^f their difference, so is the cotangent 
half the vertical angle to the tangent of half the difiEerence of the 
angles at the base. 

Let A denote the vertical angle of a spherical triangle, B and C 
the angles at the base, and c the sides opposite to B, C, respec- 
tively, then, 

Sin. c) : Sin. — c) . : Cot. . Tan. ]^(B — C). 

Put/i and q to denote the segments of the vertical angle as in 
last Theorem : From Theor. III. §. 12., we have 

Tan. b . Tan. c . * Cos./> . Cos. q , 

therefore 

Tan.&.|.Tan.e : Tan.&--Tan.c :: Co8.p<4-Cob Cos.jp— Cos.?, 
Hence 

Tan. b + Tan. c ^ Cos. p + Cos. q ^ 

Tan. 6 — Tan. c "" Cos. /? — CosTy 

But from Formulas XXIX. and XXX., page 57, and Formula 
XIII., page 55, we have 

Tan, b + Tan, c _ Sin, (b + c) _ Sin; ^(6 + c) Cos. |(5 + c) 
Tan. 6 - 1 - Tan. c Sin. (6 — c) "" Sin. ^(6 . c) Cos. ^(6 — c) * 

and from Formula XXIV., page 56, we have 

Cos. /I + Cos. q _ Cot. ^A 
Cos p — Cos. q Tan. Up'^^q) 

the negative or positive sign of q being taken according as the per- 
pendicular falls within or without the triangle: Therefore 

Sin. ^ ( 6 + c) Cos. ^(6 + c) Cot. ^A 
“Sin. i(6 — c) Cos. ^(i — c) Twi. i(p^q) ’ 

Again, because Sin. b : Sm. e : : Sm« R : Sin. C, therefore 
Sin. 6 - f - Sin. c : Sin. 6 — Sin. e ; Sm. B + Sin C : Sm. B — Sin. C, 
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and 


Sin, b + Sin, e Sin. B Sin. C 

Sin. — 6 sin. e ~ Sin. B — Sin. C 


Hence, by Fonnules I. and II., page 54^ and Formula XIX., 
page 56, we obtain 


V 


Sin. 

Sin. 



c) __ Tan. ^ 
+ o) " Tan. i( 


B + C) m 


Multipl^g the correaponding sides of equations (1.) and (2.), and 
rejecting the common ftctors, we obtain 

Sin« i(6 + c) _ Cot. JA Tan. i{B + C)" 

Sin“ i(5--c) ~ Van. + q) Tm. — C)* 

But from last theorem we find 

Cot. lA __ Tan. i(B + C) 

TSSTjlB — C) ~ Tan. g) ' 

Therefore 

Cot»iA _ Cot 4A Tan. i(B + C) _Sin«4(5 + c) 
T£i« 4(B — C) Tin. j{;, qf^) Tan. ^(B — C) "* Sin« ^(5 — e)‘ 

HAcI 

Sin. ^(5 + e) __ Cot JA 
SSri(6 — c) “ Tan. J(B — C) ’ 

And 

Sm. J(5 + c) ; Sin. ^{5 — c) ; : Cot. JA ; Tan. ^(B — C). 


THEOREM IX. 


In any spherical triangle, as Uie cosine of half the sum of the 
two ndes is to the ooune oF, half thehr difference, so is die cotan- 
gent of half the vmtieai angle to the tangent of half the sum of the 
angles at the base. 

Let A, B, C, 5, ^ pv q, toote as befiiKi then 
Cos. ^5 -f. c) I Cos. K6 e) : : Cot ^A : Tan. + C^. 
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For m llie demoBStmtioo of the preceding theorenii it wai 
dieini that 

Sin. -f . ^ Coi. i{b + e) _ Cot. j-A ^ 

6iib <i^e) tSiMb — e) Tb&> ^ * 

And 



Moltlpl^jriiig the fenner fX then equatioM by the netprocel of 
the tatter, and fleeting the toniinoa fiMton^ we obtidn 

poe« + e) _ Cot.MTan.j(B — C) 

Cos* -~e) Tan. ■+■ C) Tm. jiiplf. q) 

Bat from Iheorem VIL, 

Cot. _ Tan. — C). 

Tan. i(B + (5j "tan. J(j, ^q) ' 

Iberefore 

Cot* A _ Cot. ^A Tan. ^ — C) _ Cos* i(b + e) 
Wi(B + C) ~ Tan,i(B + Cj tan.i(|,:j: q) ~ 

Hence, it is evident that At 

Cos. j(ft + e) 1 Cos. K& •» c) : : Cot. |A i Tan. J(B + C). 


THEOREM X. 


In^p^iqpiherical trian^, as the nne of half the sum of the angles 
■at the ban, is to the sine rfhidf their diEhrence, so is the tangent 

mhalf the bon to the tangent of half the t^ltarence of the two 




Let « dsnete the bon of a qpheiiedLtnaagle, B, C« the aag^ 
atyiMient to it, and 5, e, die other two ddn « thee^ 

Eihb 4. Cy : {Sin. «,> CU s Tan. : ttai. 

Bs^the sMwteneiilri tri«i|^e> let ^ iUesbetleaeie(tbysf>fr, c^, 
A^B^Oi eethat <f iithesafptaaieiitiifA,and 



w mfitucAL Tio^iMxiiMrv m 

A*^eta ; Mippleneat of 1^ o'«M Mppi Mioi » 

atCt oiri Cefe. 

By Inlying llieor. VIIL to tlw triani^ wo find 

'^SutMtiCutiiv fye V, r, W;Bb»et«% 

that the Mile «bd ttno^ OT«n atdk am lAo tauiM idfii llem^of m 
aiipplementy aw obti& ^ , 

Sin. 4. O i Sin. ^ q ; 1 |a t tkL 


THEOREM EL 

In any nharieal tria^tok u fito oolbe of half tba ann of file 
angles atthe base^ is to fiw osaine of half fiwfir dWhs anea ^ m is 
the tangent of half the tiam to the tai^ent of half fimsomof the . 
two sides. 

« 

Ijeta,b,e, B, C, denote fiw same fiihigs as in last fiMoamti. 
then, ^ 

C«ij^ + C) : Cos. KB -*• q : ( Tan. |a t’Tn. 4> 

For, by applying Theor. IR. to the supplemeniH triaagla, aw 
have, ^ 

W + ^’ Co*. K*' h*) 1 1 dpt. ^A' : Tan. 4. O'). 

Hence by auhsfitufiiig^ aw find, „ 

Cos. KB + C>tCoa.KB--C)»sTaik Jo;tl|Mi.|||l'4iu^ 


THEdttraf m 


In every sahoiiaat tfiani^ as fim mfiMoi^ «o« 

s^ of fim si^ b tf the oMidB^ 


OOsdaioad by the 




tffifiheoesine of the 
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Let ABC be « ipheriol trieq^ ; and let its tides be deaoted 
by a, b, e, and the i^iposite angles by A, B, C respectively : theqt 

Sin. h Sin. e : Bad. Cos. a ->■ Cos. b Cos. e : : Rad. : Cos. A. 


Let O be the centre of the 
anheie. In the plane of the 
i^eOABi draw AE the tan- 
gent, and OE the secant'of the 
ardi AB s e; also in the 
plane of die dielc OAC; draw 
AD the tangent and OD the 
secant of the arch AC s b, 
and jom DE. Then in the 
triangles DOE, DAE, (PI. 
Tng. §. 7. Theor. V.) 


8DO X OE = DO® -I- OE« — DE« 

?^Ax 2DA X AE ss DA» + AE« — DE« , 

Hence by substracting, and observing that the tnangl^ OAE, 
OAD, have each a right angle at A, we obtain, 

^^^X DO X OE-^^X da X AE = AO«. 


A 



Hierefbre 

C os. O DO OE AO AO Cos. A 

R ^ DA ^ AE DA ^ AE “ ~S“ * 


But firora the twn r^^t-angled triangles ADO, AEO^ we ob- 
tain 


DO _ Rad. _ R OE_ R AO_ Rad. __ Cos.4 
DA~“ Sin.DOA~'Sin.i’ X£~SHi.^CA~~l‘an.^* Sui, h’ 


. AO Cos. e 

“^ae = se:t' 


Wbenfee^ by siibsdttidii^'we have 

€os.a X E'^CSoa.dCoa.e Coa»A 

'nr”' 

6 . 
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Whence 

Sin. ^ Sm. e : R«d. Coi. m » 0(Mb h Opt. « ; : EmL ; Cot. A. 


• - THEOREM Xm. 

In any qthenc^ trianglpi at the lectapgle contained by the tnet 
of the tiro sidet it to the rectangle contained by the ainea of hidf 
the Bum and half the difihrenee of the bate and the difftcenoi of 
the two Bides, so is the square of the radius tp the aquara pf tho 
sine of half the vertical angle. 

Let a, b, c, denote the three sides of a tphencal triangle, and A 
Its vertical angle opposite to the base a, then 

Sin. ft Sin. c : Sin. ^(a + h — e) Sin. ^(a — h -f c) . : Rad* : Sin* A 

For, by last theorem, we have 


Cos. a X R — Cot. b Cot. e Cos. A 



tin. b Sin. e 


But, by Formula XII., page 55, 

R (Sin. b Sin. e Cos. b Cos. e) ss R* Cot. (5 n- e) ; 
therefore 

R* (Cot. (5 — e) — Cot, a) _ gSin* 4A 
Sm. b Sin. e R ' 

and by Fonnnla IV., page 54, 

R* (Cot. (5-.C) Cos. a) s SR Sin. Ka + 5 — e) Sm. |(a—5+ e) 

Wherefore 

Sin. 4(« + 5 ~ lA . 


[^crPT 
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And 

Sin. 4 Sin. e : Sin. |(a + 6 — c) Sin.^a— 4-|-c) : : R* : Sin” ^A. 


THEOREM XIV. 


In any qdierical trianglci as the rectangle contained by the sines 
of the two sides is to the rectangle contained by the sines of half 
the sum and half the diderence of the base and the sum of the 
•ides, BO is the square of the radius to the square of the cosine of 
half the vertical angle. 


Let a, d, e, be the three sides of a sphoical triangle, and A the 
verScal angle opposite the base a, then, 

Sin.4 Sin. e : Sin. ^(4 + e 4-a) Sin. 4^(4 + o — a) : : R” . Co'” JA. 
For, since 

R Cos. a Cos. 4 Cos. e Cos. A 
Sm. 4 Sin. a R 


multiplying both ndes by R, and adding the results to R, observuig 
also tut R” 4* R Cos. A =: 2Cob” ^A, we obtam 

R (Sin. 4 Sin, c — Cos. 4 Cos, c) + R” C os, a __ SCos^jA 
sin. 4 Sin. e ^ R 

that is 

R” (Cos, o ~ Cofc (4 + e)) _ gCos” 

sin. 4 Sin. c “ R ’ 


hence 

Sin. ^4 c 4 . o) Sin. 4(4 4 . c — » a) ^ Cos” ^A 
Sin. ^ Sin. e ““ R® 

Wherefore 


Sin.4Sm.e ; Sia.|(44-e4'a)Sm.K44-c— a) : : R” : Cos” ^A. 


THEOREM XV. 

In any spherical triangle, as the rectangle centred by the sines 
of the angles at the base is to tite rectangle contained by the co> 
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sines of half the sum and half Ae diff»ence of the vertical ID^ 
and the sum of the angles at the base* so is the square of the ra- 
dius to the square of the sine of half the base of the trundle. 

Let B, C, denote the an^es at the base of a spherical trianglei 
«A the vertical angle, and a the opposite side or base , then, 

8 io« B Siii« C s Cos* ^B *1* C A) Cos* ^B C A) * • 
: Sin> jo. 

For, let o', i', o', denote the sides of the supplemental triangle^ 
and A' the angle opposite , so that o' is the supplement of A/ 
and A' of a , ft' the supplement of B, and o' the supplement of C : 
then from Theor* XIV*, we have 

Sin* 6' Sin* tf : Sin* ^ & J^. o') Sin* o' — o') : : R* : 
Cos® JA'. 

Substituting for o', I/, </, A', their equals, and taking ^e sine and 
cosine ot the arch or angle for the sine and cosine of its supplement, 
we obtain 

Sin. B Sin* C ; Sin* (iSO® + (90® — °‘*'^^ - ^ ))Cos* i(B+C — A) 
^* , Rad® . Sin® ^o* 

But, if P be any arch or angle, 


Sin. (1800 + (900 _ P)) ss 



therefore, i^inre Sin* 1800 — Cos. 1800 s — R, and 
Sin. (900 ~ P) =: Cos* P, we have 

Sin* (1800 4 . (900 «.?)) = _ Cos* P* 

Hence, attending only to the numerical value of rile conne, the 
above proportion becomes 

Sin* B Sin* C * Cos ^B C ri* A) Cos* ^B ^ C *** A) • * 
Rad® * 8 m® ^a. 
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THEOREM XVI. 


In any rohertcal triai^Ie^ as the rectangle contained by the unes 
of the anpes at the base is to the rectangle contained by the oe< 
sines of half the sum and half the difference of ^ vertical angle 
and the difference of the angles at the baBe> so is the square of 
the radius to the square of oie conne of half the base of the trt« 
angle. 


Let A, B, C, and a denote the same things as in last theorem, 


Sin. B Sin. C : Cos. ^(A + B C) Cos. ^(A — B + C) : : Rad* 
Cos* ia. 

For, by applying Theor. XIII. to the supplemental triangle, we 
have 

Sin. hf Sin. & : Sin. ^ bl — o') Sin. i(af — . i' e^ : : R* : 

Sm* JA', 

and, by substitutmg as before, we have 

Sin. B Sin. C . Cos. ^(A 4. B — C) Cos. ^(A — B 4* C) 
. : Rad* : Cos* ^ 


IS. We proceed now to the application of the precedmg theo- 
rems, to the solution of the several cases of obhque-angled spheri- 
cal triangles. Every oblique-angled tnai^le may be resolved into 
two right-angled triangles, and the unknown parts found by the 
principles applicable to the solution of right-angled tnaimles. But 
a mudh better solution may be obtained, without the aiaof a per- 
pendicular, from Theorems I., VIIIv IX., &C....XVL 
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PROBLEM L 

Given two ndes, and the included ang^e of an obU^ue*angled 
spherical tnangle> to find the other aagke and the remaining side. 

\ 0 ^ 

Ex. 1 . In the obhque^mgled triangle ABC, let the aide AB be 
480 SQ/, the aide AC 680 W, and tfe angle A IV t tequired 
the remaintng patta of die triangle? 




From B, dth» of the required 
angles, draw the arch BDperpmidi* 
cular to AC the opposite side, then, 
in the right>angled triangle ABD, 
we have given the hypotenuse and 
the angle A. Hence, 


B 



To find AD and DC. 


As radius 

To Tan. AB, 480 3<y 
So IS Cos. A, 360 14 ' 


10 . 000000 ] 

10.053192 

9.906667 f (Theor. H. A) 


To Tan. AD, 420 2V 21" 9.959859 j 


Because AB is less than a quadrant, AD and angle A are of the 
same species, (§. 10.) so that AD is less than a quMrant 

AC = 680 56' 

AD s 420 21 ' 21 * 


DC = 260 34' 39* 
To find BC. 


As Cos, AD, 420 2 i' 21" 
To Cos. DC, 260 SV 39" 
So is Cos. AB, 480 30 ' 


9 . 86^0 

9.951498 

9B21265 


(Theor. 11. §. 12 .' 


To Cos. BC, 360 41 ' 9 " 9.9041SS 



15ft 


OF SPHERICAL TRIGONOMETRY. 


Because AB is less than a quadrant, therefore AD, DB, ate of 
thh same species : but DC is of the same species with AD : hence 
BD and DC are of the same species, and BC is therefore less than 
a quadrant. ($. 8.) 


To find angle C. 

As Sin. DC, Sfio 34f 39* 9.650703 
To Sffl. AD, 420 21' 21" 9.828488 
So IS Tan. A, Sfio 14' 9.864975 

To Tan. C, 47° 48' 58* 10.042760 J 


(Theor. V. j. 12.) 


Smce each of the angles A and C is of the same species with the 
perpendicular, (§. 7.) C is of the same species with A, and is there- 
fore less than a nght angle. 


To find angle B. 


As Sm. AB, 48° 30' 
To Sin. AC, 680 56' 
So Sm. C, 470 48' 58" 


9.874456'] 
9.969957 
9.869815 V 


(Theor. L f. 12.) 


To Sin. Supp.B, 670 24' 17" 9.965316 J 
1800 


Angle B = 1120 35' 43" 

If, from C, a perpendicular were let fall upon the opposite side 
AB, the perpendicular would be found to fall without die tnangle. 
Hence the angle A and the supplement of B are each of the same 
species with the perpendicular ((. 7.) , therefore the angles A and 
B are of different species , so that the wgle B is greater than a 
nght angle. 

The unknown parts of the triangle may be found without the aid 
of the perpendicular arch BD, by procMOrng as follows : 


To find the angles B and C. 


As Sm. i(AC + AB) 58o 43' 
ToSin.|(AC— AB) IQO 13' 
So is Cot. I angle A, Ifio 7' 


9.9317681 


9.848883 


10.485223 \ 


(Theor. VIII. §.12.) 


To Tan. J(B — C) 3*o 23' 22" 9.802838 J 
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Again, 

As C«M. i(AC 4. AB) W" 

To Cot. |(AC — AB) 100 ly 
So u Cot. jangle A, 18o 7' 

To Tan. j(B 4. C) SQo IS* 2(F 
• • |{B — C) S20 OS' «2» 


9A'15S94'| 
0.99S059 I 
ia4859S3^ 


(Theor. IX. $. IS.) 


10.702888 J 


Angle B s 1120 35' 42* 


Angle C = 470 OS' 58* 


To 6nd CB. 


As Sin. angle C, 4^0 48* 58* 
To Sin. anj^e A, S60 14' 

So IB Sin. Al^ 480 gQi 

To Sin. BC, S60 41' 9* 


9.869815') 

9.77164S 

9.874456 [ ('Ilieor. I. $. 12.) 


9.776284 


Ex. 2. In the spherical triangle ABC, there are given the side 
AB sr 1140 OS', the side BC =: 560 40', and the angle ABC = 
620 52'; required the remaining parts of the triangle ?--Ani. Re> 
niiunuig side AC, 8S0 10' 28* , angle A, 480 OS' 26* , angle C, 
1250 21' 12*. 


PROBLEM U. 

Given two angles, and the side between them, to find the re* 
mainifig angle and Ae other odes. 

Ex. L In the oblique*angled triangle ABC, let the side AB be 
620 IS', the angle A, S50 W, and the angle B, llfio 40'; required 
the remauung parts of the triangle?— .iua.* The side AC ss 840 
17' ; BC = 400 121 21*; angle C s 520 SO’ 51*. 


SobUbm. 


From B, either of the given angles, draw the arch BD perpendi- 
cular to the opposite side AC, (Sm fig. Prob. 1.) , then, 
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To find oi^Im ABD, CBD. 

Rad. : C!os. AB : : Tan. A : Cot. ABD. (HieOr. VL §. 4.) 
Angle CBD a ABC ABD. 

To find BC. 

Coi. CBD : Coa. ABD : : Tan. AB : Tan. BC. (Theor. III. §. 12.) 

The ude BC is lesa than a quadrant, beoauae the angle CBD, 
and the angle A which determinea the qieciea of the perpendicular 
BD, are of the aame apeciea. (§. 7. and §. 10.) 

To find angle C. 

Sin. ABD : Sin. CBD : : Coa. A : Coa. C. CDieor. IV. §. 12.) 

Anglea A and C are of the aame apeciea, each being of the aame 
apedea with the perpendicular BD, therefore angle C ialeaa than a 
right angle. 


To find AC. 

Sin. A : Sin. B : : Sin. BC : Sin. AC. (Theor. I. §. 12.) 

If a perpendicular arch were drawn from the angle A to the op. 
poaite Bide BC, the angle indiided between that perpendicular and 
the aide AC would be found to be of the aame apeciea with the 
supplement of angle B ; therefore AC ia less than a quadrant. 
(§. 7. and §. 10.) 

Or thus, without drawing a perpendicular. 

To find AC and BC. 

Sin. i(B + A) ; Sin. J(B — A) : ; Tan. |AB ; Tan. ^(AC -a BC). 

(Theor. X. §. 12.) 

Cob. + A) . Coa. i(B — A) ; : Tan. JAB ; Tan. J( AC + BC). 

(Theor. XI. jj. 12.) 

Half tlie sum, and half the difference of die sides being dins ob- 
tained, the sides AC, BC, themselves are eadly found. 

To find angle C. 

Sm. BC ; Sin. AB ; : Sin. A ; 8m. C. (Theor. I. §. 12.) 


Ex. 2. Given the side BC, 1170 W W, the angle B, 700, mid 
the angle C, 1220, to find the other parts of the tri- 



Of SAiBRieAi tRtmil&mtsx. 


m 

itegle?— /Ifw. Tbe remtiniitt ii^ BAC» 100<> 4^* 46*; tide 
AC, 680 d' 4r, the iU» AB^ ISe^ 


PROBLEM UL 

* 'Given the two eldei, and an an^Ie oppoHte to one of them, to 
find die odier ai^lea the remiraing nde. ’ 

Ex. 1. In the oblique^gled triangle ABO, let the ride AB be 
510 the side BC, 420 IT, and the angle BAC, 870 2S'; re> 
qnired the remaining parts of the toangle ? — Ans. Angle C =: 440 
S9r 16*; angle B s llfio Ity 26* and side AC =: 770 26' 43*. 

SolutlOH. 

To find angle C. 

Sin. BC : Sin. AB : iSin. A : Sin C. (Theto. L§. 12.) 

Angle C is amb^ous. 

To find an|^ ABC. 

From B, draw BD perpendicular to AC; then, 

R : Cos. AB : : Tan. A : Cot. ABD ; (Tbeor. VI. §. A) 
and Tan. BC : Tan. AB : : Cos. ABD : Cos. DBC. (Theor. III. §. 12.) 

Angle ABC s ABD j- DBC. 

The ambiguous sign 4 . or >- rmidets ABC ambiguous. 

To find AC. 

Sin. A . Sin. ABC : : Sin. BC : Sin. AC. (Theor. L $. 12.) 

Angle ABC bemg aml^out, AC is also ambiguous. 

AiiAs.-^ln this problem, as in 
the analogous problem of plane 
triangles, diere are, iridiincmtain 
limits, two triangles whichsatisiy 
the conditions. First, let us sup- 
pose the given angle A less than 
900, and ^ nde AB also less 
than 900 . then, since the an^e 
A and the side DB of the right- 
angled triangle ABD are of die 
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same qpecies, (§• 7.) DB it lest &an 90^ ; so that BD is the dioitest 
distance of the point B from the lurch AC » and taking DC' = DC, 
the oblique arches BC, BC' are equal, and^encrease as the points 
C and C recede from D. When BC is greater than BD, but less 
than BA, there will therefore be two triangles, ABC, ABC', each 
of which satisfies the conditions of the question : but if BC be 
greater than BA, the point C' will fiUl beyond A, so that there wd! 
be only one tnangle ABC. 

Again, let us suppose the angle A less than 90^, but the side 
AB greater than 90<’. Produce AB and AC to meet again in A'; 
Aen It is evident, 
that when BC is 
greater than BD, 
but less than BA', 
there will betwo tn- 
angle8,ABC,ABC', 
but when BC ex- 
ceeds BA', the point 
C' will fall beyond A', so that there can be but one triangle ABC. 
When the sum of AB and BC is less than 180^, there will there- 
fore be two triangles, ABC, and ABC' ; but when their sum is 
greater than friere will be only one tnangle ABC. 

Considering in the same manner &e case in which the given an- 
gle A 18 greater than 90^, we may determine under what circum- 
stances the same daia admit of two triangles, and when they admit 
only of one. 

Upon the whole, let A denote the given angle of the triangle, a 
Its opposite side, and c the other given side : then, 

If A be less than 90^, and c less than 90<’, and a greater than c, 
there is but one triangle : but if a is less than c, there are two tri- 
angles. 

If A be less than 90^, and c greater than 90^, and a + e greater 
than 180^, there is only one tnangle ; but if a -f- e be less than 
ISQt’, there are two tnangles. 

If A be greater than 90^, and c less than 90^, and a ^ c 
greater than 180^, there are two tnangles ; hu% if n 4 - c be less 
than 180^, there is but one triangle. 

If A be greater than 90^, and c greater than 90^, and a greater 
than c, there are two tnangles , but if a be less than e, there is 
but one triangle. 

Or thus, without drawing a perpendicular. 

To find angle C. 

Sin. BC : Sin. AB : : Sin. A : Sin. C. (Theor. I. §. 12.) 
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To find B. 


Sin.^AB->BC):Siii.i(AB 
^Theor. VIIL §. 18.) 


+ BC) : : Tan.i(C— A) : CotiB. 


To find AC. 

Sn. A s Sin. ABC : s Sn. BC t Sin. AC. (Tboor. I. §. 18.^ 


Ex. S. Let the ^ AC be llfio SV, the nde AB, fifio W, ud 
the angle B, opposite to the former, 1S5<*, 8<K , required the side 
BC, the remaining angles A and C The tide BC, 8S** 

11' 5S»; angle C, 480 Siy sr ; and angle A, 620 53' 59*. 


PROBLEM IV. 

Given two angles and a nde opposite to one of them, to find the 
other sides, and the renuuning angle. 

Ex. 1. In the oblique-angled triangle ABC, let the angle A be 
810 3 ^, the angle B, 1290 4f, and the side AC, 760 4fi required 
the remaining parts of the triangle?— .Ana The side BC, 890 
56* ; the sido AB, 44® &Sf 40* ; and angle C, 84* 8*. 


Sotuiun. 

To find BC. 

Sin. ABC ; Sin. A ; ; Sin. AC : Sin. BC. (Theor. I. §. 12.) 


To find AB. 

Prom the unknown angle C, 
draw CD perpendicular to AB ; 
then 


I 


C 
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Rad. : Cos. A : : Tao. AC : Tan. AD ; (Theor. IL §. 4.) 
and Tan. B : Tan. A : : Sin. AD : Sin. BD. (Theor. V. §. IL) 

AB = AD — BD^ 

To find angle ACB. 

Sm. BC : Sin. AB : « Sin. A : Sm. ACB. (Theor. I. §» 12.) ' 

>In this problem, as in the preceding, there are, within 
certain limits^ two triangles which satisfy the conditions. The 
rules for determining whether in any particular case the data admit 
of two tnangles or of only one, may he deduced by considering the 
supplemental triangle. Ihey are as follows : 

Let A, B denote the two given angles, and b the side opposite to 
the angle B. Then, 

If b be greater than gO^, and A greater than 90®, and B less 
than A, there is only one triangle ; but if B he greater than A, 
there are two triangles. 

If b be greater than 90®, and A less than 90®, and B -A. less 
thad 180®, there is only one triangle ; but if B A be greater 
than 180®, there are two tnangles. 

If 5 be less than 90 ®, and A greater than 90®, and B 4 . A less 
than 180®, there will be two tnangles ; but if B 4 - A be greater 
dian 180®, there will be only one triangle. 

If b be less than 90®, and A less than 90®, and B less than A, 
there will be two triangles ; but if B be greater than A, there will 
be only one triangle. 

Applying this last maxim to the above example, it appears that 
the dhto ammt of only one triangle. 

Or thus, without drawing a perpendicular. 

To find BC. • 

Sin. ABC : Sin. A : : Sin. AC : Sin. BC , (Theor. I. §• 12 .) 

To find angle ACB. 

Sm. MAC — BC) : Sin. MAC 4 . BC) : : Tan. 4(B — A) : 

Cot-^ACB. (Theor. VnL§.l*.) 

To find AB. 

Sin. A : Sin. ACB : : Sm. BC : Sin. AB. (Theor. I. §• 12 .) 
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Ee. 2. If one side of • tphorie^ tnangle be 79** 17' 14", ite op- 
posite angle 62^ 34' 6^ also another angle of the triangle 50^ ; it 
IS required to determine the unknown ptMs of the thangle t-—Aiu. 
One of the remaining tides 58<* ; the other remaining tide IlOO , 
the remaining angle 121* 56*. 


PROBLEM V. 


Given the three sides, to find the angles. 

4 

E*. 1. In the oblique-angled triangle ABC, let the side AB be 
530 scK, the side AC, 740 56', and the side BC, 450 48' i inquired 
the three angles of ^e triangle ?— Ans. Angle A, 450 gg* iy , 
angle B, 1050 33* , and angle C, 5S0 18' 44". 


SoMim. 


B 

From B, one of the angles of the 
tnangle, draw BD perpeiwcular to 
AC, the opposite side. 


To find the segments AD and 
DC. 


Tan. 4AC : Tan. MAB BC) . : Tan. i(AB BC) i 
Tan. i(AD — DC). (Theor. VI. §. 12.) 

When the perpendicular fldls without the triangle, this proportion 
gives i(AD -f. DC). 

i(AD + DC) + i<AD — DC) = AD 

*(AD -I- DC) — KAD — DC) s DC. 

To iiiid aagk A. 

Tan. AB : Tu. AD : ; Rad- 1 Caa- Am. (Thaor, XL $. 4) 
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To End angle C. 

Tan. BC : Tan. DC : : Rad. : Coi. C. (Theor. 11. §. 4.) 

To find an^e B. 

^ = Sto. AC . = {^ ^} = an. B. (IW. L 5- !»■) , , 

Or thua, without drawing a perpendicular. 

^ To find angle A. 

Sin. AB Sin. AC : Sin. 4(BC + AC AB) Sm.^BC — AC + AB) 

: : Rad« t Sin« ^A. (Theor. XIU. §. 12.) 

Or, 

Sin. AB Sin. AC : Siii.a(AC+ AB + BC) Sin. 4(AC + AB — BC) 
: : Rad« : Co8« ^A. (Theor. XIV. §. 12.) 

Angles B and C must be found in the same manner ; or, by 
Theor. I. §. 12. 

To find angle B. 

Sin. BC : Sin. AC : . Sin. A : Sin. B. 

To find angle C. 

Sin. BC : Sin. AB : : Sin. A : Sin. C. 

JSr. 2. The three sides of a spherical triangle, are 65<’ 40', 890 
46' 45", and 54** SO' 14" respectively ; it is requited to determine 
the thrM angles ?— >Atw. The angles are respectivdiy equal to 59** 
50* 22", 1080 28 ' 86", and 500 42* 55". 


PROBLEM VI. 

Given tlie three angles, to find the rides. 

St. 1. In the oblique^mgled triangle ABC, let the angle A be 
46**, 200 the angle B, 123** 56, and & angle C^Od** 86; required 
the rides of the triangle The ride Ajk US** 8637"; 
AB m 850 56 87"; BC s 5S**612". ^ 
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From B, one of the angles of the triangle draw BD perpendicular 
to the opposite side AC. (See fig. Prob. V.) 

To find the segments ABD, DBC, into which ABC is divided 
bjr the perpendicular. 

* Cot. AB . Tan. A + C) . : Tan. ^(C — A) : Tan. ^(ABD — DBC). 
(Theor. Vll. §. 12.) 

When the perpendicular falls without the triangle, this propor- 
tion gives ^(ABD 4- DBC): 

Then, 

i(ABD + DBC) + i(ABD — DBC) = ABD. 
i(ABD + DBC) — i(ABD — DBC) = DBC. 

To find AB 

Rad. : Cot. A . Cot. ABD . Cos. AB. (Theor. VI. Cor. 4.) 
To find BC. 

Rad . Cot. C . Cot. DBC . Cos. BC. 

To find AC 

sl^ A } ■ ®"- ® “ { sl^ BC } ‘ S'"- 

Or thus, without drawing a perpendicular. 

To find AB. 

Sin. A Sin. B : Cos. ^(A + B + C) Cos. ^(A + B — C) : : R* : 
Sin* (Theor. XV. §. 12.) 

Or 

Sin. A Sin. B : Cos. 1(B — A -f C) Cos. i(B A — C) : : R* : 
Cos* j^AB. (Theor. XVI. §. 12.) 

The sides BC and AC taay be found in the same manner; or, 
by Theor. I. 12. 


To find BC. 

Sin. C ’ Sin. A : i Sin. AB : Sin. BC. 

L 
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To find AC. 

Sin. C : Sin. B . : Sin. AB : Sin. AC. 

Ex. 2. In the oblique-angled spherical tnangle ABC, there are 
pven the angle A, litP 35', the angle B, 630 30' and the angle C, 
59® 25' ; It is required to find the sides <rf the triangle ® — An$. The 
side AB, 71® 28' 40*. the side AC, 80® 17' 56*. the side BC, 
124® SI' 80**. 


APPLICATION 

or 

SPHERICAL TRIGONOMETRY 


TO TIIR 


SOLUTION OF ASTRONOMICAL PROBLEMS. 


pROBw I. Supposing the obliquity of the ecliptic, or the sun’s 
greatest declination, to be 23^ 3(y ' , it is required to find his 

right ascension and declination, when his place m the ecliptic is 
18° 24', Taurus? — An$, Right ascension, 45® 56' Declina- 
tion, 17® 19' 7" N. 

PaoBs IL In latitude 55® 58^ N.| on a particular day in the 
season of spring, the sun’s meridian altitude was observi^ to be 


* The answers to the esamples under the sereral problems, being earned to 
seconds, it may bo proper to remark, Uiat the different methods of solution, 
may sometimes give results different from each other by one or two seconds 

Tills arises Arom the tables giving the sineib tangents, &c. to no more than six 
decimal places. 
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490 15^ 94V . reqiured his place in the echptic ?— The flun*s 
place 18 16' IS'' of Taurus. 

Prob. 111. If the sun's place in the ecliptic be 18^ 2^ of Tau- 
rus, It 18 required to find the time of his nsing and setting on tliat 
dav, and also the point of die compass upon which he rises and 
sbu, supposing the latitude of the pace to be 55^ 58' N. ?«— Aiur. 
The sun rises E. S2^ 8' N. at 4^ 1(K morning ; and aets W« 

8' N. at 7*^ W evening*. 

Pros. IV. In latitude 60^ 4/ N., the sun being north of the 
equator, his altitude at six o’clock in the evening, was found to be 
18^ 19', required the declination and aaimutli of the sun at that 
time ^ — Ans* Sun’s declination, 21^ 15' 45" N. Azimuth 79® O' 41" 
from the north. 

Prob. V. At Edinburgh, in latitude 55^ 58' N., on the long- 
est day, 21st June, what is the sun’s altitude, and what is the hour, 
when he is due east or west, supposing the obliquity of the ecliptic 
to be 23^ 27' 30" ? — Ans. The sun is due east at 7'' 8' 10" morning, 
and due west at 4» 51' 50" afternoon. Altitude at that time, 28* 
42' 33". 

Prob. VI. In what latitude does the sun rise at 4*' SO' A. M., 
when hiB declination is 21* 16’ N.? — Ans. In latitude 44* SO* 
55" N. 

Prob. VII. At London, in lautude 51* 32' N., the sun’s true 
altitude was found, in the afternoon, to be 36* 10', his declination 
on that day being 16* 34' N. ; required the apparent time, and also 
the sun’s azimuth ?— Aiis. Apparent time, 3^ 28' 6", Sun’s azimuth, 
69* 22' 15" from the south. 

Prob. VIII. At what time does twilight begin and end at Edin- 
burgh, in latitude 55* 58' N., when the sun’s place in the ecliptic 
is 19* 18’ of Libra,— supposing the inclmation of the ecliptic to be 
23* 27' 30", and that twilight contmues till the sun is 18* below 
the horizon Morning twilight begins at 4** 35^ 20"$ and 

evening twilight ends at 7^ 24' 31". 


* It It to bo obtonrad, that hem no allonnnet it mtd« tor Uio daily changt of 
declination, nor for the effbets of parallax and reliraction. 

L2 
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PfiOB. IX. In latitude 61® 32', at 2** 55' 20" P. M. appa- 
rent time, the sun's altitude was observed to be 40® J9', required 
the sun's azimuth and declination ^--^Ans Azimutli, 60® 58' 47" 
from the south. Declination, 16® 11' 21" N. 

pROB. X. Supposing the sun's declination to be 18® 30' N., and 
that at 10** 11' 26" A M , his true altitude above the horizon of ji 
place in the northern hemisphere^ was found to be 52® 35', requir- 
ed the latitude of the place of observation ^ — Atu. The latitude is 
48® 61' N, 

iV£;/e,-<-It is evident, that of these six things, the latitude, the 
altitude of the sun, his declination, the horary angle, the azimuth, 
and the angle at the sun,— any three being given, the rest may be 
found. 

PnoB. XL At Edinburgh, in Lat. 55® 58' N , and Long 3® 
12' W , on the 26th Febiuary 1816. at some hour of the night, the 
star Arcturus was observed in the eastern lleml^phcre, elevated 
above the liori/on, 28® 46', at what hour wu^ the observution 
made'' — the right ascension of the star being 14^ T 16", its de- 
clination 20® 8' 3b" N. , the sun’s right asiciiMon for noon at 
Greenwich, as found by the Nautical Almanack, 22** 34' 17", and 
the daily change of the sun's right anension 3' 46". — Am* Appo- 
lent time of observation, 10*' 58' 45" P, M. 

Prob XII What IS the distance between the fixed stars Alde- 
baran in Taurus, and Piocyon in Cams Minor, the right ascension 
of the former being 66® 20' 24", and its decimation 16® 7' 51" N., 
—the right ascension of the latter being 112® 24' 34", and its de- 
clination 5® 41' 26" N ^ — Ans* Distance =: 46® 19' 3". 

Prob. XIII. Let the longitude of a particular star be supposed 
to be 198® 27', and its latitude 31® 2' N. , it is required to find its 
right ascension and decimation, also the angle contained by the 
circle of latitude and the circle of declination which pass through 
that star? — Ans. Right ascension, 209® IT 6" Declination, 21® 
24/ 22". Angle at the star, 23® 66' 44". 

Prob. XIV. Supposing the place of the sun to be IS® 24' of 
launis, and that, at twenty minutes past nine o'clock in the even- 
ing, the true altitude of a star, which is observed in the south-east 
quarter, is found to be 43® 16' above the horizon , the angle be- 
tween the vertical circle on which the star is observed, and the 
meridian being 47® 24', and the latitude of tlie place of observa- 
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tion being 51', it is required to determine the right ascension 
and decimation of the star, and also the time of its passing the 
meticliaii '' — Atts Hight a^cenMon, 83' 55". Declination, 10^ 
21' &"• Time of pabsing the meridian, 11^ 3b' 31" in the evening. 

Prod. XV. Suppose the distance of a comet or new 8ti«% 
which IS to the north of the ecliptic, to be 65*^ 47' from Sinus, 
whose latitude is 39^ 33' S., and longitude 3* 11® 13', and nl® 6' 
from Procyon, uhosc latitude is 16^ 58' S., and longitude 3* 22^ 
5V , It IS lequired to find the latitude and longitude of the comet 
or star ^—Ans. hat. 22^ 51' 43" N. Long 78t> 57' 43". 

Prod XVI. At a place in the northern hemisphere, the sun's 
decliimtion being IQO 39' 12" N., the true altitude of his centre, in 
the forenoon was found to bo 38^ 20' 30", and at the end of an 
hour and a half aftei wards, 50^ 26' 10", required the latitude of 
the place ^ — Ans. 51 « 32' N. nearly. 

Prod. XVII. At 9^ 23' 20", A. M. apparent tune, the true alti* 
tude of tlie sun’s centre was 34^ 29', and at 11^ 9' 32", the alti- 
tude was 42^ 19', required the latitude and decimation 
Latitude 57^ T N. Declination lOo 27' N. 

Prod XVIII. On 1st July 1812, in latitude 57® 9' N., and 
longitude 2® 8' W., the stars Vega and Altair were observed east of 
the meridian on the same vertical circle at 10*^ 9' F, M./ier watch ; 
required the apparent time of observation and the error of the 
watch the right ascension of W’ga being 277® 38' 48", its de- 
clination, 38® 36' 47" N. , the right ascension of Altair, 295® 24' 
23", Its declination, 8® 22' 45" N. , also the right ascension of the 
sun for noon at Greeimich, as found by the Nautical Almanack, 
6^ 40' 53 9", and the daily change of the sun’s right ascension, 4' 
8"?— -Ans. Apparent time, 10*» 11' 43", Watch slow, 2' 43". 

Pros. XIX. Required to determine the true distance between 
the sun and moon, from the following dutia, viz. Moon’s apparent 
altitude, 22® 15'. Sun’s apparent altitude, 21^ 35'. Apparent dis- 
tance, 1 19® 20' 34". Moon’s parallax in altitude^ 53' 41". Moon’s 
refraction at the observed altitude, 2' 19". Sun’s parallax iti alti- 
tude, 8". Sun’s refraction at observed altitude 2' 24" ?^m^AnSy 
True distance 118® 46' 48". 
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ABSTRACT OF THE RULES 

* 

FOR THE 

MENSURATION OF PLANE SURFACES 

AMD CF 

SOLIDS. 

Thb term Memwraiknf if usoalljr employed to denote a system 
of rules and methods, by which numerical measures of geometrical 
quantities are obtained. 

In every practical application of mathematics, it is requisite to 
express magnitudes of all kinds by numbers. For tins purpose, 
some determinate magnitude of the same kind with tliat which is to 
be measured, must be assumed as a measuring unit , and the num* 
ber expressing how often this unit is contained in the said magni- 
tude, IS the numerical value or measure of the magnitude. 

MENSURATION OF PLANE SURFACES. 

PROBLEM I. 

To find the area of a parallelogram, whether it be a square, a 
rectangle, a rhombus, or a rhomboid. 

Rule 1 . -^Multiply the length by the perpendicular breadth, and 
the product will be the area* 

Ihmonstraium, The measuring unit of surfaces, may be of any 
determinate figure and magnitude. If we employ, as is usual, the 
square descnbed upon the 
measuring unit of lines, it 
is evident, that, in order 
to find how often this 
square is contained in the 
rectangle ABCD, li is 
oafy^ecessarY to multi- 
ply together the numbers 
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which express how often the linear unit is contained in its length 
and breadth. But the paralldognm £BCF is equal to the rect- 
angle ; hence the reason of the rule u manifest 

Ex. 1. Required the area of a square, whose side is 19^ feet ?~ 
Am. 380.25 feet. 

• 4 

2, Required die area of a rectangte^ whose lengdi is ISMS 
chains, and breadth, 9.25 chains?— 124 ac. 2 ro* 23 po* 

3. Required the area of a para]IeIograni» whose length is 49 feet 
9 inches, and perpendicular breadth is 7 feet S inches ?— ulna* 
S60|^ feet, or 360 feet & 3^ 

Rule 2. — As radius, 

To Bine of any angle of the parallelogram , 

So IS the product of the sides containing the angles 

To the area of the parallelogram* 

Denumsirahan^ For, in the right-angled triangle ADE, Rad. : 
Sin. D • • AD : AE, and niuUt* 
plying the two last terms of this 
proportion by DC, we obtain 
Rad. Sin. D . * AD X DC : 

AE X DC , but AE X DC = 
area ol the parallelogram , hence, 
the reason of the rule is obvious. 

Ex. 1. Suppose the sides AD and DC to be 27 feet, and 47.25 
feet respectively, and the included angle D 38° 20^ ; required the 
area of the parallelogram ^ — Ans* 701.27 square feet. 

2. Suppose the sides of a parallelogram to be 79.75 Jigdib itnd 
84.32 yaids respectively, and the included angle 46^ 85C|^^|ii(|ired 
the area ? — Am, 4884.5 square yards. ^ ^ 



PROBLEM U. ^ 

To find the area of a triangle. 

Rule 1.— Multiply any one of its sides by the perpendicular let 
fall upon It from the opposite angle, and half the product will be 
the area. 

For every triangle is half of a paraUelogram of the same base and 
altitude. 
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Et. 1. What IS the area of a triangle ABC, whose base BC is 
54, and ptTpendicular AD is 29.5^ chains ?~A[rs. 79 acres, 2 
roods, 32 64 poles. 

2. What IS the expense of paving a triangular court, at 4s. 6d. 
per square yard^ one oi its sides being 48 feet b inches, and the per- 
pendicular ifom the opposite angle, 30^ feet <£18 : 9 : 9|. 

Rule 2 —As radius, 

To sine of ai.y angle of a triangle ; 

So 18 the product of rlie sides containing the angle, 

To twice the area of the triangle. 

This rule follows immediately from Rule 2. PTob. I. 

Ex. Wliat IS the area of a triangle ABC, whose two sides AB, 
BC arc 45 and 56.75 feet, and the included angle B, Sb^ 4o' ^ — 
Ans. 763 98 square feet. 

Rule .3 — Wlien the three sides are given. Add together the 
three sides, ond take one half of the hum. Next, from the said half 
sum, subtract each side severally, thus obtaining three remainders , 
lastly, multiply the said half sum and these three remainders ail to- 
gether, and extract the square root of the last product, for the area 
of the triangle. 

DemomiraUoru Let ABC be any triangle, produce AB any 
one of Its sides, and take 
BD and each equal to 
BC , join CD and Cd^ and 
througl) A dinw a line pa- 
rallel to BC, meeting CD 
and Cef, produced in £ and 
€, thus the angle A ED 
wiH be equal to the angle 
BCD, that IS, to the angle 
BDC or ADC, and hence 
AE = AD : And in like 
manner, because the angle 
Ktd IS equal to BCd, that 
is, to the angle BdC or 
Adtt therefore Ad = Ae. 

On A as a centre at the 
distance AD or AE, de- 
scribe a circle meeting AO in F and G ; and no the same c«itrc 
with the distance Ad or Ae, describe another circle meeting AC jn 

py and draw BH and BA perpendicular to CD and Cd. 
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Then, because BD, BC, and Bd are equal, tlte point C is in the 
circumference of a circle, of which Dd is the diameter ; thertfore 
CD and Cd are bisected in H and A, and the angle DCc? iS a right 
angle , and hence the figure ( HBA is a rectan^e, so that BA ss 
CH =: |CD and Bh zz Ch zz ^Cd. Join Bb and Be, then the 
triangle ABC is equal to each of the triangles BEC and BeC, but 
ahe triangle BEC = X BH, that is ^^C X Cd, and in like 
manner tlie triangle BeC =: |eC X BA, that is to ^C x CD. 
Therefore the triangle ABC = ^EC X Cd, and also x CD. 
Now, since CD : Cd : . CE x CD : CE X Cd, and also CD 
: Cd : : Ce X CD . Ce x therefore CE x CD : CE X 
Cd : : C« X CD . Ce x Cd, that is, because CE x CD = FC X 
CG and Ce x Cdz./C X 

FC X CG : CE X Cd: . Cc X CD .yC X C^, 

which last proportion, by taking onc»fourth part of each of its terms, 
and substituting the triangle ABC instead of its equivalent values 
^C£ X Cd and ^Ce x CD, gives us 

JFC X JCG : tnan. ABC • . tnan. ABC • J/C X JC^. 

Hence tnan « ABC = ^FC X ^CG X i/C X JC^, and 
tnan. ABC = 

Now, since FA or AG = AD sr AB + BC if we put AB -f 
BC + AC = US, wc have JI C = S . ^CG - J(2S — 2AC) =: 
S — AC, i/C = >(AC + (AB — BC)) = i^2i> — 2BC) = 
S — BC , and ^^Lgzz i(AC — (AB - BC)) = |(2S — 2AB) = 
S — AB. By subbtituting these values iii the above expression for 

the area of the triangle ABC, we o btain, 

triangle ABC — b X (S — AC) X — BC) v (S — AB) 

This formula, when expressed in words, is exactly the rule above 
stated. 

Ex. i. Required the area of a triangle, whose three sides are 
40 52 , 75 and 37^46 chains respectively ? — A?te. Bi acres, 2 roods, 
3 poles. 

2. The three sides of a triangular field are 46 chains 37 links, 
St- chains 4 links, and 51 chains 39 links , Required the area? — 
Ane* 77 acres, 0 roods, 21.57 poles. 

PROBLEM IIL 

To find the area of a trapeaoid. 

> RuL£.~Add together the two paraUid side% then multiply the 
sum by the perpendtculair breadth or disCknce between, and half the 
product will be the area. 
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Ihnicniiratkm* By dividing 
the trapezoid ABCD into right- 
angled triangles, we have the 
area = AED + DEC + CEF 
+ CBF iDE X AE + 
pE X DC + iFC X FE + 
}CF X FB = pE X (AE + 
DC + EF + FB) = pE X 
(AB 4 . DC), from which the 
rule is sufficiently obvious. 



Ex. 1. Required the area of a trapezoid ABCD, whose parallel 
sides CD and AB are 9.5 and 28.25 chains, and perpendicular 
breadth DE, 19.7 chains ^ — Ans. 37 acres, 0 roods, 29.i poles. 


2 . Given the parallel sides of a trapezoid equal to 140 3 feet, 
and 75.45 feet, also the perpendicular distance equal to 69.75 feet , 
required the arca^ — Ans. 7524.28125 square feet. 

3. How many square feet in a plank 13 inches broad at one end, 
and 15 inches at the other, the length being 16 feet 5 inches ^ — 
Ans. 19 feet 1 inch 10 \ 


PROBLEM IV. 

To find the oiea of any trapezium. 

Rule. — Divide the trapezium into two triangles by a diagonal, 
then find the areas ot these triangles, and add them togethc^. 

Abfe.— If two perpendiculars be let fall on the diagonal from the 
two opposite angles, the sum of these perpendiculars being multi- 
plied by the diagonal, half the product will be the area o^ the tra- 
pezium. The reason of this rule is evident. 

Ex. 1. Required the area of a trapezium of which the diagonal 
IS 49.7 chains, and the. perpendiculars falling upon it from the op- 
posite angles 25.9 and 14.5 chains^ — Ans. 100 acres, 1 rood, 
23.04 poles. 

2. In the four-sided field ABCD, on account of obstacles in the 
two sides AB, CD, and m the perpendiculars the following mea- 
sures only could be taken, namely, the tu o sides BC, 26«1, and 
ADi 230 yards, the diagonal AC, 378 yards, and the two dis- 
tances of the perpenduculars from ^e ends of the diagonal, namely, 
AE, 10(^ and Cl% 70 yards , required the area ?— 17 acres, 
2 roods, 21 poles. 
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PROBLEM V, 

lo find the area of an irregular polygon. 

RvLE^Draw diagonals, dividing the figure into triangles and 
•trapeziums , then find the areas of all these separately » and add 
them together for the area of the polygon. The manner of apply- 
ing this rule is evident. 


PROBLEM VI. 

To find the area of a regular polygon. 

Rule. — Multiply the perimeter of the polygon or the sum of its 
sides, by the perpendicular drawn from the centre upon one of the 
sides, and taJce half the product for the area. This rule is evidently 
nothing more than a particular mode of applying the rule of the 
preceding problem. 

Ex* 1. Required the area of a regular pentagon ABODE, whose 
side AB or CD, Ac. is 27 feet, and perpendicular HK is 19.25 feet? 
— Ans. 144f.375 square yard^ 

2. Required the area of a regular hexagon, of which the side is 
49 yards? — Am* 62S8 square yards, nearly. 


PROBLEM VIL 

To find riie diameter and circumference of a circle, the one firom 
the other*. 

Rule 7 is to 22, so is the diameter to the circumference 

nearly. 

As 22 is to 7, so 18 the circumference to the diameter nearily. 

Rule 2. — ^As 118 is to 855, so is the diameter to the circum- 
ference nearly. 

As 855 is to IIS, so is the dreumference to the diameter nearly. 


* For the dimonstrsthm of tho rultt kit finding the diameter, circnnirerrace, 
aadareaofadrcle, which m not tan detnonsMsA m JMi Lof the Sup- 
plement to the fifsc dx boelnof Eiichd't Eieiniotsof Ctaesetiy, bp the lata Pro- 
fessor insyfair. 
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Rule S. — As 1 is to 3.1416, so is the diameter to the circum- 
ference nearly. 

As 3.141b 18 to 1, so IB the circumference to the diameter 
nearly. 

Ex. 1. Required the circumference of a circle, whose diameter 
IS 34 feet 106.814 feet. 

2. The circumference of a circle is 16 yards, required the dia- 
meter ? — Ans. 5.093 yards. 

3 Supposing the earth to be an exact sphere, required its cir- 
cumference, the diameter being 7936 miles ? — Ant. 24932 miles 
nearly. 


PROBLEM VIII. 

To 6nd the length of any arch of a circle. 

Rule*. — As 180 is to the number of degrees in the arch, so is 
3 I41b times the radius to its length — ^as is evident from rule 3d, 
of tlie preceding problem. 


* The follow ing iH a very convenient mctlind of approximating to the length 
of an arch of a circlt 

Rule— F rom 8 times the chord of hilf the arch aubtract the chord of the 
whole arch uikI ^ of the remainder will be the length of the arib nearly 

TIiih rule may In hriifly demonstraud thus Let n denote an arch ul a circle, 
then, from the Hiritb expreaaing the aine of an arch m terms of the arch, we 
have, (radius being unity), 

Sin 4'«=4o — ;;8 + 335 o — 4c. 

Therefore, if the arch a be small, so that a* is a very small quantity, we cd)taln, 

< 1 * 

Sin ifl = i« — jjf nearly. 

In bke manner, we have, 

4I» 

Sin ja as ^ ~ ncarljr 

Eliminttiog by nMuw of the two iMt tqiiMiont, the quantity a*, tha naulting 
equation » 

16 Sin. — * SSiD. jfaeesSa 

But 16 Sin ja B chord and 2Sin. Ja as chord a . therefore, 

8 chord ^ — etiord a ss So 

The same conclusion will evidently be obtained, whatever be the radius of the 
circle 
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1. Required the length of the arch AER, whose chord AB 
IS 9, the radtu 3 AC or BC tong 13 feet ?— Aas. 9«2i5h feet. 

2. Suppose the chord AB equal to 25, and radius AC, 19.25 
chains, requu^ed the length of the arch ?—A»a. 27.21 chains. 

PROBLEM IX. 

To find the area of a circle. 

Rule Multiply half the diameter byshalf the circumference, 
and the product ^ill be the area. 

Rule 2 — Multiply the square Of the diameter by .7854, and 
the product will be the area. ^ 

Demomtration^ If the d*anieter of a circle be unity, the circum- 
ference IS known to be 3 1416 nearly. Hence by Rule L the area 
IS ^ X I 3.1416 = •78>4, But the areas of circles are to one 
another as tlie squares of their diameters. Hence, if D be the dia- 
meter of any circle whatever, we have 1® . D** . .7854 . D** x 
7854 = the area of the circle whose diameter is D.— From which 
the rule is evident. 

Ex 1. What 18 the area of a circle, whose diameter is 26 feet ^ 
— Ana 530 93 square feet. 

2 Required the area of a circular field, whose circumference is 
694 yanls ^ — Ana. 7 acres, 3 roods, 27 poles. 

3. Required the area of a ring between the circumference of two 
concentric circles, their diameters being 20 and 15 inches ? — Ana. 
137.445 square inches. 

4 The expense of inclosing a circular court at Ss. per yard, 
amounted to 4320 , required the expense of paving it at 6d. per 
square yard^ — Ana. £1273 : 4 : 9. 

PROBLEM X. 

r 

To find the area of a sector of a circle. 

Rule 1.— Multiply the radius by half the arc of the sector, and 
the product will be the area, as is evident from the first rule given 
for finding the area of a circle. 

Rule 2. — As 360 is to the degrees in the arc of the sector, so 
IS the area of the whole circle, to the area of the sector. 
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jBlr. L Required the area of a circular sector, whose arc contains 
24^ SO', the radius of the cu^ hemg 7 feet ?— Aiis. 10.476 square 
feet. 

2. Required the area of a sector of a circle, the arc containing 
14^1 and the whole circumference being 106 yards?— iln#. 86.096 
square yards. 


PROBLEM XL 

To find the area of a segment o£ a circle. 


Rule.— Find the area of the sector 
having the same arch with the segment 
by tlie last problem— Find also the 
area of the triangle contained by the 
chord of the segment, and the two 
radii of the 8ector---*Then take the sum 
of these two for the answer when the 
segment is greater than a semicircle, or 
take their difference when it is less than 
a semicircle. 

JEx, I. To find the area of the segment AEBDA, its chord AB 
being 25, and the radius AC or BC 19 ?—An8. 80.34. 

2. Required the area of the segment AEBDA, the arch of the 
segment being 290, and the radius 27 feet ?— 7.78 square 
feet. 



PROBLEM XII. 


To find the area of any segment of a parabola* 

Rule— Multiply the base of the segment by its height, and 
two-thirds of the product will be the area. 

JDenumiiraiion. Let BAC be a parabola of which BC is a given 
ordinate and AD the corresponding abscissa. From F any point 
in the curve draw FG parallel to AD, and FE parallel to BD. 
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Put AD =5 a, jr A K 

BD=r6,QD V C \ 

from the na^ B & J) O 

•ture of the ' 

curve we have, AE : AD : : FE* : DB®, that is, a — y : a : : *« 

x^\ 

: ; hence we obtain y s: a (1 — • 

Suppose now BD to be divided into m equal parts ; each part 
will be equal to Let x become successively equal to 
2 3 *111 

-A - A &c -A ftnd let the corresponding values of y be V, 

mm m * » w 

y^i then we obtain, 

when s; =r 0, |f =: a 

« = ^A y = « (1 — 

m ^ ' mV 


* =: - A = a (1 ;) 

« ' ' «*/ 


— *=ss. »"’==»(‘-5) 

TaUng the sum of these equations, and observing that 1* + 2* 
+ 3* + 4* + dtc....+ m* = |- ffi* I m* ^ m, (See Suiq»ion’$ 
AlgAm, Sect. XIV.) we obtain 

y +y' + y' + Ac....+ y<"» = a(i« + 1) — 

Let the angle ADD be denoted by f, and jnultiply both sides of 

this last equation 1>7 ^ ^ Sin. 9, and it becomes, 

—h Sin. ^ (y + y + y* + &«...+ y*>) =«4 Sin. f + ®*n. p 

m m 

— oft Sin. f(i + 
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Now> It 18 evident that the left band side of this result is the 
sum of a series of parallelograins* which approaches nearer and 
nearer to the area of half the parabolic segment BAG, according 
as the number m becomes greater. Let us suppose, then, that m 
IS inhnitc, and we find the area of half the segment equal to 
^ aO Sin (Py or to two-thirda of the parallelogram AHBD. Hence 
it appears that every segment of a parabola is two-thirds of 
circumscribing parallclogiam, and the reason of the rule is obvious. 

Ex 1. Required the area of a parabolic segment, of which the 
base is 15 feet U) inches, and the" height 7 feet B inches? — Am. 
80 Sq. f. 133} Sq. in. 

2 The base or double ordinate of a parabolic segment is 38, the 
abscissa 1 1- , and the angle which the ordinate makes with the ab- 
scissa 75^ 19^ , required the area of the segment ? — Ans. 343.0B4r^ 


PROBLEM XIII 
To find the area of an ellipse. 

Rule — Multiply the product of the two axes by the number 
7854, and the result will be area nearly.* 

Demonstration. Let ACB be a semiellipse, of which AB is the 
greater axis, and CE half of the less axis. ITpon AB describe a 
semicircle meeting £C produced in D. Through any point F in 


* If we put the transverse axis of an ellipse =s t, the conjugntc ss c, and 
1 — ^ , also the number 3 1416 s= «r , then the periphery is expressed by 

the following formula 

^ St S* 5* 

t i6* 14* 4* 2* 4** U* 2* 6* b* "" 

Or, we have the following approsimationo, 

I X (< + c) 

II » X v' + e») • 

III X J 3 V' i(<* 4- c*) — i(3t 4- P) J , whMre F m the ptincipai 
psra meter 
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the dlipte draw HF6 perpen- 
dicular to AB ; and put SAE 
= a, 2EC =: At AG = Xf<FG 
= end GR =s y. Then 
from the nature of the curves 
we have GH : GF : : ED : EC, 
or y : y : : a. A; therefore y 




Suppose AB to be divided into m equal parts, each part will be 
equal to Multiply each side of the equation y ;s ^y' by 
and It becomes 


1 A 1 
-oy = - X -c 
m ^ a m 


If a; be now supposed to become successively equal to « c, -a, 

m m 

3 III 

-a, Ac....— Ct the corresponding values of » sy will give a series 
mm m ^ 

of rectangles of which the sum will approach nearer and nearer 
to the area of the semiellipse ACB according as the number m 

becomes greater ; and the corresponding values of - oy will give 


a series of rectangles of which the sum approaches nearer and 
nearer to the area of the semicircle ADD accordmg as m becomes 
greater* Hence, when m is supposed infinite, we obtain 


Semicllipse = - X Senucircle. 
a 


Therefore die area of an elhpse is equal to the area of a circle de* 

scribed on the greater axis multiplied bj or the ellipse is to the 

cvde as the lass axis is to the greater. But die area of a circle 
described on a, the greater axis, is equal to .7854o*. 'Wherefore 
the area of die elhpse is 

4 

.7854 a« X z = .7854 ab. 


This result gives the rule. 

M 
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Ex. L The greater diameter of an ellipse is 50 feet, the less is 
4t) feet ; what is the aaea in square ymoB ? — Ans. 174^ sq. yds. 
nearly. 

2, T|ie transverse axis of an ellipse is 24| inches, its eeceatncity 
8^ mches; what is its area ?^Ans. 2 sq. f. 54.827 sq. in. 


PROBLEM XIV. 

To find the area of a segment of an ellipse cut off by an ordi- 
nate to either axis. 

Rule.— Find the area of the corresponding segment of the circle 
described on that axis of the ellipse to which the base of the seg- 
ment is perpendicular : Then, as the axis to which the base is per- 
pendicular 18 to the other axis so is the area of the circi la>* seg- 
ment to the area of the elliptic segment. * 

For, in the same manner as it was demonstrated in last problem 
that the whole ellipse is to the circle described on the greater axis 
as the less axis is to the greater, it may also be demonstrated that 
any segment cut off by an ordinate to either axis has to rhe corres- 
ponding segment of the circle described on that axih tiK^ same ratio 
which the other axis has to that axis. 

Ex. 1. Required tiie area of a segment of an ellipse of which 
the base is perpendicular to the less axis, the height being 12 
inches, and tnc axes of the ellipse 80 and GO inches— 53G| 
sq. inches nearly. 

2. What IS the area of a segment of an ellipse cut off by a 
straight line per{)endicular to the greater axis , tlie height of the 
segment being 10 feet, the greater axis of the ellipse 35 feet, and 
the less 25 feet?— 161.878 sq. feet. 


PROBLEM XV. 

To find the area of a sector of an ellipse, the corresponding or- 
dmate being perpendicular to cither axis. 

Rule, — Suppose the ordinate (produced if necessary) to meet 
the circle described on that axis to which the ordinate is perpendi- 
cular, and find the aiea of tlie circular sector corresponding to the 
arch of the circle ^vhidi it cuts oflT. Tlien as the axis to which the 



MENSURATION OF PX^ANR fll»FACE& 


179 


wSsMe is perpendiottliir is to tbe otheir axis so ts die area of the 
circular sector to the aveai of die eUiptic seotor. 

The reason of this rule is erident from what has already been 
demonstrated. 

£x. Tbe ordinate to tbe greater axis of an ellipse is 6 feet 
•Binchesi the greater axis is 18 feet, and the less 10 feet ; what is 
the area of each of the two sectors into which the eUipae is divid- 
ed by straight lines drawn from the centre to the extremities of the 
ordinate ^ — Ans/Area of the greater sector 108.534 sq* feet Area 
of the less sector 38.838 sq. feet. 

PROBLEM XVI. 


To find the area of any curvilinear figure, nearly, by the method 
of equidistant ordinates. 

Kuj^e. -Let the right line OP be divided into any even number 

of tqual pard, as Oo, a5, be, Ac. — ^ 

and let pe*pendicular8 be raised 
from these piiints, as Ol, bS, 
c4, Ac put A for the sam of the 
extreme ordinates, 01 and P7, 

B fr 'he sum of the second, 

fourtli, and other even ordinates, I I 11 

o2, c4, &.C and C for the sum of^^ 0 o d ^ V 

all the rest.— -Then the area of the figure is expressed by the for- 

mula — — g — X U, where D represents the common dis- 

tance of the equidistant ordinates. 


DemonstratioTu Let ACE be an arch of a parabola and BF any 
straight Imc. From the points A and £ let fall the perpendiculars 
AB, EF perpendicular to BF. Bisect BF m D, and bom D draw 
DC at right angles to BF and let it meet the arch ACE m the 
point C. Draw GH a tangent to tbe parabola at C and meeting 
BA, F£, or BA, £F produced, m G, 


From the nature of the curve, 
AGHE IS a parallelogram, and 
the segment ACE is two-thirds 
of AGHE, or twice the paralle- 
logram AGHE 18 e^ual to three 
times the parabolic segment 
ACE. 



M2 
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Add each of these to three times the trapezoid ABFE if GH 
falls above AE , or, take each of them from three times the same 
trapezoid if GH falls below AE, and we have twice the trapezoid 
GBFH together with the trapezoid ABFE equal to three times the 
space ACEFB. 

Now, by Prob. 111^ the trapezoid ABFE is equal to 4(AB + 
EF) X BF == (AB -I- EF) x BD, and twice the trapezoid GBFH 
IS equal to ^(BG -f FH) x 2BF = 4CD x BD • therefore three 
times the space ACEFB is equal to (AB -f 4Cp + EF) X BD. 
Hence we obtain 

, Spate ACEFB _ AB + ^ 

Now, whatever be the nature of the curve proposed, let the line 
OP be divided into such an eyen number of equal parts (suppose six) 
that the portions of the curve intercepted between the ordinates 01 
and £3, o3 and <25, <25 and P7 may without sensible error, be con- 
sidered as parabolic arches. Then putting 01 A, 46 cz t, 53 A, 
c4 = /, <25 =r m, e8 =: «, P7 == o, and 0<i, or ab, Ac. = we 
will obtain, 

The space 1053 =r -f 4i + A)p 

85e^5 — -f 42 -{- m) /> 

5<2P7=z^w + 4n + o)p 

Taking the sum of these equations and observing that A -f o = 
A, A + m = C, and /i = D, we liavo the whole 

curvilinear surface equal to 

A + 4B+iC^„ 

Tbia IS the formula given above. 

Ex. 1. Required the area of a quadrant, of which the radius is 
1 ’—Am. .7854. 


S. What is the area of a hraerbola FDM, of which the w bi wissa 

FM is 10, the semiordinate MD, IS, end the semitransverse 15 ? 

Ant. 75Jt46a 

S. Let AF, AE be the asBvmptotes, and C the vertex of an 
equilateral hyperbola; also lot D be a point in that branch of the 
curve which is adiacent to AB : Brom C and D let CB, DE be 
drawn perpendicular to AE ; required the area of the space BCOE, 
supposing AB or BC equal to 1, and BE also equal to 1 ?—Ant. 
.69316. 
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4. The length of the base of a field curvilinear on one aide is 
720 links, and upon it are erected seven equidistant ordinates of 
200, 225, 280, 24B, 260, 280, and SOO hnlu , required the area 
of the field ?— 1 acre, S roods, 7.488 poles. 

. , OF LAND SURVEYING. 

The art of surveying consists in determining the boundaries and 
contents of an extended surface. — When performed in the com- 
pletest manner, it ascertains the positions or all the remarkable ob- 
jects wbieh are situated within the range of observation , it mea- 
sures their mutual distances and relative heiglits, and thus fiir- 
nishes an accurate plan of the sinface. It is seldom, however, that 
the operations of the land-surveyor are earned to such minuteness ; 
and the principal object at whtd he generally aims, is to trace the 
chief boundaries, and to determine the supeiTOiBl contents of each 
field. — For this purpose, the several fields are divided into lar^ tri- 
angles, or otMllt detenninate figoras; varkma instruments, such as a 
chain, theodolite, Ac. are emj^yed hr roeasunng those lines and 
angles which are accessible ; inaccessible lines and angles are cal- 
culated by Trigonometry, and the surfaces of the different portions 
into which the fields are supposed to be divided, are computed by 
the rules laid down in the preceding abstract. 

In measuring hilly grounds, the sloping surface should be re- 
duced to the horizontal, which is easily accomplished by consider- 
ing the ratio of the hypotenuse of a right-angled triangle to the 
base, VIZ. the ratio of the radius, to the cosine of the angle of accli- 
vity or declivity.— In this ratio all the bypotenusal distances are to 
be reduced before the calculation is bqfun. 

The practice of tliis useful art can learned most successfully 
under the direction of a professional man in the field. 
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PROBLEM I. 

To find the surface of a pnsm. 

Rut e.— Multiply the sum of the perpendicular breadths of the 
sides of the pnsm by its length or heiglu, and the product will be 
the surface of all the sides. When the whole surface is required 
we must add to this product the area of the two ends. 
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If it is a right prism whose surface is required, the sum 
of the perpendicular breadths of the sides will evidently be equal 
to the perimeter of the end of the solid. 

Ex* 1. Required the whole surface of a rectangular parallelo- 
piped whose length is 12 feet, and its base 2^ feet by 3 feet 9 
inches ^ — Ans. 168| sq. feet. 

2. Required the surface of a cube whose edge is 6 feet 2 inches ? 
— Ans* 228j^ sq. feet. 

9. Required the whole surface of an oblique triangular prism of 
which tlie base is equilateral , the length of the prism being 9 feet, 
each side of the base 2 feet 9 inches, and the angle between its 
base and one of its faces which is rectangular 71^ 16'?^Atu* 
79.413 sq. feet 

4. How many square yards are there in the walls of a room of a 
prismatic form whose height is 10^ feet, and circumference 56 
feet?— 65^ sq. yards. 


PROBLEM 11. 

To find the surface of a cylinder. 

Rule. — ^Multiply the circumference of its base by its length, 
and the product will be the curve surface ; to which add the area 
of the ends if the whole surface is required. 

A cylinder may be considered as a round pnsm, or as the limit 
of all the prisms whose bases are figures inscribed in, or circum* 
scribed about the circular ends of the cylinder. Hence the reason 
of the rule is obvious.' 

Ex 1. What is the whole surface of a cylinder 17 feet long , 
the diameter of the base being 19 inches ^^Anh* 88^ sq. feet 
nearly. 

2. If the length of a roller be 5 feet 9 inches, and the diameter 
of its base I foot 8 inches , how often does it revolve in rolling an 
acre? — Am* 1446fr nearly. 

PROBLEM III. 

To find the surfieme of a pyramid. 

Rule. — Find scparatelv the areas of the triangles which form 
its sides and theu* sum will he the convex surface of the solid. To 
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this suvK the area of the base wlieo the whole surface is le- 
^uired. 

Aofe,— If the pyramid is regular it is evident that tlie convex 
surface will be found by multiplving the penmeter of the base by 
the slant height of the solid, and taxing half the produ^. 

• • 

1. Required the ahole surface of a regular triangular pyra« 
inid, each side Of the base of which is 2 feet 8 inches, and tlie 
perpendicular from the vertex on a side of the base 82^ feet ?— 
Am^ 93,08 sq. feet* 

2. Required the whole sur&ce of a regular square pyramid, each 
side of the base being 6 feet and the perpendicular height of the 
solid 17 feet 4> inches?— A m^ 200 sq. feet nearly. 

3. Wliat IS the expense of polishing the upright surface of a py- 
ramidal stone whose slant height is 21 feet and each side of its 
pentagonal base 30 inches, the polishing being supposed to cost 
8d. per square foot ? — Ans* £4 ; 7 : 6. 


PROBLEM IV. 

To find the surface of a right cone. 

Rule. — Multiply the circumference of the base by the slant 
height and half the product is the curve surfhee of the cone : to 
which the area of the base must be added when the whole surfhcc 
IS required. 

For the curve surface of a right cone is evidently equal to a cir- 
cular sector of which tlie radius is equal to the slant height of the 
cone and the arch equal to the circumference of the base of the 
cone. Tlie surface of an oblique cone is not quadrable ; indeed no 
rule has yet been found that will even lead to a practical approxi- 
mation to its area. 

s 

Ex. 1. Required the whole surface of a cone whose slant height 
IS 16 feet and the diameter of its base 6^ feet?—- .idiw. 196^46 sq. 
feet. 

2. What will the painting of a conical spire Amount to at 8d. ]icr 
square yard, supposing the dreumferenoo of the base 64 feet, and 
the peniendicular height IIS feet ?— i4aSi £14 : 0 . 8| 
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PROBLEM V. 

To find the Burfiuse of the frustum of a ri^t pyramid or cone. 

Rule. — ^Add together the perimeters of the two ends of th^ 
frustum ; multiply the sum by the slant height^ and^ half ^ pro- 
duct is the surface. Add the areas of the two ends if required. 

For it is evident that the faces of the pymmidal frustum are so 
many trapezoids which have the corresponding sides of the ends of 
the frustum for their opposite sides and the slant height of the 
frustum for the perpendicular breadth of each. The conical frus- 
tum, again, is the limit of the pyramidal frustums whose bases are 
figures inscnbed m or circumscribed about the circular ends of the 
conical frustum. Hence the reason of the rule, in both cases, is 
obvious. 

Ex. 1. Required the whole surfimo of the frustum of a square 
pyramid, the side of the one^end being 40 inches, and that of the 
other 26 inches, also the slant height of the fi ustum 10 feet ^—Ans. 
125 sq. feet 116 sq. inches. 

2. Required the convex surface of the frustum of a cone, the 
diameters of the bases being feet and 5 feet 7 inches respective- 
ly, and the slant height 12 feet ? — Ans. 171.217 sq. feet. 

8. FVom a right cone the diameter of the base of which is 4 feet, 
and whose perpendicular height is 30 feet, the upper part was cut 
off by a plane parallel to the base ; required the whole superficial 
content of the remaining frustum, the perpendicular height of thq 
part cut off being 12 feet ?— udiis. 173.265 sq. feet. 


PROBLEM VI. 

To find the solid content of any prism or cylinder. 

Rule. — ^Multiply the area of the base or end by the perpendicular 
height ; the product is the solid content. 

Dmomiraium. The measuring unit of solids may, like that of 
surfaces, be of any determinate figure and magnitude. The cube 
of which the length, breadth, and thickness is equal to the mea- 
suring unit of lines is employed for expressing numerically the 
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solid content of bodies. Now, let the square of which AB| BC 
are two adjacent sides be equal 
to the area of the base of a 
right prism or cylinder; it is 
evident that if CDf the height of 
the prism or cylinder, be equal 
t(K the measunng unit of lines^ 
whatever number of times the 
bquaie AB*BC contains the mea- 
suring unit of surfaces, the pnsm 
or cylinder will contain R, the 
measunng unit of solids, the same 
number of times . for upon each 
square of the measuring unit of hnes contained in the square 
AB*BC, as a base, will stand a cube equal to R. Again, if CB, 
the perpendicular height of tlie pnsm or cyhnder, be equal to twice 
the measunng unit of lines, tjie prism or cylinder will contain R 
twice as often as the area of the base contains the measuring unit 
of surfaces : and, generally, putting P to denote how often the 
measunng unit of lines is contained in the perpendicular height of 
the right pnsm or cylinder, we have the solidity expressed 
P«BC^. But all prisms and cylinders having equal bases and alti- 
tudes are equal to one another. Hence the reason of the rule is 
in4nifc6t. 

iSr. 1. The sides of the base of a right triangular prism are 10, 
14s and 17 inches, and the length is 4 feet 7 inches, wliat is the 
solid content ?-.-A[its. 2 cubic feet 392.8 cubic inches. 

2. What IS the solidity of a cube whose side is 17 feet 3 inches? 
— Ans, 5132^^ cubic feet. 

3. A piece of timber Is 16 inches square at the end, and 20 feet 
long , what is its solid content , and suppose a solid loot is to be 
cut off the end of it, at what distance from the end must it be cut ? 
— Am. Solid content 35| cubic feet. Distance from the end 6| 
inches. 

I 

4. The diameter of the base of a cylinder 20| inches, ^d its 
height 12 feef; what is its solid coiilent? — Atu. 28.1803 cubic feet. 

5. If the outside diameter of an iron roller be 2 feet, the thick- 
ness of the metal 1^ inch, and the length of the roller 3 feet 9 
inches, what is its whole weight, supposing a cubic inch of iron to 
weigh 4^ ounces 11 cwt. 1 qr. 7 As. 6.046 oz. 
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PROBLEM VIL 

To find the solid content of a pyramid or cone. 

Ruie. — ^M ultiply the area of the base by the perpendicular 
height^ and one third of the product is the solid content. 

For every pyramid or cone is one third of a prism of equal base 
and altitude. 

JEx, 1. Required the solidity of a triangular p 3 nramid 9 tlie sides 
of Its base being 6, 7, 8 inches, and its height 19 feet 4 mdies ?— 
Ans. 1572.43 cubic inches. 

2. How many solid feet arc there in a square pjnramidal stone, 
each side of the base of which is 26 inches and its slant height 9 

13 cubic feet 1695.113 cubic inches. 

3. Tlie diameter of the base of a cone is 8 feet and its height 
24^ feet , required its solid content ? — Aw. 410^ cubic feet nearly. 

PROBLEM VIIL 

To find the solid content of the frustum of a pyramid or cone. 

Rule.— Find a mean proportional between the areas of the two 
ends , (that is, the square loot of their product ;) multiply the sum 
of this mean proportional and the areas of the ends by the perpen- 
dicular height of the frustum, and one third of the product will be 
the solid content. 

JOenumstraiion* Let ABCD be the base, and EFGH the top 
of the frustum , P the vertex of the 
pyramid, and PM the perpendicular V 

on the base meeting the top in L. 

Putting S® and s® for the aregs 
of the base and top of the frustum, 
we have the solid content of the 
whole pyramid equal to ^PM x S®, 
and the solid content of the part 
PEFGH cut off by the plane EEGH ^ 
equal to i PL x s^. Hence the ^ 
solid content of the frustum is equal 
to 

A 

^PM X S« — >PL X «® =s ^(PL + LM) S® — IPL x 9^ 

= ^L»I X b- + JPL X (S — 4 • (S + s). 
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because the top and bottom of the frustum are similar figures 
we have : : AB* : EF^ i therefore Suit AB i EF. 

But, It lb e\idcnt from similar triangles tliat AB : EF : : (AP ; 
EP : .) PM : PL : h^ce S : a i : rM : PL, and S ~ « : # : : 
LM : PL ; wherefore PL X (S a) as LM x A By substi* 
tuting this value of PL x (S ^ a) m the expression whidi webave 
found for the solidity of the frastiun, we obtain 

JLM X S« + iLM X 4(S+a):iiLM X (S« + Sa + a»), 

If it now be considered that Sa s ^ 8* a* is a mean proportional 
between the areas of the tao ends of the frustum, it is evident tliat 
this formula when expressed in words gives die rule. 

Ex. L If each side of the greater end of a piece of squared tim«* 
ber be 38 inches, each side of the less end 16 inches, and the 
lengdi 20 feet ; what is its solid content ? — Am. 106j{f cubic feet. 

2. Tlie height of a pillar which is the frustum of a cone is 14 
feet, and the diameters of the two ends are 4 feet and 2 feet 
inches respectively , how many cubic feet are there in the pillar ? 
— Ans. 131.2027 cubic feet. 

3. Each side of the greater base of the frustum of a hexagonal 
pyramid is 13 inches, each side of the less base 8 inches, and the 
length of the frustum 2 feet , how many cubic feet does it contain ^ 
— Am. 4.05348 cubic feet. 


PROBLEM (X. 

To find the surfiice of a sphere, or of any segment or zone of it 

Rule. — ^Multiply the circumference of the sphere by the height 
of the part required, and the product will lie the curve surface 
whether it be a segment, a rone, or the whole spliere. 

Demomiraium. Let BCD be a quadrant .and BACD a square 
formed by drawing the tangents BA, CA to intersect each other m 
A. If the figure be supposed to revolve round BD as an axis the 
quadrantal arch BC will describe the surface of a hemisphere, and 
the straight line AC will describe the surface of a cylinder. Take 
FK a very small arch, and draw LKM, EFH perpendicular to 13D 
or AC and therefore parallel to each otlier. Draw also KG per** 
pcndicular to E)I, and jom DK. 
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By Its revolution round BD as an 
axis, the line £L will describe the 
surface of a cylinder^liaving for its 
base a circle of which LM is the ra- 
dius: henoe if we put wto denote 
the circumference of a circle of which 
the diameter is unity, we will have 
for ^e svirfece generated by the hne 
EL the expression 2 rLM x £L. 

Again, since FK is very small it 
may be considered as a straight 
line , and the surface which it generates, in revolving round BD as 
an axis, may be considered as the surface of a conical fhistum hav- 
ing for Its bases two circles of which FH and KM are the radii. 
ITierefore the surface generated by FK is equal to 9 r(FH 4 - KM) 
X FK : But since FK is very small FH anil KM are nearly equal 
to one another. Wherefore for the surface generated by bK we 
haye 2 ?rKM x FK. Now since each of the angles MKG, DKF 
IS a right angle, if the angle DKG be taken away from each, the 
remaining angles MKD, FKG are equal. Hence the right angled 
triangles MKD, FKG are equiangular and similar : Wherefore 
KM : KD or LM . . K(} or EL : FK 
and KM X FK = LM X EL. 

By multiplying both sides of this equation by 2 ^', they become the 
expressions which we have found for the surfaces generated by FK 
and EL which must therefore be equal to one another. 

Thus It appears that the corresponding indefinitely small ele- 
ments of the spherical apd cylindrical surfaces are always equal, 
and hence that any finite portions of them comprehended between 
planes perpendicular to the axis BD will be equal , so tliat the 
truth of the rule is evident. 

jEhr, 1 . Required the surface of a globe whose diameter is 23 
inches ?— Ans 1 1.&41 sq. feet. 

2 . Wliat is the convex surface of a segment 5 inches in height, 
and cut off from the same globe ?— -Aits. 361.284 sq. inches. 


A B 



3. How mapy square pules are there in the surface of the earth, 
supposing It a perfect sphere of which the diameter is 7936 miles , 
2 |lso in the surface of each of its zones, supposing the obliquity oi 
the ecliptic to be 23® 27' 30''? — 


Ans. The surface 


"of the whole globe 
J of the torrid zone 
I of each temperate zone 
of each frigid zone 


Square mile* 

197858269.594 

78763846*791 

51070848.055 

8176363.316 
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PROBLEM X. 

To find Uie solid content of a sphere. 

• ‘RutE 1. — ^Mulbj^y the area of a great circle of the spliere by 
the diameter^ and two'thirds of the product is the solid content. 

Rule 2.— Multiply the cube of the diameter by .5236, and the 
product 18 the content. 

DemmutnOton. Let BCD be a quadrant, and ABDC a square 
dcscnbed on the radius BD : join AD. If the fagure be suppos^ 
to 1 evolve round BD as an axiSi it is evident that the quadrant will 
describe a hemisphere, the square a cylinder, and the triangle ADB 
a cone. Draw any straight line EH 
parallel to DC, meeting the lines AC, 

AD, BD in E, G, H, and the arch 
of the quadrant in the point F. It 
IS evident that the square of FD is 
equal to the squares of FH, HD be- 
cause the angle at H is a right 
angle. But FD is equal to EH, and 
HD IS equal to GH , therefore EH® 

= FH® + GH®, and the circle de- 
scribed with the radius EH will be 
equal to the two circles described 
with the radii FH, GH. Hence the sections of the sphere and 
cone made by a plane perpendicular to BD are always equal to the 
section of the cylinder made by the same plane. If we conceive, 
then, the three solids to be made up of very thin cylinders having 
these sections for their bases, it follows that any portion of the cy- 
linder comprehended between two planes parallel to its base will 
be equal to the sum of the corresponding portions of the hemi- 
sphere and cone. 

Let S be the solidity of the segment of tha»hemisphere, described 
by the revolution of the portion BFH of the quadrant $ the solidity 
of the corresponding portion of the cylinder, and ^ the solidity of 
the correspondmg portion of the cone: also let h denote their 
common height BH, d the diameter of the sphere, and the area 
of a circle whose diameter is uni^. Because AB is equal to CD, 
and GH to HD or to BD — bH we have the two bases of the 
frustum of the cone equal to two circles wliose diameters are d and 
d — 2A respectively. 
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Now* by Prob. VIII, wc have 

lx [dVi — 2dh^ + ^h^). 

But S =5 a — s'f and by Prob^ VI, s =: Ixd^hy hence we obtain 

S = -i»(2rfA«-|A5) = f X iir{M-2A)*». 

If we now suppose h we obtain for the whole sphere 
I X ixd^d. But Ixd^d is the solid content of a cylinder circum- 
scribed about the sphere. Hence every sphere is two-thirds of the 
circumscribing cylinder. 

Agam, spheres are to one another as the cubes of their diame- 
ters : hence if D be the diameter of any sphere, S its solid con- 
tent, and s the solid content of a sphere whose Aameter is unity, 
we have 


: D® ; : s : S , and S =: s X 

But since the area of a circle whose diameter is unity is .7654, it 
is evident that s =; .7854 X I X f = .5236* Therefore S sz 
.5236 X D5. 

Thus die reason of both rules is obvious. 

Ejc. 1. Whnt IS the solid content of a globe of which the diame- 
ter IS 17 feet ?—Ans. 2572.4468 cubic feet. 

2, If the circumference of a globe be 37 feet 9 inches, what is 
Its solid content ? — Ans. 908.444 cubic feet. 


PROBLEM XI. 

To find the solid eontent of a spherical segment. 

Rule. — From three times the diameter of the sphere, subtract 
twice tlie height of the segment , multiply the remainder by the 
square of the height, and that product by .5236, and the last pro- 
duct 18 the solidity. 

For, It was proved m demonstrating' Rule I. of last Problem, 
that if S be the solid content of a segment of a sphere of which d 
is the diameter, and A the height of the segment, we have 

S= I X lx(Sd-2h) X A«. 

Tins formula expressed in words gives the rule. 
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JSr. 1. What is the solid content of the segment of a sphere 
whose height is 9 feet, the diameter of the sphere being 30 feet ? 
— 3053.6352 cubic feet. 

2. The diameter of the base of a segment of a sphere is 28 feet, 
and die hei^t of the segment 6^ feet, required its solid content ? 
w^Ans. 2145.0028 cubic feet* 


PROBLEM XII. 

To find the solid content of a paraboloid, or solid produced by 
a parabola revolving about its axis. 

Rule. — Multiply the area of the base by the heiglit, and half 
the product will be the solid content. 

^monstratum. Let AGC, BHD be two equal and similar sc- 
mi-parabolas having AB for their common axis. Draw AD, B(' 
perpendicular to AB and mcoN 
ing the parabolas in D and C , j) 
join DC. It IS evident that 
ABCD IS a rectangle. If the 
figure ABCD be supposed to 
revolve on AB as an axis, the I' 
two parabolas will desenbe two 
equal paraboloids, and the rect- 
angle will describe a cylinder. 

Let P denote the parameter of 
each parabola, and draw £F pa- 
rallel to DA or BC, and meeting 
the two parabolas in G and U, 
and the sides of the rectangle in 
F and £• 

From the properties of the parabola we have EG^ at P* AE 
and EH» = P-BE = P (AB — AE) = P-AB — P*AE, 
therefore EG® + = P-AB. But Lpa s (AD« or BC^ 

=) P • AB. Hence EF® = EG® + EH®, and the circle described 
with the radius £F is equal to the two circles described with the 
radii EG, EH. By conceiving, therefore, the paraboloids and cy- 
linder to be composed of very thin cylinders which have these 
circles for their bases , and reasoning in the same manner as in the 
case of the segment of a sphere, wc find that the cvhndcr described 
by the rectangle ABCD is equal to the two equal paraboloids de- 
scribed by the parabolas AGC, BUD, or to double of one of them. 
Hence Uie reason of the rule is obvious. 
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Ex^ 1 . Required tlie solid content of a paraboloid whose height 
is 29 feet and the diameter of its base 15^ feet ?— ilas* 2736.039 
cubic feet* 

2 . The height of a parabaloid is 6 feet 10 inches, and the para- 
meter of the axis of the parabola, by the revolution of which it was 
described, is 5 feet , what is the sohd content ? — Am. 366.738 
cubic feet. 


PROBLEM XIII. 

To find the solid content of the frustum of a paraboloid. 

Rulb. — Add together the areas of the circular ends , then mul- 
tiply the sum by the height of the frustum, and half the product is 
the solid content. 

Denicnstraiion . — Let H be the height of the frustum, A the area 
of its greater circular end, and a that of its less • also let H -f- A 
be the height of the whole paraboloid. Tlien by the preceding 
problem the solid content of the whole paraboloid is equal to 
4 A (H + h) and the solid content of the part cut off is equal to 
, therefore the solid content of the frustum is equal to 

iA (H + h) — iah, or ^AH + i(A-a)/i. 

But since the squares of the semiordinates of a parabola are to one 
another as their distances from the vertex , and circles are to one 
another as the squares of their diameters or radii, we have A .a: i 
H -|- A : A , hence AA = a (H -f- A), and (A — a) h :=z oH. 
Substituting this value for (A — a)A in the above expression, we 
obtain for the solid content of the frustum (A 4 - a). Hence 
the reason of the rule is obvious. 

Ex. Required the solidity of the frustum of a paraboloid, sup- 
posing Its height to be 7 feet 8 inches, the diameter of its greater 
circular end 4 feet 8 inches, and that of its less 3 feet ? — Am. 
81.477 cubic feet. 


PROBLEM XIV. 

To find the solid content of a parabolic spindle, or solid gene- 
rated by the revolution of an arch of a parabola about an ordinate 
*10 the axis. 
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Rclb.— M ultiply the area of the middle section by the length 
of the solid, and eighufifteendu of the product will be the content 

DmMatrO&m, Let ACB be ui ardi of a parabola, and let it 
revolve about the orduate AB. Let CHD be the axis of the pa* 
rabola, and from E any point in the curve draw EF parallei to ClI 
*dbd EG parallel to AH. Put HF = x, EF = y, CH s p, and 
AH = q. Then from the nature of the parabola we have 
q'* ix'^ I'.pi p — y\ therefore px"* sq^p — q^y. From this 
equation we find 



Suppose AH to be divided into m equal parts ; then eadi part 
will be equal to ^q. Let x become successively equal to 

2 3 M| 

-?* - 9t &c....—q, and let the corresponding values of y be y', 
mm m 

then we have by substituting in the above 

equatiooi 



when X s 0, 

y® =p‘ 

* = 


2 




&C. 


m 

V o ns* 




N 
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Taking npv the sum of lihase equation!, obsetyiag that 1^* + 

+ 8* + Ac + «•* = Iw* + \m9 + end + 2* + 8* 

+ 4* + «t* =s + jm® — ^iR, we obtun 

y* +y'“ ^-y'® +y»* +&o....p’ =/>« (w+i— 

+ |«w* 4- — A”» \ 

) 

Now, if both sides of this last equation be multiplied by 

(sr being the circumference of a circle whose diameter is unity,) it 
1 / 

IS evident that -O'at + y"® + &C....+ y® ) w equal to 


the sum of a senes of cylinders having the same altitude and 

for their bases the circles described with radii equal to the succes- 
sive values of y. The sum of these cylinders approaches nearer 
and nearer to the solid content of half of the parabolic spindle ae- 
corduig as m becomes greater. The right hand side of the above 

equation when multiplied by ^ qir gives us for the sum of the cylin* 
tiers ** 



Let m be now supposed infinitely great and we will hafe the sum 
of the cylinders equal to 

(1 — f + i) = 

ilut when m is infinitely great the sum of the cyhnders is equal to 
half of the parabolic spindle. Hence the reason of the rule is 
obvious. 


Ex Required the sohd content of a parabolic spindle, of which 
the length is 80 inches and the greatest diameter 2 feet 8 inches ^ 
—Ans. 19^58 cubic feet. 


PROBLEM XV. 


To hnd ttie iiolid content of a frustum of a parabolic spindle, 
one of the ends of the frustum passing through the centre of the 
spindle. 
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Rule. — Add into o^e sum eight tunes the square of the diame- 
ter of the greater end, and three Umes the square of the diameter 
of the less end, and four times the product of die diameters ; mul- 
tiply the sum by the length, and dus product again by .052361 and 
the result will be the content. 

• ,Demansiraiion, Put CH =: AH = g, (see Fig. of preceding 
Prob.) and let r be the semidiameter of the less end of the frustum, 
and t Its length. Then from the nature of the parabola we have 

p r o® = — . Substitute this value of o in the 

^ * jP — r ^ 

equation z=/>^ — 2 • ^ + it becomes y* =: p* ^1 — . 

p — r ^ .(p xK 

By supposing t to be divided into m equal parts, and x to be 

successively equal to — r, — r, —f, and proceeding in 

tn m m oi * 

the same manner as we did in demonstrating the rule for finding 
the content of the whole spmdie, we obtam for the solid content 
of the frustum this expression, 

or taking the diameters instead of die radii of the ends the multi- 
plier becomes ;= .05236. Hence the reason of the rule is ob- 
vious. 

Ex, Supposing the diameters of the ends of a frustum of a para- 
bolic spindle to be 10 feet and 6 feet 2 inches, its length to be 12 
feet, and one end to pass through the centre of the spindle ; what 
is its solid content?— 24ns. 729.32244 cubic feet. 


PROBLEM XVr. 

To find the sohd content of a spheroid, or solid generated b 
the rotation of an ellipse about either axis. 

N2 
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MENSURATION OF SOLIDS. 


Rule. — Multiply the fixed axis by the square of the revolving 
uxis» and that product again by the number .5236 , and the last 
product Hill be the solid content. 


Demomtration. Let ABC be an 
elliptic quadrant, and AKBC its cir- 
cumscribing rectangle. From C as a 
centre with the distance C A describe 
the quadrant AGD,and let AFDC be 
Its circumscribing square. Join CF» 

CK , and draw any line EL parallel 
to FA or DC, meeting FD in L, the 
arch AD in G, KB in N, the el- 
liptic arch AB in H, CF in P, and 
CK in M. ITien, from the nature of 
the ellipse GE , EH . : (DC . CB ) 

LE : £N, and alternately GE : LE . : 

EH : EN , therefore GE« . LE^ . EH® : EN®. 

Again, fiom similar triangles PE . ME : : (FA . AK .) LE 
EN, and alternately PE LE . . ME . EN , therefore 

PE® .LE®:: ME® . EN® 

But GE® LE® . EH® . EN® 

WheicfoTc PE® + GE® . LE® . . ME® + EH® EN® 

Now PE2 +*EG* = LE2, hence also ME« + EH® = EN«. 
By supposing, then, the figure to revolve about AC as an axis, 
and reasoning in the same manner as we did m demonstrating the 
rule for finding the solid content of a sphere and its segment, we 
arc led to the conclusion that the semi-spheroid described by the 
revolution of the elliptic quadrant ABC, together with the cone 
described by the revolution of the triangle CKA, is equal to the 
cylinder described by the revolution^ of the rectangle AKBC. 
Hence the spheroid described by the dlipse revolving about the 
greater axis is equal to two-thirds of its arcumscribing cylinder : 
And by describing a quadrant from C as a centre with the distance 
CB, and supposing the figure to revolve on BC as an axis, it may 
also be demonstrated that the spheroid generated by the revolution 
of the ellipse on its less axis is equal to two-thirds of its circum- 
scribing cylinder. Hence the reason of the rule is obvious. 



Ex 1 . The axes of an oblong spheroid are 50 inches and SO inches, 
what 18 its solid content ? — Ans* 13 cubic feet 1098 cubic inches. 


2. What is the solid content of an oblate spheroid, whose longer 
axis IS 55 feet and shorter axis 33 feet ?^Ans. 52268.37 cubic ieet. 
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3. Ttie axes of an oblong spheroid arc 5 > feet and S3 feet, re< 
quired its solid content ? — Ans. 31361.022 cubic feet 


PROBLEM XVII 

To find the solid content of the ftustum of a spheroid, its ends 
being perpendicular to the fixed axis, and one of them passing 
through the centre. 

Rule.— ’T o tlie area of the less end add twice tliat of the great* 
er , multiply the sum by the altitude of the fiustum, and onc>third 
of the product will be the content. 

JVote . — This rule applies also to the frustum of a sphere. 

Demongtrabon, FVom the demonstration of the rule for finding 
the solid content of a spheroid, it is evident that a frustum com* 
prehended between two planes perpendicular to the fixt axis, one 
of which passes through the centre is equal to the difference of the 
corresponding portions of the circumscribing cylinder and of the 
cone generated by the revolution of the triangle KCA. (See Fig 
of preceding Prob ) * 

Put, then, H equal to tlic height of the frustum, D equal to the 
diameter of the greater end, and d equal to that of the less . we 
have for the square of the diameter of the base of the portion of the 
cone D** — Hence if denote the area of a circle whose di- 
ameter IS unity ^we have for the solid content of the portion of the 
cylinder WD* X H ; and for the solid content of the corresponding 
portion <n the cone (D^ — <f^) x Tlierefore the solid 
content of the fhistum of the spheroid is equal to 

4irD» X X iH = (iwX2D»*J-i«l») x JH. 

Hence the reason of the rule is evident. 

Ex. 1. Suppose the greater end of the fiustum of a spheroid to be 
18 inches in diameter, the less 10 inches, and the length 14 inches, 
required the solid content?— ’..diM. 1 cub. foot 1013^69 cub in. 

2. Wbat IS the solid content of the frustum of a sphere whose 
diameter is 2 feet, the height of the frustum being 9 inches — 
Ans. 1.9144 cubic foot. 
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GAUGING. 


Gauging is that branch of Mensuration which treats of the me- 
thod of computing the content of any cask. For tins purpose it is 
necessary to consider casks as of some determinate figure. They 
are usually considered as of one or other of the four following 
forms. 

1. The middle frustum of a spheroid. 

2. The middle frustum of a parabolic spindle. 

3. The two equal frustums of a paraboloid. 

4. The two equal frustums of a cone. 

A cask of any one of these forms may be gauged by help of the 
rules given for finding the solid content of the particular frustunfi 
whose form the cask is supposed to have. But by assuming as a 
hypothesis that one-third of a cask at each end is nearly the frus- 
tum of a cone, and that the middle part may be considered as the 
middle frustum of a parabolic spindle, wc obtain the following ge- 
neral rule by which the content of any cask whatever may be 
nearly computed in wine, ale, or imperial gallons. 

General Rule. — Add into one sum 39 times^e square of the 
bung diameter, 25 times the square of the head liameter, and 26 
times the product of the diameters. Multiply tlie sum by the 
length and the product by .OOOS4 , th^ the last product, divided 
by 9, will give the wine gallons , and divided by 11 will give the 
ale gallons. For imperial gallons, multiply the said sum by the 
length, and the product by -00003123. 

Demanstrahen. Let AHLD be a section of the cask made 
lengthwise by a plane passing through the centre. Produce AB 
and DC, the right parts of the section of the side, to meet in E , 
join BC and AD , and from B, £, C draw BM, EG, CN, perpen- 
dicular to AD, and let EG meet the curve BC in F, the straight line 
BC in I, and AD in K. Let I denote the length of the cask, b the 
bung diameter and h the head diameter Then since AB, DC have 
the same direction as the parabolic curve BFC they must be tan- 
gents to It , therefore FI = ^EL But BI = ^AK by hypothesis, 
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and by siiwlar triai^te» BI : £1 
. : AK . £K, tlierer«re £I s 
^EK. henc« FI ^ 4E1 s 
iEK = jFK = 

«o that th^ commoii diameter 
BM =s FG ^ 2FI a ft ~ 

• 

equal ta e. Near hy the 
rules for finding the solid con* 
tent of parabolic ^mdles ant) 
of conic frustums ae obtain for 
tlie middle part of the cask the 
expression, being the area of the circle wlmsc diavfieCer if 
unity,) 

8ft‘^ + 4fc + 3c2 ilx _ 328h^ + 44ftA + 3A« 

15 X « - 25 X 4^‘> ^ 

and for the two ends, the expression, 

c« + eft + A2 Ux lG0ft« + 280ftft + 310ft^» , , 

5 ^ 25 X 45 ~ X i W. 




Taking the sura of these two expressions and reduemgt tve ob* 
tarn the solid content of the cask m cubic inches expressed by this 
formula, 

(396« + 26M + 25A«) ^ nearly 

Ir"/ 


^ , iw .7854 
The factor Ig or 


being divided by 281, (the cubic imhes 


in a wine gallon,) gives — ^ the multiplier for wine gallons , and 
« 00034 

since 231 is to 282 as 9 to 11 nearly, l-y— will be the multiplier 
for ale gallons. The wine gallon is to the imperial gallon as 
.82673 IS to 1, and X B2673 =: .00003123 which is the 


multiplier for imperial gallons. ^ 




Ex. 1. Suppose the bung-diamcter of a cask having the form of 
the middle fhistum of a spheroid, to be 32 inches, the hcad-diame* 
ter 24 inches, and the length 40 inches , what is the content in ale, 
in wine, and in imperial gallons?— Am. By the rule for finding the 
solid content of the frustum of a spheroid the content of the cask 
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is found to be 97.44 ale gallons, or 118.95 wine gallons, or 98.34 
imperial gallons. By the general rule the content is 91.87 ale 
gallons, or 112.28 wine gallons, or 92.82 impenal gallons. 

2. The bung-^ameter of a cask whose form is that of the mid- 
dle frustum of a parabolic spindle is 36 inches, the head diameter 
20 inches, and the length 45 inches ; required its content in wine 
gallons ?<— By the rule for finding the solid content of the 
frustum of a parabolic spindle the content of the cask is 147.37 
wine gallons. By the general rule it is 134.75 wine gallons. 

3. Suppose a cask to have the form of two equal frustums of a 
paraboloid , the length 20 inches, the bung diameter 16 inches, 
and the head diameter 12 inches , required its content in ale gal- 
lons ^ — Ans. By the rule for finding the solid content of the frus- 
tum of a paraboloid the content of the cask is 11.14 ale gallons. 
By the general rule it is 11 48 ale gallons. 

4. Required the content, in imperial gallons, of a cask in the 
form of two equal frustums of a cone, its bung ^ameter being 17 
inches, its head diameter 10 inches, and its length 19 inches ?— 
Afu, By the rule for findmg the solid content of the frustum of a 
cone the content of the cask is 9.9515 imperial gallons. By the 
general rule it is 10.794 imperial gallons. 
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EXPLANATION 


OF TBS 


TABLES OF INTEREST, ANNUITIES, &c. 


1. The first of these Tables (page 80) gives the sum to which 
£1 will amount, if improved at compound interest, for any num- 
ber of years not exceeding fifty, at 3, 4, and 5 per cent* The 
amount of anv other sum may therefore be found, by multiplying 
the amount of £1 for the given time and rate by the principal, ex- 
pressed in pounds. 

Thus the amount of £12 : 10 * 6, or £12.525 for 15 years, at 
5 per cent., is 2.07893 x 12.525 =: £26.0386 nearly. 

2. The Table entitled PreaerU Value of £l Compound Infereai^ 
gives the sum which, improved at compound interest, will amount 
to £l in any given number of years not exceeding fifty, or the sum 
wluch should be paid down immediately, as an equivalent for £1, 
to be paid at the expiration of the given term of years. 

The present ^ue of any given sum is to be found by multiply- 
ing the present value of £l by that sum expressed in pounds. 

For example, £35 to be received ten years hence, is equivalent 
to .744094 X 35 z £26.0433, to be paid down immediately. 

3. Amount of £1 Annutfy, and Present Value ^ £l Annmly 
Compound Intered. (page 81.) The nature of these Tables, and 
their application to any other sum, is sufficiently obvious. 

Thus, an annuity of £10, if forborn for seven yeari^ reckoning 
interest at 4 per cent., will amount to 7.8983 x 10 = £78.983, 
or £79 nearly. 

Again, the present value of an annuity of £10, to be paid at the 
end of each year, for seven years, is 6.0021 x 10 =; £60.021, oi 
£60 nearly. 
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4. Tlic Tables of the Ptvbabilities of Life, formed from the 
Registers of Carlisle and Northampton, (pages 82 and 83), are the 
basis of the important and extensive Theory of Life Annuities, 
Life Insurances, and of every calculation affected by the uncer* 
tainty of human life. Their object is to indicate by numbers, ac 
cording to the doctrine of Chakces, the probability that a per- 
son of any given age shall live to any other given age. This pro- 
bability 18 expressed by a fraction of which the denominator is the 
Tabular number of persons alive at the first given age, and the 
numerator the Tabular number alive at the other given age. 

Thus, let it be required to find what is the probability that a per- 
son aged 40 shall live to the age of 65. By the Carlisle Table, it 
appears that out of 10,000 persons bom, 5075 attain .the age of 
40, and 3018 attain the age of 65 : Tlierefore the probability re- 
3018 

quired is = .595 , and any advantage, the enjoyment of which 


depends on the person completing his 65th year, will be less valu- 
able than if Its enjoyment were a^olutely certain in the proportion 
of .595 to 1, or of 595 to 1000. 

By the Northampton Tables, the same probability will be the 
1632 

fraction = .449 : this result differs ih>m the other, and shows 
oo3d 


that the probability of human life at different places and under dif' 
ferent circumstances, varies considerably. 

Again, let it be required to find what is the probability that a per- 
son aged 40 will die before he completes his 65th year. By the Car- 
lisle Table, we see that of 5075 persons ahve at the age of 40, only 
SO 18 live to the age of 65 ; therefore 2057 die between the two 
given ages. Hence, the probability of the person dying within that 

*057 _ 

P^^odis^ = A0S. 


Since it amounts to certatnfi^ (whicti is expressed by an unit), 
that the person iriH be either alive or dead at the proposed age, if 
either cf the fractions which express the probability of bis being 
alive or dead be subtracted from unity, the remainder will be the 
fraction which expresses the other probability. 


5. ExpeetaUoH qf Lift aocordvng to the Carbele and Northampton 
Tables of ProbabdOies^ (page 84.) 

These Tables show the average duration of life of a number of 
persons at any given age. Thus, from the Parlisle Table, it ap- 
pears, that supposing a great number of persons to be each 15 
years of age, they will, one with another, on an average, live 45 
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years longer, or to the age of 60. According to the Northampton 
Table, persons of the age of 15, mi^, one with another, expect an 
addition of 36.51 years of life. 

6. Value of an AnnuiUy ona mgk Ltfe^ aeoordtng to i/ie 
Carhsle and NarAampiofn TMes of ProbamhHes^ (pages 85 and 88.) 
• • 

These Tables show the sum that should be paid down Immedi- 
ately by a person of a given age, for an annuity of £1, to be con- 
tinued throughout life » or, in other words, the number of years 
purchase that should be given immediately for a life annuity, rec« 
koning the improvement of money at 3, 4>, or 5 per cent. 

Thus, suppose a person that has just completed his 35th year 
wishes to purchase a life annuity, and that the interest of money 
IS reckoned at 4 per cent., the annuity appears to be worth 16.041 
years purchase, according to the Carlisle Table, or 14.039 accord- 
ing to the Northampton Tabic of Probajphties : that is, the Annui- 
tant must pay down £16 .0*10, according to the former Table, 
and £14 . 0 : 9|, according to the latter, for every pound of an- 
nuity which he is to receive. 

7. Value of an Anniuig of £1, on Two Joint ojrcordmg to 
the Carlisle and Northampton Tables of Probidyilihes. (pages 86 and 
89) 

These Tables shew immediately the value of an annuity of £1 
to continue during the joint lives of two persons whose ages are 
multiples of* 5. Thus, if the ages be 25 and 40, it appears from 
the Northampton Table, (page ^), that reckoning interest at 3 per 
cent., an annuity payable, while both contmue alive, is worth 
11.854 years purchase. 

If one or both the ages be not multiples of 5, the value of the 
annuity must be found by interpolation. The result will indeed not 
be pei%3Ct]y correct, but probably near enough the truth for any 
practical purpose. The approximate value is to be found upon this 
hypothesis : 

If one and the same life he combined successively with Jive others 
that differ from it hy numbers <f years^ whiohform anamthmettcalse- 
rteSf whose common difference is one, the values of annuities on thest 
Jive combmatums of lives will form nearly an arwmebcal progression. 

Admitting this hypothesis, we may find the value of an annuity 
on the joint continuance of two lives aged 46 and 55, reckoning 
interest at 5 per cent., by the Carhsle Table, as follows 

By combining the age 55 with the ages 45, 46, 47, 48, 49, 50, 
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the tabular values, by our hypothesis, ought to form an arithme- 
tical progression. We know the two extremes, viz. 

Ages. Values. 

45 and 55 8.870 Fu^t term. 

50 and 55 8.528 Fifth term. 

DijSerence of extremes = 0.342 

The intermediate value, which we want, is the third term of this 
decreasing senes, it will therefore be less than the first by ^ of the 
difierence of the extremes, that is by ^ X *342 = .205 , this sub- 
tracted iitim 8.870, the first term, leaves 8.665 for the value of an 
annuity to continue while two persons aged 48 and 45 are both 
alive. 

Example 2.^ What is the present value of an annuity on two 
lives aged 27 and 46, reckoning interest at 4 per cent., according 
to the Carlisle Table ^ 

We first, proceeding as in the former example, find the values of 
annuities for the two combinations of lives 25, 46, and 30, 46. 
These are . 

Ages. Values. 

25 and 46 12.344 

30 and 46 12 lOl 


Difierence 0.243 

Here we have given the first and last of five terms of a decreas- 
ing geometrical series, to find the third, viz. the value for the ages 
27 and 46. Two-fifths of their difierence .243, is .097, and this 
subtracted from the first, leaves 12.247, or 12.25 nearly, for the 
value required. 

8. Lengths rf Ckreubtr Ares, (page 90.) 

By this Table, an arc of any number of degrees, minutes, drc., may 
be expressed in parts of the radius, and conversely. 

Example 1.-— To find the length of an Arc of 57^ 17' 44" 48'". 


S70 

.9948S77 

17' 

49451 

44^ 

2133 

48*' 

39 

The sum 1.0000000 


Hence it appears that the arc is equal to the radius. 
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Example 2. — To find the degrees, minutes, &c. m the Arc 1, 
which IS equal to the radius. 

Given length 1.0000000 
570 (next less in table) .9948377 

51623 


17’ (next less) • • • 49451 

2172 

44* (next less) - • - 2133 

48* 89 


9. Common and Hyperhciic LoganAms. (page 91.) 

This Table serves to convert Common into Hyperbolic Loga- 
rithms, and the contrary. 

Example 1. — To find the Hyperbolic Logarithm answering to 
the Common Logarithm 0.9562425. 

Com. Log. Hyp. Log. 

0.9 . - - 2.012i266 

54 - • .1243396 

24- • 5526 

25 - 58 


0.9542425 2.1972246 answer. 

Example 2.— To find the common Logaridim answering to the 
Hyperbolic Logarithm 2.1972246. 

ffgp. Log. 

Given 2.1972246 
0.9 - - - 2.0723266 


1248980 
54 - - 1248396^ 


5584 

24 - - 5526 

25 - 58 


0.9542425 answer 
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10. Area$ tf ike Stffmmle ^ a Cwdt. (page 91-) 

In this Table, each number in the column of Areas is the area of 
the Circular Segment whose height, or versed sine of its half arc, 
IS the number inunediaitely on the left of it ; the diameter of the 
circle being 1, and the whole area .785898. 




^ ^ ^ ^ 

heo^ (page 93.) — Shewing how much must be deducted from the 
apparent level, m order to find the true level at any distance. 

« 

12. The Table of Refraction (page 94) shows how much is to be 
subtracted from the corresponding apparent altitude. The great- 
est refraction is S3' 0", at the horizon, and diminishes gradu^ly to 
the zenith, where it is nothing. In observing the altitudes of ter- 
restrial objects the refraction should be taken into account, otherwise 
the result will be incorrect. 

13. Dqfresston or Dtp of (he Horizon, (page 94.)— This correction 
is necessary, on account of the observer's elevation above the sur- 
face of the sea, when altitudes taken with the quadrant are too great 
by a quantity to be taken from this table, with the height of the 
observer's eye in feet, to be subtracted from the observed altitude. 

14. Dipof the Sea oA different distances from the observer (page 94 ) 
— When the part of the honzon, directly under the sun, is obstruct- 
ed by land, and distance from shore^ less than hve or six miles, 
the object brought down to the line separating sea and land, the 
dip IS to be taken from this table, with the height of the eye at the 
top, and distance in miles in the side colun^. 

15. This Table (page 95) shows by inspection the number of links 
to be subtracted from each chain, in rising or sloping ground, ac- 
cording to the several degrees of dtitude or depression, for reduc- 
ing them to horizontal tmes. The first column contains the de- 
grees and minutes of ascent or descent, the second contains the links 
to be deducted, and tlie lihird the inches corresponding to the num- 
ber of links adjoimng. ^ 

If the sloping length be 1200, and angle of acclivity 17^ 15^, the 
table shows tliat 4^ links are to be deducted from every chain, which 
shortens the distance by 54 links. 

16. Polygon Tobies, (page 95.)— Multiply the square of the side 
of the given polygon by the number opposite its name in the table, 
the product is the area. 
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The angle O AP is half the angle of the polygon , if one fourth of 
the tangent or number opposite the name be multiplied by the 
number of sides in the figure^ it will give the tabular area of the 
polygon iQ the table. 

17. Surfaces and Schdubes the tegular bodies, (page 96.)— To 
find the superficies, multiply the proper tabular area by the square 
of the linear edge. 

To find the solidity, multiply the tabular solidity by the cube of 
the linear edge, for &e sohd ^ntent. 

18. The number of Mdes %n a Degree of Longitude^ at dtjfirent 
distances from the Eguaior. (page 96.)— This is a very useful^able 
on many occasions, — the number of miles in a degree of longitude, 
at any number of degrees from the equator, is found by inspection# 




TABLE 


COKTAXNlNft THB 

LOGARITHMS OF ALL NUMBERS, 

FRODff AN UNIT TO 10 , 000 . 


Numbers from 1 to 100 end their Logarithms with Indices. 


pljjl 


Ui. 



Log 





26 

1.414973 

51 

1.707570 

Kij 

EEm!IL]l 



27 

1.431364 

52 

1.716003 

mSk 

1.8864911 

K 

0.477121 

28 

1.447158 

53 

1.724276 



V 


29 

1.462398 

54 

1.732394 

E3 


Wh 


so 

1.477121 

55 

1.740363 

80 

HBB 

K 

0.778151 


1.491362 

56 

1.748188 

81 

1.908485 

7 

0.845098 


1305150 

57 

1.755875 

82 

1.913814 

8 

0.903090 

Esl 

1.518514 

58 

1.763428 

83 

1.919078 

9 

0.954243 

34 

1.531479 

59 

1.770858 

84 

1.924879 

m 

1.000000 

35 

1.544068 

6b 

1.778151 

85 

1.989419 

11 

1.041393 

36 

1.556303 

6i 

1.785§S0 

86 

1.934498 

12 

1.079181 

37 

1.568202 

62 

1.792392 

87 

1.939519 

18 

1.113943 

38 

1.579784 

63 

i.799S41 

88 

1.944483 

14 

1.146ise 

39 

1391065 

64 

1306180 

89 

1.949390 

15 

1.176091 

40 

1308060 

65* 

1.818913 

90 

1.954843 

16 

1.904180 

41 

1318784 

66 

1.819544 

91 

1.959041 

17 

1.830449 

48 

1383849 

67 

1.826075 

92 

1.963788 

18 

1.855873 

43 

1383468 

68 

1.832509 

93 

1.968483 

19 

1.878754 

44 

1343453 

69 

1.838849 

94 

1.973188 

m 

1.SO10S0 

45 

1.653813 

70 

1.845098 

95 

1.977734 


1.S2S819I 

46 

1,662758 

71 

135i8S8 

WEJ. 

TSfSsn: 


LS4S4S8 

47 

1.672098 

72 

1.857838 


1.986778 


14161786 

48 

1.681241 

73 

1363383 


1391826 


1380811 

49 

1.690196 

74 

1.869838 


1.995635 


1397940 

50 

1.698970 

75 

1.875661 

100 

8.000000 


I.OK 

‘N“' 

Loir 



IKS 



N. — ^In the following part of the Table the Indices are 
omitted, as they are easily supplied, being always, eadi of them, 
in the case of whole or mixea numbers, an unit less than the 
number of figures m the integral part of the corresponding na- 
Ooitiil number. If the number is a decimal, the index is nega- 
thre, and is always an unit greater than the number of cyphers 
'between the decimal point and the first significant figure of the 
decimal. 
































































A TABC^OT l004«|TaMS VBON 1 TO lO^OQO. 




I 


7876 7488 


460896460447 


505964 
7316 
85SQ| 0664 
90741510009 
1849 
0664 
4016 
534 ^ 


107771518909519040 519171 51990S 
500801 500353 500485 520615 
1580 1661 1798 19L8 

07O5| 0835 0966 8096 3826 

40061 4186 4066 4996 4526 

5484 5563 5693 6820 
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013031 

2062 

54 

011962 2034 

988038 

014268 

2056 

55 

013182 2029 

98f)8 18 

01 5502 

2051 

56 

014400 2023 

985600 

016732 

2045 

57 

015613 2017 

984387 

017959 

2040 

58 

016824 2012 

983176 

019183 

2033 

59 

018031 2006 

981969 

020403 

2028 

60 

01923.5 2000 

980765 

021620 

2023 


Cosine 

1 Secant 


J 


014101 

10(M)J0l«>j JO 

9 997 »K4 1 

013783 

(K)2>'J8 20 

907 97 J 1 

012168 

fX)201l| 20 

9979 

0I1I7S 

0»)’051, 10 

997917 

tX>985J 

00J064 21 

097914 

008449 

00.078 21 

9079. > 

007240 

00’0‘KV 21 

997010 

004934 

oojio; 21 

9071 '07 

001663 

0021 J4| 21 

907884 

003 176 

rxvjisH, :ii 

997872 

"tX)i’09J 

ib u)jT4b “TT , 

9 997860 

000S12 

0021 41 21 

997847 

9995341 

00216 4 ‘>1 

997834 

998262 

002178 21 1 

997822 

99699 1 

002191 21 ’ 

997809 1 

995728 

a)2 '01 21 1 

997707 1 


<)W702 (X)295‘i 


988210 

002281 

21 

986969 

002294 

21 

985732 

002307 

22 

98 1498 

002320 

22 

983268 

(X)2 13 1 

22 

98204 1 

ft02346 

22 

980817 

OOJ 14<» 

2J 

979597 

OOi37J 

22 

978380 

OO'JHSb 

22 1 


(\lSCC 1 



21 9977H I 

21 W771 

21 997738 

21 9y"743 

21 '9 9977 i2 
21 997719 

21 997709 

22 99769 1 

22 997680 

22 997667 

22 997641 

22 9976 1 1 

22 997623 

22 997614 









M 

bine 


0 

11 

xS* 

2060 

1 

020435 

1995 

2 

021612 

1989 

3 

022825 

1984 

4 

OJ4016 

1978 

5 

025203 

1973 

6 

026386 

1967 

7 

027567 

1962 

8 

028744 

1957 

9 

029918 

1951 

10 

031089 

1947 


(6 Degrees ) table of logarithmic sines, 


D I Convex 'I lang | D 


29 052749 1H50 

90 059859 IH't'i 


10 965209 10 0025S4 2 } 9 99 

964091 002548 23 997452 

962856 002561 29 997499 

961684 002575 23 997425 46 

960515 002589 23 997411 45 

959349 00260S 23 997397 44 


10 002815 

24 

9 997185 

29 

002830 

24 

997170 

28 

002844 

21 

997156 

27 

002859 

24 

997141 

26 

00287 1 

24 

997127 

25 

002R88 

24 

997112 

24 

002902 

24 

997098 

23 

002917 

25 

997083 

22 

002932 

25 

997068 

21 

002947 

25 

9970 j3 

JO 

10 002961 
002976 
002991 
003006 
003021 
001030 
003051 
003066 
003081 
003096 

25 

25 

25 

25 

25 

25 

25 

25 

25 

25 

9 997019 
997024 
997009 
996994 
996979 
996964 
096949 
996934 
996919 
996004 

19 

18 

17 

16 

15 

14 

13 

12 

n 

10 

lOOOJlll 

'm 

9 996B89 

9 

003126 

25 

996874 

8 

003142 

25 

996858 

7 

003157 

25 

996843 

6 

003172 

25 

996828 

5 

003188 

26 

996812 

4 

003203 

26 

996797 

3 

003218 

26 

996782 

2 

003234 

26 

996766 

1 

003249 

26 

906751 

0 


Sine i M 


8J Uiarcts 

















D I Cosec^ I Tang. | D 


16 102048 


105010 less 
1 Oj092 1614 


il 

9 116656 

1504 

12 

117611 

IJfK) 

11 

J 18567 

1587 

14 

110510 

1581 

15 

120460 

1580 

W 

121417 

1576 

«7 

122162 

157 J 

18 

123106 

1569 

ID 

124248 

1566 

40 

125187 

1562 


41 

0 1261 J5 

1559 

12 

1 27060 

1556 


127001 

1552 

44 

128925 

1549 

15 

120854 

1545 

46 

110781 

1542 

47 

1 <1706 

1519 

48 

112610 

’ 1515 

40 

11J551 

1512 

50 

J 14470 

1529 


906168 S6 
906151 15 
906115 14 
906118 J3 
996102 32 
906285 11 
096269 10 


10 003748 

28 

9 996252 

20 

001765 

28 

9962)5 

28 

001781 

28 

906210 

27 

001798 

28 

996202 

26 

001815 

28 

006185 

25 

001812 

28 

906168 

24 

00)849 

28 

9061511 

21 

001806 

28 

906114 

22 

00 5881 

28 

996117 

21 

00 )»)00 

28 

996100 

20 


51 

O 135387 

1525 

10 864611 

9 119476 1555 

52 

11610) 

1522 

863697 

140409 1551 

53 

137216 

1519 

862784 

141140 1548 

54 

118128 

1516 

861872 

142269 1545 

55 

119017 

1512 

86096S 

141196 1542 

56 

139944 

1509 

860056 

144121 1539 

57 

140850 

1506 

859150 

145044 1535 

58 

141754 

1503 

858246 

145966 1512 

59 

142655 

1500 

857145 

146885 1529 

60 

141555 

1496 

856445 

147801 1526 


B62195 

B6J458 


10 800^21 10 ( 
R50591 C 
858660 C 
857711 ( 

856804 ( 

855879 ( 

854956 ( 

854034 ( 

851115 t 
852197 ( 


29 9 99591 1 9 

29 995894 8 

29 995H7G 7 

29 995850 6 

29 905841 5 

29 095821 4 

20 095806 1 

29 90 5788 2 

20 005771 I 

29 095751 0 


( owe' I I Sine I \1 


82 DcgritfH. 

















(8 Degrees.) table of logarithmic sires. 



Cotang ) Secant | 


10 8Sai97 10 004247 
851282 004265 

850368 004283 

849456 004 JO! 

848546 (K)43i9 

847637 004 3 J6 

846731 004 J54 

815S26 004372 

84432 J 004 330 


409 8440JJ 


813123 004427 


D \ CoMinc ] 


SO 9 995753 60 
30 995735 59 
30 995717 58 
SO 995699 57 
30 905681 56 
30 995664 55 
30 995646 54 
30 995628 53 
so 995610 52 
30 095591 51 
30 90557'i 50 


• 642225,10 0044451 


9 995555 49 

841329 

004463 

SO 

995537 48 

840435 

004481 

30 

991519 47 

839543 

004 100 

31 

995501 46 

83865J 

004518! 

31 

995482 45 

8.37764 

0015 J6i 

31 

995461 44 

836877 

0045511 

31 

995446 41 

835992 

004573 

31 

995427 42 

8J5108 

001591 

31 

995400 41 

834226| 

ooioioj 

3i 

095300 40 


10 83J346 I0.( 


90 > 353 38 
003 3“ I 37 
993 316' 36 
093207 J5 
903J7H 31 
90726(>' JJ 
905241 32 


20 

JO 

168856 

160702 

1 110 

1 107 

8 J1141 

8 H)J0S 

17 J031 
174490 

1112 

1 1 JD 

8*26' .6 
625501 

001778' 

0(M707' 

32 

32 

905222 

005201 

31 

K> 

J1 19 170547 

1 10 1 

10 6-9 15 i 

•j .7 5162 

1136 

10 3216 JS;iO OOI 8 i 6 | 

32 

9 09 5184 

-*) 

32 

171380 

1102 

828611 

176224 

14 35 

8237761 

(K)48 15 

J 2 

095165 

23 

33 

172230 

1J09 

827770 

17T034 

1431 

822916 

(H)4854I 

32 

905116 

27 

34 

1 7 J070 

1306 

8260 JO 

177942 

1128 

822058 

004S73 

12 

005127' 

26 

J5 

173908 

1304 

8 2600 J 

173-90 

1 1-5 

821201 

004802! 

32 

0)5108 

25 

J 6 

174744 

1301 

825256 

1 79 ^ 55 

1121 

820 345 

CK)191 1[ 

/' . 

005030 

24 

37 

175578 

1388 

824422 

180506 

1 120 

810492 


32 

00 5070 

21 

38 

176411 

1386 

821)80 

1 8 1 .60 

1417 

813040 

(X)I0I9 

32 

09 >051 

22 

30 

177242 

1383 

822758 

182211 

1115 

817789 

00 1908, 

32 

0050 1*2 

21 

40 

178072 

1380 

821023 

18*’050 

1412 

816041 

tX)|037 

»2 

00-01 1 


41 |9 I7H900 

I J77 

10 8*21100 

0 18 J‘K)7 

I 100 

U) «if.( 0 J ,10 CK>5(J()7, 

J 2 

0 9010*) 1 

19 

42 

179726 

J J74 

820274 

184752 

1107 

815248 

0050261 

32 

001074 

13 

4) 

180551 

1 J7J 

810410 

185507 

1404 

81440} 

0050451 

22 

001055 

17 

44 

181374 

1 J69 

816626 

1861 JO 

1402 

81 1561 

005065 

32 

0910 15 

16 

45 

182196 

1 366 

817801 

1872HO 

1300 

8127.0 

0t))084j 

1^ 

091916 

15 

46 

18 3016 

1 361 

8160S4 

18‘<l *0 

1 306 

6 1 1 880 

00510J 

3 J i 

094896 

14 

47 

IS 38 J| 

1301 

816166 

1S305S 

noi , 

811042 

0051 23 

31' 

994877 

1 ) 

48 

1846 51 

1350 

815J40 

189794 

1301 ! 

810206 

0051431 

13 

9048 57 < 

12 

49 

185466 

1156 

H145J4 

190629 

1389 i 

800371 

0031621 

33 

9948 8 

11 

50 

186280 

1153 

81 1720 

101462 

1386 I 

8085 J 8 

0051821 

3J 

OOI 8 I 81 

10 

51 |9 187002 

1351 

10 81‘2‘W)H 

9 192294 

1364 

U) 807706 10.005202,' 

JJ 

9 991708 

0 

52 

187003 

1348 

812097 

193124 

1 JSl 

80G876 

C052*2l| 

11 

994770 ! 

8 

53 

188715 

. 1346 

811288 

191953 

1179 

806047 

005*241 

3 J 

994750 

7 

54 

180519 

1143 

810481 

104780 

1376 

805220 

005261 

33 

9947 Joi 

6 

55 

190325 

1341 

809675 

193606 

I 174 

^ 804394 

005281 

3J 

9917101 

5 

56 

191130 

1 113 

80887t) 

1 964 JO 

1371 

803570 

005300 

33 

904700 

4 

57 

19193J 

13.J6 

808067 

197253 

1169 

802747 

0053*20 

33 

9946RO 

3 

58 

192734 

1331 

807266 

193074 

1366 

801926 

005140 

33 

994660 

2 

59 

193534 

1330 

800 160 

198891 

1361 

801106 

005360 

31 

994640 

1 

60 

194oJ2 

1328 

805668 

190713 

I 361 

880287 

0053801 

S3 

994620 

0 


I Coaine I 


8i iJtgrces* 


Cotang I 


Tang I Cosec j | SinejM 








9 914191 

i9 

994171 

)8 

904150 

17 

994 1 29 

’0 

99 11 OH 

15 

994087 

14 

994nor> 

11 

991045 

12 

99402 1 

11 

994(X) * 


y'9«7i981 

1 V9 

99 1960 

21 

99 {<> <9 

127 

99)918 

20 


W806 a'> 


10 77*H(|7 *J 
77 ^ 4*27 

771952 

77121*? 

770482 

769748 

769016 

768280 

767556 


51 9 2S 31721 

52 233899 

51 214625 

54 215349 

55 216071 

56 216795 

57 237515 

58 218235 

59 238951 

60 239670 


10 7668289 2J9622 

1248 

766101 

240371 

1246 

765175 

241 1 18 

1244 

764651 

241865 

1242 

761927 

242610 

1240 

763205 

''11154 

1218 

762485 

244097 

1216 

761765 

244619 

1214 

761047 

245579 

1212 

760130 

246319 

1210 


771761 

(X)6l2J 16 

901H7 5 

21 

77099) 

CmUCt 16 

9«>1H54 

23 

770J27 

fKX, 1 6S )6 

90 }fi \2 

22 

769461 

000169 16 

99)811 

21 

768698 

(XXiJll '*6 

991789 

"() 

10 767915 

10 0062 ij 30 

9 991768 

19 

767174 

OOOJ51 16 

991746 

18 

766411 

(X)0275 16 

99)725 

17 

765655 

(X)6Jy7 16 

99)70) 

16 

764897 

(X)61J9 16 

991681 

15 

764141 

(X)6)4() 16 

99 1660 

14 

76 nae 

CK)f. >62 16 

9936 )« 

1 ) 

76J612 

006)84 16 

991616 

12 

76 1880 

006406 37 

991594 

11 

761 128 

0CX>428 17 

991572 

10 

llO 760178|10 006450 37 

9 993550 

9 

759629 

006472 17 

991528 

8 

758882 

006494 17 

993506 

7 

758115 

006516 17 

9934H4 

6 

757390 

006518 17 

991462 

5 

756646 

006560 17 

993140 

4 

755903 

006582 17 

99J418 

3 

755161 

006604 17 

991196 

2 

754421 

006626 17 

993374 

1 

751681 

0(X*^4ol 17 

991151 

0 














28 1 

M 

1 Sme 1 

“ 0 

9 239670 

1 

240386, 

2 

241101' 

3 

241814] 

4 

242526 

5 

243217 

6 

243947 

7 

244656 

8 

21536 1 

9 

246069, 

10 

246775' 


11 9 24747H 

12 2481 HJ 
n 248881 

14 249^81 

15 250 JS2 

16 250980 

1 7 251677 
I H 252 J7 J 
I y 25800 T 
'O 25 1761 


21 

9 2 5445 J 

1152 

22 

255144 

1150 

23 

255834 

1148 

24 

2565*23 

IMG 

25 

257211 

1111 

26 

257893 

I M2 

27 

25858 J 

1141 


10 752522 9 
751819 
7511 17 
750417 
749718 
749020 
748 123 
747627 
746988 
746210 


10 745547 9 
744856 
744166 
74 1477 
7427K0 
712102 
74M17 
7407 12 
740049 
7 10 167 


9 

B 

1 


1 




9 254374 
255100 
255824 
256547 
257269 
257990 
258710 
259129 
260146 
2C0H63 


9 261578 
262292 
263005 
26 1717 
264428 
2651 IS 
265847 
266555 
267261 
267067 


10 745626 

10.006896 

744900 

006919 

744176 

006941 

743451 

006961 

742731 

0069H7 

742010 

007010 

741290 

007033 

740571 

007056 

739854 

007079 

7391 17 

007102 

10 738422 

10 007125 

737708 

0071 18 

736095 

007171 

7 1628 1 

007 1 94 

7)5572 

(X>7-17 

7 llSf»2 

007211 

731153 

00726 1 


7 JU45 
7 127J9 
712011 


10 711J20 
730625 
729923 
729221 
728521 
727822 
727124 
726427 
725711 
725036 


(X)7287 
(H>7510 
007 1 1 1 


10 007137 
007 381 
(X)7401 
007428 
007451 
007475 
007499 
007522 
007546 
007570 


38 9 993104 
38 993081 

38 993059 

38 993036 

38 99 3013 

38 992990 

38 992967 

38 992944 

38 992921 

38 99*2898 


18 9 992875 

38 992852 

39 992829 

19 992806 

19 9927K 1 

J9 992759 
39 992736 

39 992713 

19 992690 

19 992666 


39 9 99264J 
39 992619 

39 992596 

39 992572 

39 992549 

39 992525 

39 992501 

40 992478 

40 992154 

40 99-430 



10 007594 

40 

9 99‘J 106 

19 

007618 

40 

992382 

18 

007641 

40 

992359 

17 

007665 

40 

992335 

16 

007689 

40 

992J1 1 

15 

007713 

40 

992287 

14 

007737 

40 

992263 

13 

007761 

40 

992239 

12 

007786 

40 

992214 

11 

007810l 

40 

992190 

10 









lANGENTS AND &£CANTb. (11 Degrees.) 


D I Cosec. I lang I 1> 


0 

2 

3 

4 

5 

6 

7 

8 
9 

10 

9 280599' 
281248 
281897| 
282544 
283190 
283896 
284480 
285124 
285766 
286408 
' 287048 

1082 

1061 

1079 

1077 

1076 

1074 

1072 

1071 

1069 

1067 

1066 

10 719401 
718752 
718101 
717456 
716810 
**16164 
715520 
71 1876 
714*234 
71 3592 
71*2952 

9 268652 
289*1*26 
289999 
290671 
291 )42 
292013 
292682 
293350 
294017 
294684 
295119 

11 

9 287687 

1064 

ia7123l3 

9 *29601 1 

12 

288326 

1063 

711674 

296677 

13 

2S8964 

1061 

711036 

297339 

14 

289600 

1059 

710400 

298001 

15 

290236 

1058 

709764 

29866*2j 

16 

290870 

1056 

709130 

299322 

17 

291504 

1054 

708406 

*299980 

18 

2921*)7 

105) 

707863 

3006)8 

19 

29*2768 

1051 

707*232 

301295 

‘>0 

*20 1300 ^ 

1 1) 30 

706601 

301951 

jr 

*) 294029 

1048 

10 705971 

9 3026t 7 

22 

294658 

1046 

70534*2 

30)261 

23 

295286 

1045 

704714 

3039M 

24 

293913 

1013 

701037 

304 567 

25 

206510 

101*2 

703461 

305218 

‘26 

‘207161 

1010 

7028 16 

*103860 


5i7 2‘»77Sh 

J8 298412 
29 29<KVH 
\0 299651 

‘ 9 J00276 

92 900895 

99 901511 

91 902192 

95 102748 

96 109964 

97 909979 

98 904 59 J 

19 905207 

40 90)819 

"41 .9 106490 
42 10704 1 

19 907650 

44 908259 

45 308867 

46 909474 

47 910080 

18 910685 

49 911289 

50 91189) 


PCoti iPg I 
10 7'll948 
710674 
710001 
709929 
708058 
707987 
707118 
706650 
705989 
705116 
704651 
’10.701987 
70)929 
702661 
701999 
701998 
700078 
700020 
600962 
69670 . 
698040 


10.00*'059 
008078 
00810) 
00811.7 
008152 
008177 
(X)8201 
(X>9226 
I 008251 
008276 
I 008901 
!10 008326 
I 008951 
0t)897b 
008401 
008426 
(X.>8451 
008476 
008502 
008527 
00855*2 


702 -K 9 
701 566 9 

700<)06 9 
700)45 9 

* 10 699721 9 1 
60910. 1 

698 186 *1 

6978)56 9 

697252 9 

696696 9 

696021 H 
095107 *1 

694799 ‘J 
691181 

“ 10 69 )5wT* 
09*2959 
692950 ^ 

691741 < 

691199 i 
690526 i 
689920 J 
08991 5 

688711 ' 

688107 ' 


10 697 )9' 10 (X)857‘' 
6967 19 (XW601 

696086 a)8()28 

6934 1 1 008654 

69478*2 008679 

691111 009705 

699481 0087 1(> 

6928 1*2 ( 08756 


69 m? O0H9O ' 

10 6‘K)891 io (X)8 hTi 
690216 008859 

6S9602 008885 

688958 008910 

688915 008916 

68767 1 00896*2 

6870 19 008988 

C8fi99'2 (H)‘)01 1 

085751 009040 

685115 00WG6 


10 68417/ 10 
681841 I 
683205 
6B2570 
681916 
68190) 
68067 1 
690099 • 
679408 
678778 


10 67H14910 
6775*21 
676894 
676*267 
673642 
675017 
674999 
679769 
679147 
672.5*25 


009092 1 1 
009118 41 
009145 44 
009171 44 
009197 44 
000*229 44 
(X)9250 44 
009276 44 
009909 44 
0099*29 44 


009*156 44 
00998*2 44 
009409 44 
009435 44 
009462 44 
009489 45 
009515 45 
00954*2 45 
009569 43 
0095961 4 3 


1)”|" ( osinc [ 

"41 "9 991947^60 
41 991922 59 

41 991897 58 

41 991879 57 

41 991848 56 

41 99182) 55 

41 991799 54 

4*2 991774 59 

4*2 991749 52 

42 991724 51 

42 991699 50 

42 9 991674 49’ 
42 991649 48 

42 991624 47 

42 991599 46 

42 991574 45 

42 991549 41 

42 991524 4) 

4*2 991198 42 

42 90147) 41 

4‘2 9«)1448 40 

"17 9 9‘>1 122 ~jr 

42 991 197 18 

43 991372 *17 

4) 991340 16 

43 991'/J1 35 

4*1 991*293 34 

4 3 991*270 13 

43 991244 32 

4) 991*218 31 

4 1 99119) 10 

lf9 90II67 “*> 
43 991141 28 

I 43 991115 ‘27 

43 991090^26 

4) 991(X,1 25 

41 *»9101H 21 

4 1 99101*2 23 

43 990981) J2 

43 990960 21 

44 990934 20 

11 9 9*X)»X)H 1 9 
41 990882 18 

44 990855 17 

44 99f)829 16 

44 990803 15 

44 990777 14 

44 990750 13 

44 9907*24 1*2 

44 990697 1 1 

44 990671 10 


44 9 990644 9 

44 990618 8 

44 99)501 7 

44 000565 6 

44 9003 18 5 

45 090511 4 

45 090485 3 

45 990458 2 

4 3 090431 1 

I 4 3 990404 0 


CoUni 


78 Degrees. 




M { $ine I 


(12 Degrees.) table op logarithmic sikes, 





21 

9 330176 

961 

10 660824 

9 J40J44 

1007 

10 65965b 

tO.OlUl6S 

46 

9 989832 

39 

22 

330753 

960 

669247 

340948 

1006 

659052 

010190 

46 

989804 

38 

2) 

331320 

958 

66K671 

341552 

1 1004 

658448 

010223 

46 

989777 

37 

24 

3)1901 

957 

608097 

342155 

1001 

65784 5 

010251 

47 

980749 

36 

25 

332478 

916 

607 522 

142717 

1 1002 

657243 

010270 

47 

080721 

35 

26 

333051 

954 

666940 

3 13 1 J8 

IGXX) 

656642 

010107 

47 

9S969 1 

14 

27 

333024 

953 

066)76 

343958 

990 

656042 

010115 

47 

989665 

33 

28 

334105 

952 

665805 

314558 

998 

655442 

01036 > 

47 

989667 

32 

20 

3 <4766 

050 

665J34 

1 315157 

997 

054841 

010191 

47 

980609 

31 

30 

3 13 1 )7 

019 

60460 1 

345715 

006 

65424 5 

010113 

47 

080182 

10 

"oF 

9.315000 

018 

10 00 1094 

0 116)51 

1 901 

10 611647 

10 010447 

47 

0 989152 

29 

32 

330475 

94 0 

0o‘)j J5 

3 109 19 

091 

653051 

010475 

47 

980525 

28 

33 

317043 

945 

662957 

317515 

902 

65245 > 

01 050 J 

47 

989497 

27 

34 

3 17(1 10 

914 

602 190 

348141 

001 

651s:9 

010531 

47 

939469 

26 

15 

338170 

913 

60 1 821 

3487 11 

ooo 

651201 

010550 

47 

989441 

25 

3o 

3 1874 J 

Oil 

601258 

310120 

OSH 

650071 

010587 

47 

980413 

21 

37 

3 10 106 

910 

060094 

119022 

0S7 

65(X)78 

010616 

47 

989181 

2) 

38 

3 1987 1 

919 

000129 

350111 

98(1 

619486 

OJ0641 

47 

969356 

22 

SO 

3404 ) 1 

937 

6 iO 566 

‘1JII06 

985 

618894 

010672 

47 

989328 1 

21 

40 

340030 

0^0 

050(X^4 

351007 

OSl 

618103 

010700 

47 1 

9H93(X) i 

-0 



17 S'14912 

18 ‘34540M 

l‘) SWiI 
50 140 57M 


9 

'*2 317087 

53 348240 

54 34879J 

55 3403 13 

56 34980 i 

57 3S0443 

58 350992 

50 351540 

50 352088 



022 

10 652866 

0 356140 

070 

9M 

652313 

318731 

«MJO 

920 

651760 

359113 

968 

910 

651208 

359893 

967 

017 

610657 

360474 

966 

916 

650107 

361053 

065 

915 

640557 

36163‘J 

963 

914 

640008 

362210 

962 

913 

648460 

362787 

961 

911 

647912 

363361 

960 












TANGENTS AND SECANTS. (13 Degrees.) 


UiTY” Sine 


ia6479l2 
6473651 
6468191 
6462741 
645729! 

645185 
644642 
644009 

643557 367951 
643016 368524 
642476 360004 




10 6 K. )78 9 ' 
6 )()()46 I 
631515 
614934 ‘ 

631151 f 
fjJiyJl i 
6 J 1 196 « 

63Jh69 J 
6JJHI *; 
631815 '• 



10 6 JlJho'y JH09IU 

926 

lO 61 WOO 

10 012109 

51 

0 087801 

‘29 

6 1076 1 

381 166 

925 

618514 

012229 

51 

087771 

28 

6 lOJ 19 

382020 

924 

617930 

01 2260 

51 

087740 

27 

629715 

382575 

0‘23 

617425 

012200 

51 

087710 

26 

6J919^ 

381129 

022 

616871 

012321 

51 

087679 

25 

628670 

38 leiKi 

921 

616118! 

012351 

51 

087640 

24 

6231 48 

3812 1 1 

920 

615766 

01 2 182 

51 

98761 K 

23 

627627' 

181786 

019 

61521 1 

012412 

51 

987588 

‘22 

627106 

385117 

91R 

614663 

012443 

51 

987557 

21 

6‘26 ,86 

385838 

1 017 

6I4I12 

0121741 

51 

987520 1 

20 


J1 

9 17 10 5 ^ 

8fi4 

10 62C067 

9 3804 18 

015 

10 61 156‘J 

10 012505 

51 

9 087496 

10 

12 

374452 

86 3 

625 54 S 

386 9H7 

Oil 

61 1013 

01*2515 

51 

987465 

18 

41 

371970 

862 

625010 

387540 

01 1 

612164 

012566 

5l 

087434 

17 

41 

375487 

801 

621513 

38K0R 1 

912 

611916 

012507 

5L 

987403 

16 

45 

‘176003 

860 

6‘2J997 

388611 

911 

611360 

012628 

52 

987372 

15 

16 

376519 

8 ;9 

6‘21481 

380178 

910 

6I08‘22 

012650 

52 

987341 

14 

17 

377015 

8 58 

6‘22965 

189721 

909 

610276 

0126‘j0 

52 

987310 

13 

48 

377549 

857 

62*24 51 

lf|0270 

003 

6097 10 

. 0127‘JI 

52 

987279 

12 

40 

37^063 

856 

621037 

300315 

007 

609185 

012752 

52 

987248 

11 

59 

378577 

854 

6JI 12 . 

391 160 

O'G 

608640 

012783 

52 

987217 

10 



905 

llO 608007 

10 012814 

52 

0 987186 

0 

904 

1 607553 

01*2845 

52 

987155 

8 

901 

1 60701 1 

012876 

52 

087121 

7 

902 

606469 

012008 

52 

987092 

6 

9i)l 

605927 

012030 

52 

987061 

5 

900 

605386 

0129/0 

52 

087030 

4 

809 

604846 

013002 

52 

9«699H 

3 

898 

604 106 

013033 

52 

0R6967 

1 2 

897 

603767 

013064 

52 

986936 

i 1 

896 

603220 

0130961 

52 

086904 

1 0 


|“Tanff“ 

1 Coicc, 

1“ 1 

Sine 



















(14 Degrees ) table of logarithsIic sines, 



9 389211 

83S 

10 610789 

9 402656 

886 

ia597344 

389711 

8 32 

610289 

403187 

885 

596813 

390210 

831 

600790 

403718 

884 

596282 

3‘K)7( 8 

830 

609292 

404249 

883 

595751 

391206 

828 

60S794 

404778 

882 

595222 

301701 

827 

608297 

405308 

881 

504692 

392109 

826 

607801 

4038 36 

880 

594164 

392695 

825 

607305 

406364 

879 

593636 

393191 

824 

606809 

406802 

878 

59 3108 

393685 

H2 1 

606115 

407419 

877 

502581 

9 104179 

822 

10 605821 

9 4079151 

876 

10 592055 

394673 

821 

603327 

408471 

875 ! 

591529 

395166 

820 

604834 

408907 

874 

591003 

1956 38 

819 

601342 

409521 

874 

500479 

39<'»150 

818 

60 1850 

410045 

873 

589955 

306641 

817 

601359 

410369 

872 

589411 

397132 

817 

602868 

411092 

871 

588908 

397621 

816 

602370 

41J6J5 

870 

588385 

3981 II 

815 

601880 

412137 

8C0 

587863 

39S60o1 

814 

601400 

412658 

868 

58 7 342 


IOOIW5 
01 $477 
013509 
013541 
01357$ 
013605 
OJ36 J7 
013669 
013701 
01 17 )4 
10 013766 
01 3798 
013831 
013863 
013896 
01 1928 
013961 
013091 
014026 
01 4056 


53 9 986555 49 
53 986523 48 

53 986491 47 

53 986450 46 

53 986427 4 5 

53 986 19 > 44 

54 986103 41 

54 986331 42 

54 9k6299 41 

54 986266 40 

54 9 986234 39 

54 986L02 38 

51 986169 37 

54 986137 36 

54 986104 35 

54 986072 34 

54 9860^9 33 

54 986007 32 

54 985974 31 

54 985942 30 


11 9 <<>9088 

32 399575 

33 400062 

34 400549 

35 401035 

36 401 520 

37 402005 

38 402489 

39 402972 

40 403455 


81 1 110 600912 


9 41 1179 
413609 
414210 
4147 18 
415257 
415775 
416293 
416810 
417326 
417842 


10 580821 
586301 
585781 
585262 
584743 
584225 
583707 
583190 
582674 
582158 




10 014091 

55 

9 985909 

20 

014124 

55 

985876 

28 

014157 

55 

985843 

27 

014189 

55 

985811 

26 

014222 

55 

985778 

25 

014255 

55 

985745 

24 

014288 

55 1 

985712 

23 

014321 

55 

985679 

22 

014 354 

55 

985646 

21 

014187 

55 

985613 

20 












• 1ANOENT& AND hLC\MS. (15 DcgreCft.) 

m PSh^ I D ) C^c. I Jang j DT | Cotang | S^nt | D | Cobine~ 



la 5565^1 

10 01bl25 

58 

9 98 1875 

J9 

5560^2 

016160 

59 

983840 

28 

555542 

016195 

59 

983805 

27 

5^5053 

016230 

59 

983770 

26 

5545G5 

016265 

59 

983735 

25 

554077 

016300 

59 

9837(XI 

24 

553589 

0I61J6 

59 

983661 

21 

553102 

016371 

59 

983629 

22 

552G16 

016406 

50 

983594 

21 

552130 

016442 

59 

9H3558 

20 

10 551644 

10 016477 

59 

9 981521 

19 

55115^ 

016513 

59 

983487 

18 

550674 

016548 

59 

983452 

17 

550190 

016584 

59 

983416 

16 

549706 

0166J9 

59 

983381 

15 

549223 

016055 

59 

983345 

14 

548740 

I • 016091 

59 

983 109 

1 1 

548257 

016727 

60 

983273 

12 

547775 

1 016762 

60 

983238 

11 

547294 

! 016798 

60 

983202 

10 

10 546813 

10 016834 

60 

9 983166 

9 

5463 V2 

016870 

60 

081130 

8 

545852 

016906 

60 

98J094 

7 

545372 

016942 

60 

983058 

6 

544893 

016976 

60 

983022 

5 

544414 

017014 

60 

9H2986 

4 

543916 

017050 

60 

9829 jO 

3 

543458 

1 017086 

60 

982914 

o 

542981 

017122 

60 

982878 

1 

542504 

1 017158 

60 

982842 

0 










34 (lb Dt^^riCa ) TABLE Ol LOGAUIllIMlC blNLS, , 

\I f Sine I D I Coitfc | Tang { D ( (*otji>K \ hac ant |_D | 


» 440)91 

734 

Uo 5596029 457490 

794 

10 542504110 0171581 

60 >9 982842 

60 

440771 

4412U 

7 39 

550222 

4579791 

70 3 

542027 

017195 

60 

982805 

59 

7J2 

558782 

458440, 

458925( 

79) 

541551 

0172)1 

61 

982'’69 

58 

441651 

791 

558942 

702 

541075 

017267 

61 

982793 

57 

4420W 

791 

557904 

4594001 

791 

540600 

017304 

61 

982696 

56 

442595 

730 

557465 

459875 

790 

540125 

017940 

61 

982660 

55 

44297d 

1 729 

557027 

460 340 

7t)0 

539651 

017376 

61 

982624 

54 

443410 

728 

556590 

460829 

789 

539177 

017419 

61 

982587 

53 

443847 

727 

55615) 

461207 

788 

598709 

017449 

61 

982551 

52 

444284 

727 

5557 IC 

461770 

788 

5382W 

017486 

61 

982514 

51 

444720 

72e 

555280 

4622421 

787 

597758 

017529 

61 

982477 

30 


tl 9 445155 
12 4455W 

I J 440025 
H 440159 
15 440S9i 

10 • 447 WO 

17 447759 

18 448J9I 

19 448029 

20 449054 


21 9 449485 

22 449915 

*1 45094) 

24 4 50775 

25 451204 

20 4510 W 

27 452000 

28 15J4H8 

29 4520 1 5 

10 4 59 342 


110 554845 9 46*2714 

786 

110 5*37286 10 017559 

61 

9 982441 

49 

554 310 

46)186 

785 

5 3681 4 

017>*W. 

61 

982404 

48 

55997 3 

4696 38 

785 

5 )6 342 

01703)' 

61 

982367 

47 

55 ,311 

461129 

784 

595871 

017669 

61 

98*2331 

46 

55 3107 

46 1599 

V89 

595 101 

01770f» 

61 

982294 

45 

552674 

463069 

789 

5949 31 

017749 

61 

982257 

44 

552211 

4655 )9 

7S2 

5 34 461 

017780 

62 

982220 

4*3 

551809 

46<i<K)8 

781 

5 3 3‘>92 

017817 

6*2 

98218) 

42 

531977 

466 176 

780 

« 3 3524 

017854 

62 

982146 

41 

5 50916 

466945 

780 

5 5 1035 

OJ789I 

62 

982109 

*30 

10 350)15,9 

16741) 

779 

10 >32587 

10 017928' 

1)7 

9 982072 

, 99 

55(X)S5 

46788(1 

778 

5)2120 

01796^ 

62 1 

98*209 

J8 

5496 35 

4<i8 517 

77S 

59IG53 

018002 

62 1 

981998 

97 

549225 

46c39l 1 

777 

5 31186 

0180 39 

62 1 

981961 

36 

518796 

469280 

776 

590720 

01o076 

62 ' 

981921 

33 

5 lb 368 

4697 If) 

77) 

5*30251 

018114 

62 1 

9SIKS6 1 

34 

5479 10, 

470211 

775 

529789 

018131 

62 

981849 ; 

11 

S47 5I‘2| 

470676 

771 

520 32 3 

OlSlbb 

62 ! 

981812 , 

)2 

54708 •[ 

471 1 11 

77) 

528859 

018226 

02 I 

981774 

31 

5466 38* 

471605 

77) I 

528 393 

01826 31 

621 

9817 17 I 

*30 



10 527932110 018)01 

6 3 

9 981699 

t 29 

527468 

018 318 

69 

981062 

|28 

527005 

01897) 

63 

981625 

27 

5*26549 

018119 

62 

981587 

20 

526081 

0184)1 

09 

. 981549 

2^ 

525619 

018188 

69 

981512 

*24 

525158 

018)26 

69 

9SI474 

23 

524697 

018564 

69 

9814 36 1 

22 

524*2 37 

018601 

69' 

981*399 1 

21 

5*29777 

018629 

63l 

981961 1 

*20 


10 52)917 

10 018677] 

69 

9 981 3*2^ 

19 

522858 

0187151 

63 

981*285 

18 

52*2*399 

018733' 

6) 

981*217 

17 

521911 

018791 1 

69 

'81209 

1C 

5*2148*3 

018829 

6) 

981171 

15 

521025 

016867 

64 

9811)3 

14 

5*20568 

018905 

64 

98109) 

12 

5*201 1 1 

018919 

64 

9810j 7 j 

12 

519655 

018981 

64 j 

981019 

11 

519199 

0100191 64 

980981 

10 


095 10 
4620101 091 


469092 60 3 

469*148 009 

4698G4 692 

464270 001 

464604 GOO 
465108 6<K) 

465522 680 

465995_ 6M 
Cosi ne I 
7J PtgrLi.b. 


597184 481 
5 )C9fi8 482 
5 36552 482( 
5ifil9(, 48907 
5J5721 489521 

595JOO 48998 
594802 48449 
59H78 49488' 
594005 4S5 3 V 
( Coinnt; 


lU 518741 10 019038 64 |0 980042 

518288 019096 64 980904 

517893 0191 34 64 980606 

517379 019173 64 980827 

516925 019211 64 980769 

516471 019250 64 980730 

516018 01928b 64 980712 

515)65 019927 64 980673 

515119 019 365 64 0800 35 

514061 019104 64 1 980590 



1AI9GENTS AKO SECANTS. (17 DegrCCS.) 35 

M Sin^ I C osoc [ I 13 j lo wn ^ | ^c«nt [ 1) rrcw ti^j 


9 46S9S4 

688 

la 5J4065}0 485^30l 

755 

ia51466l 

1 

I 

466048 

688 

5S1042 

485701 

752 

514209 

019442 

466761 

687 

5J32S9 

48G242 

741 

513758 

019481 

467170 

686 

532827 

486693 

771 

413307 

019520 

467584 

685 

5S2414 

487143 

750 

512857 

019558 

467996 

685 

502004 

487593 

740 

512407 

019597 

468407 

684 

511593 

488043 

749 

511057 

010016 

468617 

68S 

531 18S 

488492 

748 

511508 

010675 

469237 

683 

43077 i 

488941 

747 

511059 

[ 019714 

4696sS7 

682 

3S0S63 

480390 

747 

510610 

019753 

470046 

681 

529054 

489838 

1 746 

510162 

1 01970 


24 

475730 

672 

25 

476133 

671 

26 

476536 

670 

27 

476938 

669 

28 

477340 

6()0 

29 

477741 

668 

30 


667 




653 

10 513531 

9 507893 

653 

513140 

508326 

652 

512749 

508750 

641 

512357 

500101 

651 

511966 

509622 

650 

511576 

5lOOi4 

650 

511186 

510485 

649 

5IO70C 

510916 

64R 

510407 

511346 

648 

510018 

511776 


64 

9 080596 

90 

64 

980548 

no 

65 

980510 

48 

65 

980480 

47 

65 

980442 

46 

65 

980403 

44 

65 

980364 

44 

65 

980325 

43 

65 

980286 

52 

64 

980247 

41 

65 

080:^8 

JO 

65 

9 9S0109 

49 

65 

9801 K> 

48 

65 

980091 

47 

65 

980052 

40 

65 

08001J 

14 

05; 

079973 

44 

66 

979934 

43 

66 

970895 

42 

66 

079845 

41 

6fi 

079816 

40 


10 499161 

421058 499001 

42065b 50001. 

5202*0 500 IS 1 

5I0MD0 >(K)y20 
SIOICI 50IS>9 
519061 501707 

518606 4022H5 


10 400817 

10 0*X)f>-/0 

6r> 

19 979 ISO 

2‘' 

500197 

020600 

66 

979110 

28 

4 9095 H 

020700 

67 

1 9791(X) 

27 

499519 

0A)740 

67 

979260 

26 

499080 

0*20780 

67 

979220 

25 

496641 

020820 

67 

979180 

24 

498203 

020S60 

67 

979140 

21 

407765] 

020900 

67 

979 KX) 

•22 

497328 

02094 1 

67 

979059 

21 

4%801 

02093 1 

67 

970019 

"0 

10 49o4 >3 

11) 021021 

67 

9 978979 

1 19 

4900 1« 

021061 

67 

9789 19 

18 

49558^^ 

021 lOJ 

67 

978898 

17 

495 MO 

021142 

67 

978848 

16 

491711 

021181 

67 

978817 

15 

494276 

021223 

67 

978777 

14 

491841 

0212C4 

67 

978736 

13 

493407 

021304 

68 j 

978696 

12 

492973 

02134'; 

68 

978655 

11 

492440 

021364 

68 

978615 

10 





































lANGEMis AND skCANib. (19 Degrees) 



21 

9 520271 

600 

22 

520631 

599 

23 

520990 

599 

24 

521349 

598 

25 

521707 

598 

26 

522066 

597 

27 

522424 

596 

28 

522781 

596 

29 

523138 

595 

30 

523405 

595 


Coaec 


ia487358 9.53697i 
486991 637382 

486625 537792 
486259 538202 
485893 538611 

485528 539020 

485163 539429 
484798 539837 
484434 540245 

484070 540653 
48S706 541061 


10 48 1343 9^41468 
482980 541875 
482618 542281 
4822 5 <> 542688 

48 1893 543094 

481532 543499 
481171 543005 

480810 544310 

480449 544713 

480089 545119 

ia479729 9 545524 " 
479369 545928 
479010 546331 
478651 54673*5 

478293 517118 

4779 M 547.10 
477576 ‘547943 

477219, 548 145 
476862 548747 

476505 549140 



10 463028 
462618 
462208 
461798 
461389 
460980 
4li0571 
460163 
459755 
459147 
458939 


10 458532 
458125 
457719 
457312 
456906 
456501 
456005 
455690 
4 55285 
454881 


10 454476 
454072 
453660 
453265 
452862 
452460 
452057 
451655 
45125) 
450851 


10 024330 
024373 
024417 
024461 
024504 
024548 
024592 
024635 
024679 
024723 
024767 


ia024811 
024855 
024899 
024043 
024087 
025031 
025075 
025120 
025 164 
025208 
10 025252 
025297 
02 >141 
025 186 
02 54 JO 
025475 
025510 
025564 
025609 
025653 


Coftine 


73 9.975670 
73 975627 

73 975581 

7) 975539 

73 975496 

71 975452 

73 075408 

73 975365 

73 975321 

7 1 975277 

73 075233 


71 9 97 51 80 
73 975145 

7 1 975101 

73 975057 

73 975013 

74 974969 ' 

74 074925 

74 074880 1 

74 074836 

74 074702 

T 9 9747 18 
74 07470 1 

74 974659 

74 074614 

74 974 570 

71 974525 

74 974481 

74 974436 

74 971391 

75 974317 


668 

10.450450 

10.025698j 75 

0 97 1J02 

20 

668 

450010 

02574 1 75 

974257 

‘-H 

667 

419648 

025788, ^5 

074212 

27 

667 

440248 

025831; 75 

071IC7 

2f. 

666 

448848 

025878 75 

074122 

25 

666 

448448 

025923' 75 

074077 

S.4 

665 

448048 

025068 75 

974012 

23 

665 

447619 

0-6013 75 

97 1987 

22 

665 

447250 

026058 75 

973942 

21 

664 

446851 

026101 75 

07 1807 

20 


10 442483 
442087 
441692 
441298 
440903 
440509 
440115 
439721 
439327 


10 026602 
026648 
02669 1 
026739 
026785 
026831 
026876 
026922 
026968 
027014 


76 9 07 I iW 3 

76 97 H52 H 

76 073 107 7 

76 0711.61 6 

76 97S215 5 

76 971169 4 

76 071124 3 

76 97J07H 2 

77 973032 1 

77 972986 0 









38 (20 Degreeb ) table of logarithmic sines, 


M 1 Sini! 

I) 

Coscc 

'lang 

D 

Cotang 

1 hecant 


) Costnc 

_ 

' 0 

9 534052 

578 

ldr465^8 

9567066 

~6ST 

10“ 438934 

1^27014 

77 

9'972986 

60 

1 

534399 

577 

465601 

561150 

651 

438541 

027060 

77 

972940 

59 

Si 

534745 

577 

465255 

561851 

654 

438149 

027 1 (K) 

77 

972894 

58 

3 

535092 

577 

46490B 

562244 

651 

437756 

027152 

77 

972848 

57 

A 

5354 38 

576 

464562 

5626S6 

653 

437364 

027198 

77 

972802 

56 

5 

53578 3 

576 

464217 

563028 

653 

436972 

027245 

77 

972755 

55 

6 

536129 

575 

463871 

503419 

652 

436581 

027291 

77 

972709 

54 

7 

536474 

574 

463526 

563811 

652 

436189 

027337 

77 

972663 

53 

8 

536818 

574 

463182 

5()4202 

651 

435798 

027383 

77 

972617 

52 

9 

537163 

573 

462837 

564592 

6^1 

435408 

027430 

77 

972570 ' 

51 

10 

537507 

573 

462493 

564 OS J 

650 

435017 

027176 

77 

972524 

50 

11 

9 5 378)1 

572 

I0 462M9 

9 50537 3 

650 

(0 434627 

10 027522 

77 

9 972478 

49 

12 

538194 

572 

461806 

565763 

619 

434237 

027569 

78 

972431 

48 

13 

5 385 3H 

571 

461462 

566153 

619 

433847 

027615 

78 

972385 

47 

H 

536880 

571 

461120 

566512 

649 

433158 

027662 

78 

972338 

46 

I*! 

539223 

570 

460777 

566932 

648 

433068 

027709 

78 

972291 

45 

16 

539565 

570 

460135 

567320 

618 

432680 

027755 

78 

972245 

44 

17 

5J9907 

569 

46(X)9 i 

567709 

617 

432291 

027802 

78 

972198 

43 

18 

510219 

569 

459751 

568098 

617 

431902 

027849 

78 

972151 

12 

13 

510590 

568 

4)9410 

568 186 

616 

431514 

027895 

78 

972105 

41 

20 

540931 

568 

459069 

5GSS73 

616 

431127 

027942 

78 

972058 

40 

m 

9 511272 

567 

10 458723 9 5692611 

64 ) 

10 4307 39 

10 027989 

78 

9 972011 

J9 

22 

51161 3 

567 

458 387 

5696 IS 

613 

1‘10 35J 

0280 30 

78 

971961 

38 

23 

511053 

566 

458047 

5700 35 

613 

42906 ) 

02808J 

78 

971917 

37 

21 

51229 3 

566 

457707 

570122 

611 

429578 

0281 30 

78 

971870 

36 

25 

5126 32 

505 

457 368 

570809 

611 

429191 

028177 

78 

971823 

35 

20 

512971 

565 

457029 

571193 

613 

428S05 

02822 1 

78 

971776 

34 

27 

513310 

561 

456()«K) 

57 1 581 

613 

428119 

02S27 1 

79 

971729 

33 

28 

513619 

561 

456 3)1 

571967 

612 

428033 

028 31 8 

79 

971682 

32 

2‘) 

51 3987 

56 3 

456013 

572). 2 

612 

42764S 

028 56 5 

79 

971635 

31 

»0 

5 11 325 

56 5 

4)5675 

5727 38 

612 

427-62 

028112 

79 

9715S8 

30 

”ll 

9 51 166 1 

562 

10 455 3 37 

9 57 3123 

611 

10 126K77 

10 028~1("a) 


9 97151v3 

29 

32 

515000 

562 

455(XX) 

573507 

611 

42619 3 

028 -.D? 

79 

971193 

28 

H 

515 338 

561 

45 1662 

573892 

640 

426108 

0285)1 

79 1 

97 1446 

27 

34 

5 15674 

561 

451 326 

574276 

610 

425721 

02S602 

79 

97 1 398 

1 ‘.6 

35 

51601 1 

500 

45 .989 

574660 

639 

425340 

028619 

79 

971351 

25 

36 

516347 

560 

45 365 3 

575014 

639 

424956 

028697 

79 

97 1 30) 

24 

37 

546683 

559 

45 3317 

575127 

639 

424573 

028711 

79 

971256 

'23 

38 

547019 

559 

452981 

5753lol 

638 

421 IW 

028792 


97 120 s 

I 22 

30 

517 351 

55S 

4 526 16 

57019J 

633 

423807 

0288 39 

70 

971161 

i2l 

10 

547689 

558 

4 »2 3n 

576576 

63- 

42 3121 

023-887 

1 79 

971 113 

1_^ 

11 

9 51802 li 

557 

10 1)1976 

9 57695H 

637 

10.423011 

15^)289 31 

80 9 971066 

19 ' 

12 

5 IS 359 

557 

1)1011 

57 7 341 

6 30 

422659 

02S9S2 

80 

971018 

18 

1 3 

518(>9{ 

556 

451307 

57772 3 

1 636 

422.i77 

0290 10 

80 

970970 

17 

11 

5 19027 

5 56 

1 5097 3 

578101 

630 

421806 

029078 

80 

970922 

16 

45 

5 19 360 

55) 

1 5(16 10 

5784S6 

(.35 

421514 

020126 

80 

67087 1 

15 

16 

51969 3 

55j 

450 307 

5788t)7 

633 

4211 33 

02917 3 

80 

970827 

14 

17 

5)0026 

554 

419974 

579218 

604 

420752 

029221 

80 

970779 

13 

48 

5503)9 

551 

419(,4l 

579629 

()31 

420 371 

029269 

80 

9707 31 

12 

li) 

550692 

553 

41 9 30S 

5S0009 

634 

419991 

029 317 

80 

970683 

11 

50 

551021 

55! 

413976 

580 389 

633 

419611 

029 J6) 

80 

970635 

10 

jl 

9 551 1)6 

5)2 

10 418641 

9 580769 

6 33 

10.419231 

10 029114 

80 

9 9705HG 

9 

52 

551687 

552 

448313 

581149 

632 

418851 

029162 

80 

97053J 

8 

53 

55>01S 

552 

4479S2 

581528 

632 

418472 

029510 

80 

970190 

7 

54 

552319 

551 

447651 

581907 

632 

[ 418093 

029558 

80 

970112 

6 

5i 

552680 

551 

447320 

582286 

631 

417714 

029606 

80 

970394 

5 

56 

55 3010 

5jO 

446990 

582665 

631 

1 417335 

029655 

81 

970345 

4 

j7 

553341 

530 

4466591 

58‘3013 

630 

416957 

029703 

81 

970297 

3 

58 

553670 

549 

416330 

583122 

630 

416578 

029751 

81 

970240 

2 

59 

554000 

549 

116000 

583800 

629 

416200 

029800 

81 

970200 

1 

60 

554329 

548 

145671 

581177 

629 

415823 

029818 

8. 

970152 

0 


Cosine 1 1 

Sv(.ant 1 

CoUiig 

1 

r " 

C081IH 

_ 

Sine 

ni" 


69 Degrcib. 



S9 




SC? 






jlv 





11 
12 

13 

14 55890*) 

15 559234 

16 55955R 

17 55988S 

18 560 J07 

19 ';(>0531 

20 560855 
TTu 501178 

22 501501 

23 561824 

24 562140 

25 56J40O 

26 562790 

27 563112 

28 56343 i 

29 >* 6^55 

30 504075 
IT 9 564 196 

12 564710 

33 565036 

34 565 156 

3# 565670 

36 565995 

37 566314 

38 566632 

39 566951 

40 567269 
TT 9 567 587 

42 507904 

43 568222 

44 568559 

45 568856 

46 569172 

47 569488 

48 569804 

49 570120 

50 570435 
TT 9 570751 

52 571066 

53 571380 

54 571695 

55 572009 

56 572323 

57 572636 

58 572950 

59 573263 

60 573575 


441742 588691 
441417 589066 
441091 5H9440 

440766 589314 

440442 590188 

440117 590562 

430793 590935 

430469 591 103 

4 19145 59I6HI 


10 438822 
438490 
43S176 
437854 
437532 
417210 
436888 
4)6567 
406245 
435925 


9 592051 
I 502426 
I 59279S 
! 593170 
593>l‘» 
593914 
59428) 

I 5946 >6 
595027 
595398 


10 411684 10 ( 
411309 ( 

410934 ( 

410560 C 
410186 ( 

400812 ( 

409 138 ( 

409065 C 
408692 ( 

408 119 ( 

” 10 407Tj6 10 C 
407 574 I 
407202 ( 

40f>h29 ( 

406153 ( 

40()0S6 ( 

403715 ( 

403 144 ( 

4') 197 1 ( 

1()460_ ( 


li Cusine 

sT 9 970152 S 
81 970103 59 

81 970055 58 

81 970006 57 

81 969957 56 

81 969W9 55 

81 969660 54 

81 969811 53 

81 969762 52 

81 969714 51 

81 9691)65 50 

82 9 9r>*K>l6 49 

82 969567 48 

82 969518 47 

82 969409 46 

82 <>1)9420 45 

82 069370 44 

82 069321 43 

82 969*272 42 

82 96022*1 41 
82 069173 lO 

“8ir9 96‘)l24 "jo" 
82 9(,<K)75 18 

82 96<K>27 37 

82 068976 36 

H 1 ‘168926 15 

8 1 068877 34 

H 1 068827 33 

8 1 068777 32 

81 068728 n 

8 1 068678 


10 -i 5 3604 '9 J03768 
5061 18 
4H00I 506)08 

4 146 14 506878 

434 124 507217 

434005 507616 

433086 597085 

431168 508154 

431040 598722 

432731 500091 

"lO 43241 19 599 J 59 ” 
432096 599827 

411778 600194 

431461 600562 

431144 600929 

4 30828 601 296 

430512 601662 

430106 6020*20 

429880 602*195 
429565 602761 

” 10 42924919 (>03 1*27 ' 
428934 603493 

428620 603858 
428 105 604223 

427991 601588 

427677 601053 

427364 605317 

427050 603682 

426737 606046 

426425 606410 

I Sicint I f’olaii 


10 1012 V2 

10 on 172* 

h 1 

9 0()862H 

40 1862 

0 114221 

83 

068 5T8 

101102 

01147*.' 

8 ) 

068528 

40)122 

011721* 

8 1 

068470 

402751 

on 5711 

8) 

963420 

402 184 

0)1621; 

83 

068 179 

40201 5 

0)1671' 

81 

‘)6KJJ0 

401646 

011722 

8 1 

06K*278 

401278 

031772* 

'84 

068228 

400‘K)9 

0)1822! 

81 

Of,KI78 

10.4(X>54I 

U) 011872 

81 

0 06H 1 ‘28 

400173 

011022 

81 

068078 

39980<, 

011071 

PI 

0(j8<)27 

399438 

03*202 1 

84 

907077 

399071 

01207 1 

84 

967927 

393704 

032121 

81 

907876 

308338 

032174 

84 

067826 

39707 

032225 

P4 

067775 

397605! 

012*275 

84 

0677*25 

397*239 

0 12326 

81 

‘>67674 

10 306873 

10.052376 

84 

0 9070 J 1 

396507 

032427 

84 

06757 ' 

396 J 42 

032478 

85 

907 7 JJ 

395777 

03*2529 

8> 

96-J7I 

395412 

032579 

85 

967121 

395047 

032630 

85 

‘>0737f) 

394683 

032031 

87 j 

1 007319 

394318 

0327 12 

85 

[ 907268 

393954 

032783 

87 

907217 

393590 

032834 

851 

067166 

i * 

{ o‘.ci 1 

-i. 

Sine 1 



D *7~ CoHcc. I r«ng I D I Cotang'~] Secan 


— 

85 

8 967166 

60 

85 

967115 

59 

85 

967p64 

58 

85 

967013 

57 

85 

966961 

56 

85 

966910 

55 

85 

966859 

54 

85 

966808 

5*) 

86 

966756 

52 

86 

966705 

51 

86 

96665') 

50 






































(24 Degrees.) table or logarithuic 


Cosec I lang 


0 9 6093 

1 609597 

2 609R80 

'» 610164 

4 610447 

5 610729 

6 611012 

7 611294 

8 611576 

9 611858 

10 612140 

TT 9.612421 
12 61270J 

1<J 612989 

14 619261 

19 613949 

16 613823 

17 614109 
l« 614989 

19 614669 

20 614941 _ 
r jT 9 61522 1 

22 61990J 

21 619781 

J4 616060 
29 6I63J8 

26 616616 
27 616894 

15 617172 

29 617490 

90 617727 _ 

irr9 018004 
12 618281 
J9 618558 
14 618811 

i9 6191 U) 

36 619186 

17 6l9(i6J 

38 61999S 

19 0JO21 1 

40 6J04H8 _ 
"TT 9 <>J076 1 

12 621018 
43 621911 

41 621987 

49 G21861 

46 622195 

47 6221G9 

48 622682 

49 622956 

50 629229 
TT 9 624902' 

52 629774 

5 1 624047 

54 624919 

9') 624991 

56 624869 

57 625199 

58 625406 

59 625677 

60 62.3949 


10 390687 9 64856 1 
390409 648929 
990120 649269 
389896 649602 

389959 649942 
389271 650281 

388088 690620 
388706 650959 
388424 691297 

388142 691696 

987860 691971 
”10 387579 9 652112' 
987 298 652650 

387017 652988 

986796 65 1 126 

9H6499 659661 

986179 654(XK) 

985895 654117 
989615 654674 

9S3H9 659011 

985056 695149 

” 10 9847’? ; 9 6556H4 
98 1498 656020 
981219 656156 

981910 6 566021 

981662 6571 2S' 

18 >38 I 657 164 

981106 697699 

982828 658031 

I 982990 698 169 

I 182271 638704 

“ 10 181990 9 0590 19 

9H1719 639171 

981442 659708 

981166 660012 

IHOSW 660 176 
980614 660710 

980 19S 661019 

98(X)6- 661 177 

979787 C6I710 

976512 662019 

U7 1792 17 9 662176 
978962 662709 
97S68-’ 6690121 

97841 1 661175 

978119 609707 

177865 664019 

377 391 664171 

377 118 664703 

977041 665095 

976771 665966 


D I Cota ng, / 
'566 llO 95141711 
566 95 1077 

566 950797 

566 350198 

965 350058 

965 349719 

565 3499HO 

564 349041 

564 348709 

564 348164 

969 948026 

563 10 347688 

563 347950 

569 347012 

962 946074 

562 946 197 

962 346(XX) 

56 1 345663 

561 945926 

561 344980 

961 944632 

5fO 10 944916 

560 943980 

560 949641 

990 949108 

930 942072 

550 942696 

5)0 912101 

598 911066 

938 111631 

998 111206 


I iSvca nt I D 
10039270 94 
' 03932C 94 

^ 099982 94 

\ 099499 94 

I 099495 94 

1 099552 94 

) 039608 94 

i 039665 94 

1 039721 94 

I 019778 94 

1 090 835 94 

J 10 6^9891 95 

3 039948 95 

2 040(X)3 95 

! 04CX)62 95 

7 010118 95 


040175 95 
040292 95 
010280 95 


/ Cosine I 
9^960130 " 
960674 
960618 
960561 
960505 
960448 
960992 
960935 
960279 
960222 
960165 I 
' 9 960109 
960052 
950095 
9599 18 
999882 
959825 
959768 
950711 


0390 10 
639 171 
659708 
66(X)I2 
660 176 
660710 
661019 
661 177 
C6I710 
662019 
662176” 
662709 
669012 
661175 
669707 
6610 10 
664 171 
664703 
665099 
665166 


"lO >10001 10 011U15 

ilJ(X.27 011002 

310292 011150 

990958 04120S 

919624 041266 

, 990200 0 1 1 12 1 

918957 011181 

918621 oiiro; 

99H2‘K) 011197 

997057 011555 

~ 10 9 17624 10 04161 J 

\ 397291 011671 


95 

059654 1 

41 

95 

050506 

40 

95 

9 959539 1 

90 

05 

959182 

98 

95 

959423 

37 

03 

959908 

96 

06 

950310 

15 

06 

950251 

14 

JX) 

95019) 

91 

96 

95JH«i« 

92 
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62 (44 Degrees.) table of logarithmic sines, 

M I itine 1 U 1 Costc | lang ) D | Cotaiig | S ecant | I) | Cowne | _ 
ai8~ 10 15822*# 998-1857 421 10 015163 10 14J066. 20‘59 856954 60 

1 841902 218 158098 985090 421 014910 149188,203, 856812 59 

2 842053 218 157‘)67 985915 4^1 014657 14 5310 204, 8766*X) 58 

3 842163 217 157857 985796 421 014404 143452,2041 856568 57 

4 842204 217 157706 985848 421 014152 J43554, 2(H, 856446 56 

5 842424 217 157576 986101 421 013S99 143677 204| 85032555 

6 842555 217 157445 986 554 421 013646 1 4 3799 j 204! 856201.54 

7 842685 217 157315 986607 421 013 593 143922j 204* 856078 53 

8 842815 217 157185 986860 421 013140 1440441 204; 855956.52 

9 842946 217 157071 987112 421 012888 144167, 20 1' 8558}5 51 

10 843076 217 156924 087 565 421 ) 0 1 J(, 55 144289 20 5 ' 8557 1 1 j 70 

iT 9*8^5266 21 (r 10 1 56794 9 9J576I8 421 10 01 2 582 10 1 44 1 1 2 205 0 855 588 49 

12 843556 216 156664 987871 421 012129 141555 20> 835165 43 

*13 84 5466 216 156554 OS8I25 4Ji 011877 1416^8 207' 8o7 542|47 

14 84 j7‘»5 216 156407 988 576 421 011624 141781 20 » 855219, 46 

1 5 84 5725 216 156275 988629 421 01 1371 144«i04 2()5' 8 770961 15 

16 84 5355 216 1 561 15 988882 421 011118 145027 ‘’0 7 85 197 >44 

17 843984 216 156016 989131 421 010866 145150 205, 8»1S50 41 

18 844114 215 155886 989387 421 01061 5 145273 206, 851727|42 

19 84 4 24 5 215 1 55757 989640 421 010360 1 45 59“ 206' 85460 {| II ' 

20 844 572 215 155628 98989 5 421 010107 1 15720 lOh*, 85lH0 40i 

'IT 9 814502 215 10 155498 9 ^jKlTTi 421 10 0098 55 K) 1 4 56 1 1 206 9 85 1 5 56 5**' 

22 8446 51 iil j 155369 9903‘>R 421 009602 145767 206| 8512 5 5 58 

‘2 5 841760 21 5 1552K) 99(W.5| 42 1 009 549 14 5S91 2061 8 >1109 r 

24 844869 21 7 1 571 II 990903 421 009097 146014 206 8 5 59361 56 

25 845018 215 1 > 1982 991 I 56 4 21 0088 1 I 116138 206) 85 >862 7 

26 817147 215 15187 5 991 1091 421 (X)359l 146202 206 8 i 57 58 14 

27 845276 214 151721 991662 421 008338 1 16 586 207 85 >614; 33 

28 815405 214 151595 991 *14 421 00S086 116 710 207 85 5190 32 

29 8455 55 214 l'>4467 992167 421 <X)78 5 5 H(.6512(r 87>l66lll 

30 845662 214 154 158 962120 421 1X77580 1 167 >H 20? 35 5242' 'O 

9 H157‘K) 211 10 I 1 1210 9 992672 I2I ll> (X>7 528 10 1 16382 -07 9 H . 5118 29 

32 815919 214 151(581 992925 421 (0707 7j J 47006 207 852994' 28 

33 816017 214 1 7307 5 993178 421 (X)6S22j 147151*207 852869 27 

34 846175 21 1 15J327 991110 421 0'>6>70 147277 207| H'^2747'26 

15 846 104 211 151696 993683 421 (X)6,17| 117 580 20“' 8 7*2620 ‘-5 

16 8 16 1 52 21 3 1 5 5568 9 » >9 16 421 (X)()06l| 1 17 701 20Sj 8 72196 24 

17 816760 ‘211 153440 <)94I89 421 0058Uj 1476.9 208' 872171 23 

38 846688 21 3 153312 991441 421 (X)7759. 14775 5 208j 852217 22 

39 H46816 211 151181 991694 421 (X)il(X>, 1478TS20H 87-122 21 

40 846914 211 151076 991917 4*1 (X)705i; 1 1800 i' 2081 8 7 1 997 ‘3) 

"TT 9 8 1707 1 2 1 V 10.152^ l Jl lo (X) ISOl lO 1 48 j7s A)S 9 8.1 872 1 9 

42 847199 213 152801 995172 421 001518, 1482 71 208 8 71747 18 

4) 8471*27 213 152671 99 >705 421 (X)1297, 1 18 5TS -OS 851622 17 

44 847154 212 1 S'JWO 995977 421 00101 > 143 701 209 871 |‘)7 16 

45 847582 212 152418 996210 421 0(>5"*H) 1 136-8 209 ' 871172 15 

46 847709 212 152291 996461 421 a)1517| 148754 20‘»'- 871216 14 

47 847856 212 152164 9*16715 421 00323 >- 148379 -09 851121,1 1 

48 8I7«)64 212 172016 996968 421 (X)1012 149(X)4 2('*9 870996 12 

49 1 848091 21*2 151009 997*221 421 002779 1491 Jo 20*V 830370 11 

50 I 848213 212 1517HJ 907 1“ 1 421 002727 149255 209 87074 7 10 

51 9 843 >15 -12 10 15 loTs, “9^977*26 121 10 002274 10 149 .sl 2O99 850#.19 *♦ 

52 818472 211 151528 997979 4*21 00-021 149 >07' 210 850495' 8 

53 848599 21 1 151401 9982 51 4*21 001769 14‘K> 5*2 2101 850 >63, 7 

54 8487J6 211 J51J74 993484 421 (X)I5l6 1497581210} 8 j0212| 6 

55 848352 211 1511 IS 998717 421 (X)I‘26J 1498h| 210’ 850116' 5 

56 848979 211 171021 998989 421 001011 15(XU(> 210 819990 4 

57 849K)6 211 150394 999*242 421 (XX)77S 150136' 21 ()| 84‘»S64| 3, 

58 8492V2 211 1507(>3 99949 7 421 000505 1 50263 210, 8 197 isj 2 

59 h4»)379 211 150t>ll 999748 421 CXX)275 150389 210* 84*>6nj I 

60 1 84948 >1 211 1 50515 10 OOOOOOl 421 CKXXKX) 1 505 1 »| 2 lOj 849485, 0 

4j Dig rces. 
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1 ABI E OP L0(*AR1THMIC SINES^ TANGENTS, AND SFCANfS, lO 

EVERY POINT AND QUARTER POINT OF THL U)MP\SS. 
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91697 

31189 

94 132 

37 

24 

26596 

96410 

i 28234 

95931 ,.29904 

954*24 

1 31565 

94888 

33216 

94322 

36 

25 

26584 

06402 

1 28262 

05<)‘23 299 52 

<)S415 

, 11593 

94878 

33244 

943IS 

35 

26 

26612 

96S94 

’ 28200 

<J5915| 29*K»0 

95407 

, 31620 

94869 

31271 

94 103 

34 

27 

26640 

96386 

‘28318 

95907 1 29987 

95398 

1 31648 

94860 

33298 

94293 

33 

2S 

26668 

96379 

‘ ‘28 146 

<158<J8 30015 

‘>5189 

! 31675 

94851 

3332C 

94*284 

32 

20 

26606 

96371 

I28J74 193800 I* 30043 

<»53W) 

1 31703 

94842 

33353 

94*274 

31 

SO 

26724 

96 36S 1 

1 ‘28 IU2 

0 7882,1 1007 J 

95372 

11710 

94832 

11181 

9 r264 

30 

SI 

26752 

963 55 

I 28429 

97874 10098 

97363 

1 31758 

91823 

1 13408 

94254 

29 

S2 

26780 

96347 11 28157 

95365 >1 Jt)l 26 

95354 

, 31786 

94814 { 

1 3J436 

94245 

28 

3S 

26808 

96340 

,28485 

95857 Ij 10154 

|<>5‘145 

1 31811 

94805 , 

, 33463 

94235 

27 

S4 

208‘56 

96332 

‘28513 

95849 1 10182 

95337 

; J1841 

91795 

33490 

94225 


S9 

26864 I 

96S24 

'28541 

95841 il 30209 

953‘28 

31868 

94786 ' 

3 1518 

94*215 

25 

S6 1 

26892 

96316 

1 285(.9 

95832 {j 30237 

95319 

31896 

94777 

33545 

94206 

24 

S7 i 

26920 

06303 

28597 

95824 !' 30265 

95SJ0 

' 31923 

94768 

33573 

94 1 96 

23 

38 

26948 

96301 

' ‘28625 

95816 , 30‘292 

95301 

1 31951 

91758 

33600 

94186 1 

22 

^9 

26976 I 

96293 

23652 

95807 ! 103‘20 

95293 

' 31979 

94749 

33G27 

94176 ! 

21 

40 

27tX)4 

9623 5 

, 2H6B0 

<»5799 I XJ348 

95284 

1 32006 

<J4740 

33655 

91167 1 

*20 

41 

27032 

96277 h 28708 

95791 ' 10376 

95275 

3*2034 

94730 

33682 

94157 I 

19 

42 1 

27060] 

96269 

' 28736 

95782 30403 

95266 

32061 

94721 

33710 

94147 

18 

43 i 

27088 

96261 

i ‘28764 

95774 10431 

95257 

1 3*2089 

94712 

33737 

91137 

17 

44 

27116 

06253 !l 28792 

95766 30459 

95248 

1 3*2116 

94702 

33764 

94127 

16 

49 

27144 

96246 

1 28820 

<15757 30486 

95240 

1 32^44 

94693 

3 1792 

94118 

15 

46 

27172 

96218 

' 28847 

95749 130514 

9523 L 

J 32I7I 

94684 

33819 

94108 

14 

47 

27200 

96230 

I ‘28875 

95740 30542 

95222 

] 32199 

^4674 

! 33846 

94098 

13 

48 

27228 

96222 

,28903 

95732 ’ 30570 

95*213 

' 3*2227 

91665 

1 3 1874 

94088 

12 

49 

27256 

96214 

1 28931 

95724 \\ 30597 

95204 

! 3‘2254 

<14656 

; 33901 

94078 

11 


50 

27.84 

96206 ; 28959 

95715 1 306*25 

95195 

[ 32282 

94646 

23929 

94068 

51 

27312 

9f>I<J8 ,28<)87 

95707 130653 

95186 

32309 

946 17 

33956 

94058 

52 

27340 

96190 ; 2901 5 

956<>8 ,30680 

95177 

1 32337 

94627 

3*19H3 

04049 

53 

27308 

96182 '29(M2 

95690 30708 

95168 

, 32364 

94618 

34011 

940 >9 

54 

27396 

96174 129070 

95081 '30736 

95159 

32392 

94609 

34038 

94029 

55 

27424 

96166 j 29098 

95673 130763 

95150 

324 ID 

94599 

34065 

9401 9 

56 

2745*2 

96158 ! 29126 

95664 130791 

95142 

1 32447 

94 5901 

34003 

94009 

57 

27480 

96150 129154 

95656 1' 30819 

951 ‘J3 

32474 

<>4580 

31120 

9 J9<i9 

58 

‘27508 

96142 '*29182 

<25647 1 , 30846 

95124 

: 32502 

94571 , 

34147 

1 

59 

27536 

96134 ‘2<)209 

95639 Ij 30874 

95115 

' 32529 

94561 

34175 

91979 

60 I 

27564 

96126 >‘29237 

95630 ' 1 30902 

95106 

' 32557 

94552 ' 

34202 

93<>69 





Min 'N Bin 


1 34229 

2 34257 

3 34284 

4 34311 

5 34339 
C 34366 

7 34393 

8 34421 

9 34448 

10 34475 

1 1 345a3 

12 34530 
I i 34557 

14 34584 

15 34612 

16 316)9 

17 34666 

1 8 34694 

19 34721 


20 3474H 

21 34775 

22 34803 

23 34830 

24 34857 

25 34884 

26 34912 

27 34939 

28 34966 

29 34993 


10 35021 
SI 35048 

32 35075 

33 35102 

34 35130 

35 35157 

36 35184 

37 35211 

38 35239 

39 35266 


40 35293 

41 35320 

42 35347 

43 35375 

44 35402 

45 35429 

46 35456 

47 35484 

48 3551 1 

49 35538 
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60 

91S4S 59 
91331 56 

91319 57 
91S07 56 
91295 55 
91283 54 
91272 S3 
91260 52 
91248 ,51 
91236 “50 ■ 
91224 49 
91212 48 
91200 47 
91188 46 

91176 45 
91161 44 
91152 43 
91140 42 
91128 41 



91116 

40 

91104 

39 

91092 

38 

91080 

37 

91068 

36 

91056 ! 

35 

91044 I 

34 

91032 

3) 

91020 1 

32 

91008 1 

31 

90996 

30 

90984 

29 

90972 

28 

90960 

27 

90948 

26 

9093G 

25 

90924 

24 

90911 

23 

90899 

22 

90887 

' 21 

90875 

90863 

20 

19 

90851 

18 

90839 

17 

90826 

16 

90814 

15 

90802 

14 

90790 

1 ) 
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Sfi904 60 
8*1851 II 55948 ) 82887 59 

83835 55968 } 82871 58 

82855 57 

83804 I! 56016 ] 82889 56 
82822 65 
82806 54 
82790 58 
82773 
82757 


10 

50252 

86457 

151753 

85567 

' 53238 

84650 

54708 

83708 

56160 

82741 

50 

11 

50277 

86442 

151778 

85551 

, 53263 

84635 

54732 

83692 

56184 

82724 

49 

12 

5CVJ02 

86427 

' 51803 

85536 

1 53288 

84619 

5^756 

83676 

I 56208 

82708 

48 

n 

50 J27 

86413 

'51828 

85521 

1 53312 

846044 

54781 

83660 

56232 

82692 

47 

14 

J0352 

86398 

51852 

85506 

53337 

84588 

54805 

83645 

56256 

82675 

46 

15 

50377 

86384 

151877 

85491 

53361 

84573 

54829 

83629 

56280 

82659 

45 

16 

50403 

86369 

151902 

85476 

53386 

84557 

54854 

83613 

56305 

82643 

44 

17 

50428 

86354 

1 51927 

85461 

53411 

84542 

54878 

83597 

56329 

82626 

43 

18 

50453 

86340 

1 51952 

85446 

5 3435 

84526 

54902 

83581 

56353 

62610 

42 

19_ 

50478 

86325 

51977 

85431 

53460 

84511 

54927 

83565 

56377 

82593 

41 

20 

50503 

86310 

52002 

85416 

53484 

84495 

54951 

83549 

56401 

82577 

40 

21 

50528 

86295 

52026 

85401 

53509 

84480 

54975 

83533 

56425 

82561 

39 

22 

50553 

86281 

' 52051 

85385 

53534 

84461 

54999 

83517 

56449 

82544 

38 

23 

50578 

86266 

52076 

85370 

53558 

84448 

55024 

83501 

56473 

82528 

37 

24 

50603 

86251 

52101 

85355 

53583 

84433 

55048 

83485 

56497 

82511 

36 

25 

50628 

86237 

52126 

85340 

53607 

84417 

55072 

83469 

56521 

62495 

35 

26 

50654 

86222 

52151 

85325 , 

53632 

84402 

55097 

83453 

56545 

82478 

34 

27 

50679 

86207 

52175 

85310 

53656 

84386 

55121 

83437 

56569 

82462 

33 

28 

50704 

86192 

52200 

85294 

53681 

84370 

55145 

83421 

56593 

82446 

32 

29 

50729 

86178 

52J25 

85279 

53705 

81 355 

55169 

83405 

56617 

824J29 

31 

•JO 

50754 

86163 

52250 

85264 

5J730 

84 3 39 

1 55194 

8 J3H9 

56641 

8*241 ) 

30 

31 

50‘»79 

86 148 

52275 

85249 

53754 

84324 

55*218 

83373 

56665 

82396 

29 

32 

50804 

86133 

52299 

85234 

51779 

84308 

1 55242 

83356 

56669 

82380 

28 

33 

50829 

86119 

52 J24 

85218 

53804 

84292 

55266 

83340 

56713 

82363 

27 

34 

50854 

86104 

52 J49 

85203 

53828 

84277 

55291 

83324 

, 56736 

82347 I 

26 

35 1 

50879 

86089 

51.374 

85188 

53853 

84261 

55315 

83308 

1 56760 

82330 

25 

36 

50904 

86074 

52 399 

85173 

53877 

84245 

55 339 

B3292 

{ 56784 

82314 

24 

37 I 

50929 

86059 

52423 

85157 

53902 

842‘JO 

55363 

83276 

t 56808 

82297 

23 

38 1 

50954 

1 86045 

52448 

85142 

53926 

84214 

55338 

83260 

’ 56832 

82281 ; 

22 

J9 

50979 

86030 

5247 3 

85127 

53951 

84198 

55412 

83*244 

! 56856 

82264 

21 

40 

51U04 

86015 

5*2498 

85112 

53975 

84182 

1 55436 

83228 

1 56880 

82248 

20 

41 

51029 

86000 

52522 

85096 

54000 

84167 

1 55460 

83212 

1 56904 

82231 

19 

42 

51054 

85985 

5*2547 

85081 

54024 

84151 

! 55484 

83 195 

' 56928 

82214 

18 

43 

51079 

85970 

52572 

85066 

54049 

84135 

i 55509 

83179 

' 56952 

8*2198 

17 

44 

51101 

85956 

52597 

85051 

54073 

84120 

55533 

83163 

56976 

82181 

16 

45 

51129 

85941 

52621 

85035 

54b97 

8^104 

1 55557 

83147 

, 57000 

62165 

15 

46 

51154 

85926 

52646 

85020 

54122 

84038 

1 55581 

83131 

' 57024 

82 M8 

14 

47 

51179 

85911 

52671 

85005 

54146 

84072 

' 55605 

83115 

1 57047 

82132 

13 

48 

51*^04 

85896 

52696 

84989 ' 

54171 

84057 

55630 

83098 

57071 1 

82115 

12 

49 1 

512iO 

85881 

52720 

84974 • 

54195 

84041 

! 55654 

83082 

57095 

82098 

11 


50 

512o4 

85866 

52745 

84959 4 54220 

84025 

55678 


57119 

82082 

51 

51270 

85851 

52770 

84943 I 54244 

84009 

55702 

83050 

57143 

82065 

52 

51304 

85H 16 

52794 

84928 54260 

83994 

55726 

83034 

57167 

82048 

51 

51329 

85821 

52819 

84913 !, 54293 

83978 

55750 

83017 

57191 

82032 

51 

51354 

85806 

52844 

84897 54317 

83962 

55775 

83001 

57215 

82015 

55 

51379 

85792 

52869 

81882 '1 54342 

83946 

55799 

82985 

57238 

81999 

56 

51404 

85777 

1 52893 

84866 i! 54366 

83930 

55823 

82969 

57262 

81982 

57 

! 51420 

85762 

52918 

84851 |i 54391 
84836 1 5441 5 

83915 

' 55847 

82953 

57286 

81965 

53 

51154, 

1 85747 

1 5294J 

83899 

1 55871 

82936 
82920 1 

57310 

81949 

59 

1 51479 

857 12 

'52967 

84820 ' 54440 

83883 

' 55895 

57334 

81932 

60 

1 51504 

85717 

52992 

84805 , 5 1464 

83867 

55919 

82904 |j 

i 57358 

81915 
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79688 
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78622 

6J158 
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50 

79671 
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78604 
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40 
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61841 

78586 
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77494 

48 
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61864 

78568 

63225 

77476 

47 
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78550 
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16 
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785 12 
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77439 

45 
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78514 

63201 

77421 

44 

70j65 
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78496 

03116 

77402 

43 
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03338 
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42 
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78460 
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77 166 

41 
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62024 
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63 18 1 
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40 
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78424 
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77329 

30 

79477 

62069 

78405 

63428 

77310 

IR 
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62092 
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17 

79441 

62115 
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7727 1 

16 

79424 

62138 
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77255 

35 
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7H33 1 

63518 

77236 

>4 

79388 

62183 

78315 

63540 

77218 

33 

79371 

62206 

78297 

63563 

77109 

32 

79151 

02229 

78*279 

63585 

77181 

31 
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9 70772 
5 70754 
9 767‘J5 
5 76717 
r 766 OH 
) 76670 
; 7066 1 
I 76642 
> 76623 
I 7f*60 4 
”K '«n 
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A 


TRAVERSE TABLE, 


CONTAININO 


THD DIFFERENCE OF 


LATITUDE AND DEPARTURE, 


TO E\ EKY DEGREE AND QUARTER-POINT OF THE COMPASS OR 
HORIZON. 


Tffis Table expresses the sides and angles of right-angled plane 
triangles, the difference of latitude and departure being represented 
by the two legs, the distance by the hypotenuse, and the course 
and Its complement, by the two acute angles. Any two of these 
being given, except the acute angles, the other parts of the triangle 
may be found by inspection ; provided the course be in points, 
quarter-points, or any exact number of degrees. 

If the course be given in degrees and minutes, and the num- 
ber of minutes under SO', they are to be rejected, and the given 
degrees arc reckoned as the course , but if the minutes be above 
30', the number of degrees given arc to be increased by 1^ for tlie 
course. 

Ihe distances 1, 2, 3, dre at the top and bottom may be ac- 
counted 10, 20, 30, &c., or, 100, 200, 300, &c., if the difference 
of latitude and departure, answering to the course, be increased 
in the same proportion, which is done by removing the decimal 
point a corresponding number of places to the right. If the dis- 
tance consist of two or three significant figures, the difference of la- 
titude and departure must be sought for each figure separately, and 
the results added. 
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or THE TRAVERSE TABLE 


PROBLEM I 

TIm Course and IXistance being giten, to find tJi/e Difference of Lati^ 
^ tude and Departure 

Find tlic course, or the nearest to it, in the right or leflt-hand co- 
lumn, and in a straight line with it under or above the given dis- 
tance, you have the difference of latitude and departure. 


Lx. 1. A ship sails W 
of latitude and departure 

S W 90 miles. 

required her diffcicnce 

Course 

6 Points 

Dist 

90 

Dff Jjit 
. 3t442 

Dejmr. 

83 149 Answer 

t 

2 A ship sails N N E ^E, until her distance by the logline 
16 found to be 75 miles, what is her difference of latitude and de- 
parture ^ 

Course 

Points 

Dist 

70 

5 

Diff Lot 
01734 
4.4096 

Depar. 

32 998 

2 357 


75 

06 1436 

35 355 Answet 


3 A ship sails S. 48^ 15' E. 246 miles, required the difltrcnce 
of latitude and departure? 

Cour^ Dist. 

Diff Lat 

Dipar. 

480 200 

133 83 

148 03 

40 

26.765 

29.726 

6 

4 0148 

4 4589 

246 

164.6098 

182.2149 Answer. 

111 this example, tlie number of minutes being under 30', arc o- 


nutted, and the course assumed equal to 48^ , but if the minutes 
had been above SO', the course would have been assumed 49^ 

PROBLEM IL 

Difference of Latitude and Departure being given^ to find the Course 
and Distance. 

Seek in the table till you find standing together the difference of 
latitude and departure, which are nearest to those given , then, in 
the marginal columns, directly opposite, you will find the course, 
and at the top or bottom of the column, where the difference of la- 
titude and departure arc found, stands the distance. 

If the difference of latitude and departure given cannot be found 
nearly, in the table, take any ahquot parts of tliem, these will give 
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the same course as die whole, but the distance found mu*<t be mul- 
tiplied by the same figure, as the given terms i»ere divided b}, for 
the nhole distance. 

Ex, 1. Gi\en the difference of latitude 58.5 miles south, and the 
departure 39 miles west , required the course and distance •* 

In this example, the difference of latitude and departure arc 
found in the column marked 7, which gives 70 miles for the dis- 
tance, and on the margin stands 34^ between south and Hcst, toi 
the course, being nearly S W. by S. 

2 Given the difference of Kititude^G 2 miles S , and the depni 
tine 42 miles E , Mhat cir<v the course and distance ^ 

In this example, the numbers themselves are not to be found to- 
gether in the table, but of them, viz. 7.18 and 3.5, are found 
together, under the distance 8, ^hich multiplied by 12, gives 90 
miles, the whole distance , and on the margin is 26® betw c4ii south 
and cast, the true course 


PROBLEM HI. 

To Work a Traverse, 

Find the difference of latitude and departure fur each course, os 
above, and place them in columns marked North or South, and 
F-ast or West, respectively, the difference of the columns marked 
North and South will be the diffeicncc of latitude, and the diflfr- 
ence of the columns marked East and West, i^ill be tbe dtpartuie 
the ship has made good in the whole tia\eisc. 

Ejc a ship sailed S S. W. 54 miles, W by S 39 miles, N W 
by N. 40 miles, N. E, by E 69 miles, and N N W 00 miles, re- 
quired the difference of latitude and departure, and the couise and 
distance made good ^ 

Traverse Table, 


Course! 

i 


[ Difl ot 1 ou 

1 Dipurtiirc 

igTPni 



Wml 

S S. W 

2 

54 


49 89 


20 66 

W by S 

7 

39 


7 60 


38 

N W by N 

3 

40 

33 25 



22 22 

N L by £ 

5 

69 

38 33 




N. N. W 

2 

60 

Eza 


im 

22 96 




127 01 

57 49 

57 36 

10109 




57 49 



57.36 

1 DifT of Lat. N ss 

:09 5^ 

Dtp W = 

: 4673 


Hence, the distance made good is 84 miles, the com -.c licing 
N 340 W , or N. W. by N. nearly 
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TABLE OF RUMBS, 


SHEWING 

THE DEGREES, MINUTES, AND SECONDS, 

THAT EVERY POINT AND QUARTER-POINT OF THE COMPASS MAKES 
WITH THE MERIDIAN. 


NORTH 


Q 

D 

If 

6. 

" 

“ 

U. 

SOUTH 1 



O 

1 

2 

48' 

45 

O 

"l 



4m 


o 

2 

5 

37 

SO 

o 

2 





o 

3 

8 

26 

15 

0 

3 



N b.4 

N b W 

1 

0 

11 

15 

0 

1 

0 

S b. E 

S b. W 



1 

1 

14 

3 

4 ) 

1 

1 





1 

2 

16 

52 

30 

1 

2 





1 

3 

19 

41 

15 

1 

3 



N N E 

N N W 

2 

0 

22 

30 

O 

2 

0 

S S E 

as w 



2 

1 

25 

18" 

45 

2 

1 





2 

2 

28 

7 

30 

2 

2 





2 

3 

30 56 

15 

2 

3 




N W b N 

3 

O 

33 

45 

0 

3 

O 

S £ b 8 

s w b a 



3 

1 

30 

33 

45 

3 

“ i 





3 

2 

39 22 

30 

3 

2 





S 

3 

42 

11 

15 

3 

3 




N W. 

4 

0 

45 

0 

O 

4 

O 

a E 

aw 



4 

1 

47 

48 

Ea 

4 

1 





4 

2 

50 

37 

C!»l 

4 

2 





4 

3 

53 

26 

15 

4 

3 



N E b E 

N W b W. 

5 

0 

56 

15 

0 

5 

0 

S E b E 

aw b.w 



5 

1 

59 

3 

45 

5 

J 





5 

2 

61 

52 

30 

5 

2 





5 

3 

64 

41 

15 

5 

3 



E N E 

W N W 

6 

0 

67 

V} 

0 

6 

O 


w s w 




1 

70 

18 

45 

B 







2 

73 

7 

30 

Q 






3 

75 

56 

15 

li 




E b N 

PaBSBI 

7 

O 

78 

45 

0 

D 

ES 


W b s 



7 

1 

81 

33 

45 

7 

1 





7 

2 

84 

22 

30 

7 

2 





7 

3 

87 

11 

15 

7 

3 



Ti^t 

Wc»l 

H 

O 

oo 

O 

O 

8 

O 


W<M^t 



































































TABLES 


or 

COMPOUND INTEREST 

AND 

ANNUITIES. 


j^oie . — The following Tables, relating to Interest and Annuities, 
are calculated upon the principles laid down in the Introduction, 
and will serve as a specimen of the larger tables of tins sort, 
which arc sometimes employed for facilitating computations in 
business. 



Tables of Compound Interest and Annuriies. 


AMOUNT OF L.1, COMPOUND JNTERESr 



1 03000 
1 06090 
1 09273 
1 12551 
1 15927 
1 19405 
1 22987 
1 26677 
1 30477 
1 34392 
J 38423 
I 42476 


1.04000 
1,08160 
1 12486 
1 16986 
1 21665 
1 26532 
1 31593 
1.36857 
1 42331 
1 48024 
J 53945 
1 60103 



5 per cent. 


1 05000 
1 10250 
1 15762 
121551 
1 27628 
1^14010 
1 40710 
1 47746 
1 55133 
1 62889 
1 71034 I 
] 79586 


1 88565 

1 97993 

2 07893 
2 18287 
2 29202 
2 40662 
2 52695 
2 65330 


26 2 15659 

27 2 22129 

28 2.28793 

29 2.35657 

30 2 42726 

31 2 50008 

32 2 57508 
2 65234 
2 73191 
2 81386 
2 89828 
2 98523 j 


2 77247 
2 88337 

2 99870 
3 11865 

3 24340 
3 37313 
3»50806 
3 64838 
3 79432 

3 94609 

4 10303 ! 
4 26809 


3 55567 
3 73346 

3 92013 
4 11614 

4 32194 
4 53804 

4 76494 

5 00319 
5 25335 
5 51602 j 

5 79182 

6 08141 I 


4H 

75 

99 

99 

59 


970674 
.942596 
915142 
888487 
862609 
837484 
R I 3092 
789409 
766417 
744094 
722421 
701380 


13 680951 

14 .661118 

15 .641862 

16 623167 

17 605016 

18 587395 

19 570286 

20 .553676 

21 537549 

22 521893 

23 506692 

24 491934 

25 .477606 


.961538 

924556 

886996 

854804 

821927 

790315 

759918 

730690 

702587 

675564 

649581 

.624597 


600574 
577475 
.555265 
533908 
513373 
493628 
474642 I 
456387 
438834 
421955 
405726 
.390121 
375117 


952381 

907029 

.863838 

822702 

78J526 

746215 

.710681 

676839 

644609 

613913 

584679 

556837 


5J0321 
505068 
4R1017 
458112 I 
4 16297 
415521 
395734 
376689 
.358942 1 
341R50 
325571 
.310068 I 
295303 I 


463695 

450189 

437077 

424346 

411987 

399987 

388337 

177026 

366045 

355383 

345032 

334983 


325226 

315754 

306557 

.297628 

.288959 

280543 

272372 

.264439 

256737 

249259 

241999 

.234950 

228107 


360689 

.281241 

S468I7 

267848 

.333477 

255094 

320651 

242946 

308319 

231 177 

296460 

220359 

2R5058 

209866 

274095 

199873 

263552 

190355 

253415 

1R1290 

243669 

172657 

234297 

164436 

225285 

156605 

216621 

.149148 

.208389 

142046 

200278 

.135282 

192575 

128840 

185168 

122704 

178046 

116864 

171198 

111297 

164614 

105997 

158283 

100949 

152195 

096142 

146341 

091564 

140713 

087204 





















|S*u!S^S!oSSc!S«ZSi 



1 

1 OOOO 

1 OOOO 

1 OOOO 

2 

2.0300 

2.0400 

2.0500 

3 

3.0909 

3 1216 

3 1525 

4 

4 1836 

4 2465 

4 3101 

51 

5 3091 

5.4163 

5 5256 

6 

6.4684 

6 6330 

6 8019 

7 

7 6625 

7 8983 

8 1420 

8 

8 8923 

9 2142 

, 9 5491 

9 

10 1591 

10 5828 

1 1 0266 

lO 

11 4639 

12 0061 

12 5779 

11 

12 8078 

13 4864 j 

14 2068 

12 

14 1920 

15 0238 1 

la 9171 


Tables of Compound Interest and Annuities. 8L 


AMOUNT OF U 1 ANNLITY, COMPOVNn HTT^RLST 


4 per cent 


44SU7 
47 084 J 
49 9676 
52 966*1 
56.0849 I 
59 3283 
62 7015 
66 2095 
69 8579 
73 6522 
77 5983 
81 7022 


85 9703 
90 4091 
95.0255 
«)9 8265 
104 BI96 
110 0124 
115 4128 
121 0204 
126 8706 
132 9454 
1 i*J 2632 
145 8‘mf 
152 6671 



20 1569 

21 7616 
23 4144 

25 ] 169 

26 8704 
28 6765 
SO 5368 
32 4529 
34 4265 


21 8245 
23 6975 
25.6454 
27 6712 
20 7781 
31 9692 
34 2480 
36 6179 
39 0826 
41 6450 


38 69 1591 

39 72.2342 

40 75 4011 

41 78 66a1 

42 82 0JJ2 

43 85 4819 

44 80 0484 

45 027199 

46 96 5014 

47 100 3065 

48 104 4084 
'•O 108 5406 
5) M2 7969 


51 1135 
54 6691 
58 4026 
62.3227 
66.4388 
7a 7608 
75 2088 
80 06 18 
85 0670 
9a320S 
95 8363 
101 6281 


107 7095 
114 0950 i 
120 7098 
127 8198 ' 
135 2318 I 
142 0933 
151.1430 
1 59 7002 
168 6852 
178 1104 
188 0254 
1 08.4267 
209 3480 


O 9709 

0 9615 

1 9135 

1 8861 

2 8286 

2 7751 

37171 

3 6299 

4 5797 

4 4518 

5 4172 

5 2421 

6 2303 

6 0021 

7 0197 

6 7327 

7 7861 

7 4353 

8 3302 

8 1109 

9 2326 

8 7605 

9 9540 

9 3831 

10 6350 

9 9856 

11 2961 

10 5631 

11 9379 

11 1184 

12 5611 

1 1 6523 

13 1661 

12 1657 

13 7535 

12 6593 

14 3238 

13 1340 

14 8775 

13 5903 

154150 

14 0292 

15.9369 

14 4511 

16 4436 

14 8568 

16 9355 

15 2470 

17 4131 

15 6221 


0 0524 

1 8594 

2 7232 
8 5460 

4 3295 

5 0757 

5 7864 

6 4632 

7 1078 

7 7217 

8 3064 
8 8633 


0 3936 
9 8986 
lO 3797 

10 8378 

11 2741 

1 1 6896 
120853 

12 4622 
12 8212 

13 1630 
13 4886 

13 7986 

14 0939 


3 per cent. 

4 per cent. 

5 per cent 




17 8768 

1 5 9828 

J 1 )752 

18 3270 

1 G 3290 

14 or)o 

18 7641 

16 66)1 

14 H9HI 

19 1885 

16 9837 

15 Mil 

19 6001 

17 29iO 

15 3725 

20 0004 

17 5885 

15 5928 

20 3888 

1 7 87 )6 

1 5 8027 

20 7658 

18 1476 

J 6 0025 

21 1318 

18 4112 

16 1929 

21 4872 

18 6646 

16 3742 

21 8323 

18 9083 

16 5469 

22 1672 

19 14 J6 

16 71 13 

22 49i5 ' 

19 3679 

16 8670 

22 8082 

19 5845 

17 0170 

23 1 1 18 

19 7928 

17 1591 

23 4124 

19 9931 

17 2944 

23 7014 

20 1856 

17 4232 

23 9819 

20 3708 

17 5460 

24 2543 

20 5488 

17 6628 

24.5187 

20 7200 

177741 

24 7754 

20 8847 

] 7 8801 

25 0247 

21 0429 

17 OHIO 

25 2667 

21.1951 

18 0772 

25 5017 

21 3415 

18 1687 

25 7298 

21 4822 

18.2559 
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PROBAB1I.IT1E.S OF FORMBD BY DR. PR1CB» FROM THS 

REGISTRR AT NORTHAMPTON. 



Number who || 


Number who )| 


Number whe | 

Ai« 

complete 
that age 

die hi the 
ncoit fnier. 
vat 

Age 

I 

ESI 

Age. 

eomplete I 
c£it 1 

dte ku 1 
dkeir nencl 


Y«S 


y«!£ 1 

0 

11650 

1340 

Bl 

4310 

75 1 


1632 

80 

A 

10310 

554 

la! 

4235 

75 


1552 

80 

2 

9756 

553 

33 

4160 

75 

WSM 

1472 

NO 

2 

9203 

553 

34 

4085 

75 


1392 

80 

y 

8650 

1367 

35 

4010 

75 

69 

1312 

80 

2 

7283 

502 

36 

3935 

75 

70 

1232 

80 

s 

6781 

335 

37 

3860 

75 

71 

1152 

80 

4 

6446 

197 

38 

3785 

75 


1079 

80 

5 

6249 

184 

39 

3710 

73 


992 

80 

6 

6065 

140 

40 

' 3635 

76 


912 

60 

7 

4925 

no 

41 

3559 

77 


932 

80 

8 

5815 

80 

42 

3462 

78 

KiS 

752 

77 

9 

5735 

60 

43 

3404 

78 

mSm 

675 

73 

10 

5675 

52 

44 

3326 

78 


602 

68 

11 

5623 

50 

4.5 

3248 

78 

ETS 

534 

65 

12 

5573 

50 

46 

3170 

78 


469 

63 

13 

5523 

SO 

47 

3092 

78 


406 

60 

14 

5473 

50 

48 

3014 

78 


346 

57 

IS 

5423 

50 

49 

2936 

79 


289 

55 

16 

5373 

S3 

50 

2857 

81 


234 

48 

17 

5320 

58 

51 

2776 

82 


186 . 

41 

18 

5262 

63 

52 

2694 

82 


145 ' 

34 

19 

5199 

67 

53 

2612 

82 


111 

28 

20 

5132 

72 

54 

2530 



69 

21 

21 

5060 

75 

, 55 

2448 


89 

62 

16 

22 

4985 

75 

56 

2366 

62 

I 90 

46 

12 

83 

4910 

75 

, 57 

2284 

82 

91 

34 

10 

24 

4835 

75 

58 

2202 

82 

92 

24 

8 

25 

4760 

75 

59 

2120 

82 

93 

16 

7 

26 

4685 

75 

60 

2038 

82 

94 

9 

5 

27 

4610 

75 

61 

1956 

82 

95 

4 

9 

28 

4535 

75 1 

62 

1874 

81 

96 

1 

1 

29 

4460 

75 

El 

1793 

81 




90 

4385 

75 

Il0 

1712 

SO 

- - 

- ^ 



F9 
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EXPECTAIION OF I IFE ACCORDING TO THE CARLISLE TABLE 
OF PROBABILI riES. 



Expect. II 

40 

75 

40. 

04 

39 

31 

38 

59 

37 

86 

37. 

14 

36 

41 

35 

69 

35 

00 

34 

34 

33 

68 

33 

03 

32.36 

31 

68 

31 

00 

SO 

32 

29 

64 

28 

90 

28 

28 

27 

.61 

26 

97 




EXPECTATION OF LIFE ACCORDING TO TUX NORTH AMP TON 
TABLE OF PROBABILITIES 


Age ) Expect 1} Age. | Expect |{ Ago 



Ago 

Expert 

Age 

Fx|>ect 

40 

23 08 

60 

13 21 

41 

22 56 

01 

1275 

42 

22 04 

02 

12 28 

4t 

21 54 

63 

11 B1 

44 

21 03 

64 

11 35 

45 

20 52 

65 

10 88 

46 

20 02 

66 

10 42 

47 

19 51 

67 

9 96 

48 

1900 

68 

9 50 

49 

18 49 

69 

9 05* 

50 

17 99 

70 

8 00 

51 

17 50 

71 

8 17 

52 

53 

17 02 
16 54 

m 

7 74 
7 13 

54 

16 06 

74 

6 92 

55 

15 58 

75 

6 54 

56 

15 10 

76 

618 

57 

14 63 

77 

5 83 

58 1 

14 15 

78 

5 48 

59 J 

13 68 

79 

5 11 






















VALl^b OF AN ANNUITY OF £A ON A SlNOU£ U1F£, AC 
CORDING TO THE CARUISDC TABLE OF PROBABILITIES. 


m 


fmmm 

hiiiHil 


^ECSSSISSIl^SESfl 

PjMBQJI 


D 

17 120 

14 283 

12 063 

52 

13 558 

1 2 258 

11.154 

1 

20 085 

16 556 

13 995 

53 

13 180 

1 1 945 

lO 892 

a 

21 501 

17 728 

14 983 

54 

12 798 

1 1 627 

lO 624 

3 

22 683 

18 717 

15 824 

55 

12 4as 

1 1 *300 

lO 347 

4 

23 285 

19 233 

16 271 

56 

12 014 

lO 966 

lO 063 

5 

23j693 

19 594 

16 590 

57 

11 614 

10 625 

9 771 

6 

23 846 

19 747 

16 735 

58 

11 218 

lO 286 

9 478 

7 

23 867 

19 792 

16 7<K> 

59 

lO 841 

9 963 

9 199 

8 

23.801 

19.766 

16 786 

60 

lO 191 

9 663 

8 940 

9 

23 677 

19 693 

16 742 

61 

lO 180 

9 398 

8 712 

lO 

23 512 

19 585 

16 669 

62 

9 875 

9 137 

8 487 

11 

23 327 

19 460 

16.581 

63 

9 567 

8 872 

8 258 

12 

23 143 

1 9 336 

*16 494 

64 

9 246 

8 593 

8 016 

13 

22 957 

19 210 

16 406 

65 

8 917 

8 307 

7 765 

■u 

22 769 

19 082 

16316 

66 

8 578 

8 (JIO 

7 5l>3 

la 

22 582 

18 956 

16 227 

67 

8 228 

7 7(X> 

7.227 

la 

22 404 

18 837 

16 144 

68 

7 869 

7 *380 

6 941 

■a 

t2 232 

18 723 

16 0t>6 

69 

7 499 

7 049 

6 643 

18 

22 058 

18 608 

15 987 

70 

7 121 

6 709 

6 336 

19 

21 879 

18 488 

15 904 

71 

6 7 37 

6 358 

6 015 

20 

21 694 

18 J6} 

15817 

72 

6 373 

6 026 

5 711 

21 

21 504 

IS 233 

15 726 

73 

6 044 

5 725 

5 435 

22 

21 304 

18 095 

15 628 

74 

5 752 

5458 

4 190 

2‘1 

21 09H 

17 951 

1 5 525 

75 

5 512 

5 2 39 

4 989 

24 

20 885 

17 801 

1 5 417 

76 

5 277 

5 0*24 

4 792 

25 

20 665 

17,64 > 

15 301 

77 

5 059 

4 825 

4 609 

26 

20 4 12 

17 186 

15 1H7 

78 

4 838 

4 622 

4 122 

27 

20 212 

1 7 320 

15 065 ' 

79 

4 'i92 

4 391 

4 210 

J8 

19 981 

17 151 

J 4 942 

80 

1 »65 

4 18 3 

4 0| 5 

29 

19 761 

16 997 

14 827 

81 

1119 

3 951 

3 799 

ZO 

19 *5 50 

16 852 

1 1 72 1 

82 

3 S9H 

■5 716 

3 606 

31 

19 14S 

16 70> 

11617 

83 

3 672 

3 531 

3 406 

32 

19 1 IJ 

16 552 

1 1 506 

81 

) 151 

3 329 I 

3 *21 1 

33 

18 DIO 

16 

1 1 387 

85 

3 229 

3 115 

.3 (X>9 

34 

18 675 

16 219 

1 J 260 

86 

3 0 3 3 

2 928 

2 830 

35 

IH 4 M 

16 04 1 


87 

2 873 

2 776 

2 685 

3G 

18 183 

15 856 

HE 

88 

2 776 

2 683 

2 597 

37 

17 928 

15 666 

HE HE 

89 

2 665 

2 577 

2 195 

3H 

17 669 

15471 

HE BrU 

90 

2.4 >9 

2 416 

2 339 

39 

17^05 

15 272 

HI 3H 

KB 

2 ISI 

2 3*>8 

2 321 

iSI 

l-TM 1 

I 5 074 

1 3 

K3 


2 492 

2 412 

Di 

16 8‘K) 

14 383 

13 215 



•J 6(X> 

2 518 

e9 

16 610 

14 694 

1 1 lOl 



2 <.50 

2 5<i9 

1 

16 389 

1 1 505 

1 2 957 


HvErl 

2 671 

2 596 

1 44 

16 130 

J 4 308 

1 2 806 


•2 7(^ 1 

2 628 

2 555 

IB 

1 5 HG J 

J I 104 

1 2 6 48 

97 

2 559 

2 192 

•2 12H 

■9 

15 5S5 

I I 889 

1 2 480 

98 

2 3*^ 8 

2 332 

‘2 *278 

47 

15 294 

1 J 662 

12 301 

99 

2 131 

2 087 

2 04 5 

48 

1 4 986 

1 J 419 

12 107 

MEL 

1 68 3 

1 6 53 

1 .624 

40 

1 1 654 

13 I 53 

1 1 892 

lOl 

1 228 

1 210 

1 192 

50 

14 ‘lOJ , 

12 869 1 

11 660 

JO‘2 

O 771 

O 762 

O 753 

51 

1 i 932 1 

12^66 1 

11 410 

j 103 

O 321 

O 321 

O 317 
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68 






















89 



































































COMMON AKD HTPEBBOLIC LOGARITHMS. 





I (> 

1 05786127 
U.80H8712 
1 70391297 
I 7269SR82 


80 198022318 

87 2 00‘I.M<K»3 , 

88 202027388 ' 
Sa 2 049 KK)73 

90 2 072J2658 

91 JO«)5J5243 

92 2 118J7829 

91 LM41404M 

‘M 2 16442099 
05 2 18745584 


2 J1048100 

97 I 2 23350754 

98 I 2 25053339 

99 I 2 27955924 
2 30258509 


AREAS OF TUI 

2 SFOMENTS OF 

A CIRCLE, WHOSE DIAMKTFH 

IS UNITY, AND SUPPOSED 
EQUAL PARTS. 

TO BE D1\IDLD INTO lOOO 

?Icigiit 

\rca 8cg 

Height. 

Area Seg 

1 Height 

Area Beg 

HllKhL 

Area Seg 

(X)l 

0(XX>42 

031 

,007209 

061 

019716 

091 

035585 

(X)2 

(XX>1 1 9 

.032 

(X)7558 

.062 

0201 96 

092 

036162 

003 

000219 

033 

007913 

0(»3 

020680 

J09S 

036741 

004 

000337 

^734 

008273 

004 

021168 

094 

03732 ) 

005 

000470 

035 

008698 

065 

021659 

095 

037909 

joaa 

0(X)618 

.0)6 

(X)9<X)K 

066 

022194 

D96 

038496 

007 

000779 

017 

009383 

.067 

022652 

097 

JO 19087 

008 

(XX)951 

038 

0O<)7C3 

068 

023154 

098 

0 19680 

009 

001135 

039 

010148 

069 

023659 

099 

040276 

OIO 

0(JI329 

040 

010537 

070 

024168 

100 

040875 

X)ll 

0015J3 

041 

0109)1 

071 

J)24680 

101 

041476 

012 

001746 

042 

011330 

072 

025195 

102 

042080 

013 

001968 

043 

011734 

.073 

025714 

103 

042687 

014 

002199 

044 

012142 

074 

026236 

104 

,043296 

015 

002438 

045 

012554 

075 

026761 

105 

.04 3908 

016 

002685 

046 

012971 

076 

,0">7289 

106 

044522 

017 

j(X)2940 

047 

013392 

077 

OJ7821 

107 

045139 

018 

003202 

048 

013818 

078 

028356 

108 

045759 

019 

003471 

049 

014247 

.079 

028894 

109 

046381 

020 

003748 

050 

014681 

080 

029435 

110 

,047(X)5 

021 

004031 

051 

015119 

081 

029979 

111 

047632 

022 

UXM322 

052 

015561 

082 

030526 

112 

018262 

023 

004618 

053 

016007 

083 

031076 

113 

0 16894 

024 

004921 

054 

016457 

084 

031629 

114 

049528 

025 

005230 

055 

/)16911 

.085 

032186 

,115 

050165 

026 

004546 

056 

017369 

086 

032745 

116 

050804 

027 

005867 

057 

017831 

087 

033307 

117 

X)51446 

028 

006194 

058 

018296 

.088 

033872 

118 

052090 

029 

006527 

059 

018766 

089 

034441 

119 

052736 

030 

(X>6865 

060 

01 9239 

090 

03501 1 

120 

ormHS 
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AREAS Ot THE SEGMENTS OF A CIRCLE. 


Height 

Area Seg 

Height. 

Area Seg 

Height 

Area Seg 

1 Height 1 

Am Seg 

121 

0J4036 

181 

096003 

241 

145799 


199085 

122 

054689 

182 

097674 

242 

146655 

SOS 

200003 

123 

055345 

183 

098447 

243 

147512 

1 303 

200922 

124 

056003 

184 

099221 

24 i 

148371 

. 304 

201841 

125 

056663 

185 

099997 

245 

149230 

305 

202761 

126 

057326 

.186 

100774 

216 

150091 

306 

203683 

127 

057991 

.187 

101553 

247 

150953 

307 

204605 

128 

058658 

188 

.1023 34 

248 

151816 

308 

205527 

iJ9 

X>59327 

.189 

103116 

.249 

152680 

S09 

206451 

ISO 

059999 

190 

103900 

250 

153546 

310 

207376 

131 

060672 

.191 

104685 

251 

154412 

311 

208301 

.132 

061348 

192 

105472 

252 

155280 

312 

209227 

133 

062026 

193 

106261 

253 

156149 

313 

210154 

134 

062707 

.194 

107051 

1 2>4 

157019 

314 

211082 

135 

063369 

195 

107842 


1 57890 

315 

212011 

136 

064074 

196 

108636 


•158762 

316 

212940 

137 

064760 

197 

1094 36 


.159636 

317 

213871 

.138 

065449 

198 

1 10226 

258 

160510 

318 

214802 

139 

066140 

199 

111024 

259 

16JS86 

319 

215733 

140 

06683 1 

200 

1114123 

260 

.162263 

320 

216666 

141 

067528 

201 

1 1 2624 

261 

163140 

321 

217599 

142 

008225 

202 

1 1 3 126 

262 

164019 

322 

218533 

143 

.068924 

203 

114230 

26 3 

164898 

.323 

219468 

144 

069625 

.204 

115035 

264 

165780 

.324 

220404 

145 

070328 

205 

115842 

265 

1 66663 

325 

221310 

146 

071033 

206 

116650 

266 

167546 

326 

222277 

147 

071741 

207 

1 1 7460 

267 

168430 

327 

223215 

148 

072450 

*208 

118271 

268 

169315 

328 

224154 

149 

•073161 

209 

11(X)83 

269 

.170202 

329 

225093 

150 

073874 

2j0 

119897 

270 

,171039 

330 

226033 

• 151 

074589 

211 

120712 

271 

171978 

331 

226974 

152 

075306 

212 

121529 

272 

172867 

3 12 

227915 

153 

076026 

213 

122 147 

27 3 

173756 

3 IS 

«2S858 

154 

0767 17 

21 1 

123167 

; 271 

174649 

331 

2J9801 

155 

077469 

215 

123988 

1 275 

175542 

335 

230745 

1 56 

07SI94 

216 

1 24810 

276 

176435 

336 

211689 

157 

078921 

217 

125634 

277 

177330 

337 

,232634 

158 

079649 

218 

126159 

278 

1 78225 

338 

233580 

150 

080380 

219 

127285 

279 

179122 

339 

234526 

160 

OS 11 12 

220 

128113 

280 

180019 

340 

2 1547 1 

161 

OS 18 16 

221 

128942 

281 

180918 


236421 

162 

082582 

222 

1 2977 3 

282 

181817 

342 

237369 

16 1 

08 *320 

223 

130605 

28 3 

182718 

113 

238318 

1^4 

084059 

-.24 

I 314 18 

284 

183619 

341 

2 19268 

165 

084801 

225 

1 32272 

285 

184521 

345 

240218 

166 

OS 5 544 

226 

1 nios 

286 

185425 

146 

241169 

167 

OS6289 

227 

I 1 194 > 

0S7 

186 329 

347 

242121 

168 

087036 

228 

1 14784 

2h8 

187234 

348 

24 1074 

loO 

OS7785 

229 

1 15621 

289 

188140 

349 

24 4020 

170 

0385 n 

2 lO 

I 16 165 

290 

189047 

350 

244980 1 

171 

089287 

JU 

1 37 107 

291 

189955 

351 

245934 

172 

090CU1 { 

212 

138150 

292 

1 WS6 1 

352 

246889 i 

173 

0<X)797 1 

2 33 

1 38995 

293 

191775 

353 

247845 

174 

091554 

2 34 

1 19S4 1 

294 

192681 

354 

248801 

175 

092313 

23 5 

1 40688 

295 

1 93596 

355 

249777 

176 

093<'»74 

216 

1 II 537 

296 

194509 

356 

250715 

177 

0938 16 

2 37 

142387 " 297 ; 

I 95422 

357 

251673 

178 

094601 

238 

I4323S 1 

29S 

1 %S37 

3 58 

252631 

179 

095 i‘26 

239 

14 1091 , 

299 

197*252 

359 

2SJ590 

IHO 

096134 1 

210 

1 1 194 1 1 

KK) 

U»S16S 

160 

1 254 550 






AR^AS OF TH£ SEGMENTS OF A CIRCI 1.. 


255510 
.256471 
257433 
.258395 
.259357 
260320 
261284 
262248 
263213 
264178 
265144 
266111 
.267078 
268045 
269013 
269982 
270951 
27 1 9 JO 
272890 
27 3861 
2748S2 
27580 3 
276775 
277748 
278721 
279694 
280668 
281642 
282617 
28 5 '592 
284568 
.285544 
286521 
287498 
288476 


1 Height. 

i 

1 

.396 

1 397 
398 

28945 J 
290431 
.291411 

.399 

400 

292309 

293369 

.401 

.294349 

402 

295330 

403 

.296311 

.404 

.297292 

405 

298273 

406 

299255 

407 

300238 

408 

301220 

409 

.302203 

410 

303187 

411 

. 304171 

412 

.'J05I55 

.413 

306140 

414 

307125 

415 

308110 

416 

309095 

417 

IKXIBI 

418 

311068 

419 

312054 

420 

313041 

.421 

.314029 

422 

315016 

42J 

.316004 

424 

J 16992 


31-981 

426 

.31 8970 

427 

319959 1 

1 428 

320948 

j 429 

321938 

430 

322928 1 



Arc* Seg 


323918 
2324909 
J325900 
326892 
327882 
S28874 
329866 
330858 
331850 
332843 
333836 
334819 
335822 
336816 
.337810 
338804 
339798 
940793 
34178'’ 
342782 
343777 
344772 
345768 
346764 
347759 
318755 
349752 
350718 
35 1 745 
35271J 
353739 
3 547 \6 
3557 <2 
356730 
357727 


Ar«a8(>« 


35S725 

359723 

360721 

361719 

362717 

363715 

364713 

365712 

366710 

367709 

363708 

369707 

370706 

371705 

372704 

37370J 

374702 

375702 

376702 

377701 

378701 

3797t)0 

^80700 

381699 I 

SH2699 

383699 

384693 

385699 

386699 

387699 

388699 

389699 

390699 

391699 

392699 


TABLr FOR FINDING TUB DIFFFRENCB 
BETWEEN THE TRUE AND APPARENT 
LEVEL 


Dist. 

Yards 

Dif of Licvcl 
Inches. 

I'llHE 

A4iltts 

Dif of Lcnrel 
PMI. Inchaa* 

lOO 

0 026 

A 

O 

O* 

200 

O lOl 

X 

O 

2 

300 

O 211 

J 

O 

H 

400 

0411 

1 

<0 

8 

500 

0 643 

2 

2 

8 

600 

0 925 

3 

6 

O 

700 

1 260 

4 

lO 

7 

800 

1 64 5 

5 

16 

7 

900 

2081 

6 

23 

11 

lOOO 

2 570 

7 

92 

6 

IlOO 

3 no 

8 

42 

6 

1200 

3 701 

9 

53 

9 

1300 

4 344 

lO 

66 

4 

1400 

5 038 

11 

80 

3 

1500 

5 784 

12 

95 

7 

1600 

6 580 

13 

112 

2 

1700 

7 425 

14 

130 

I 
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TABI.B FOR JMBOOCIKO SLOFIKa UHRS TO HORISOR* 
TAL L2NBS. 



8 

lO 

11 

30 

12 

50 

14 

4 

15 

lO 

16 

15 

17 

15 

18 

lO 

19 

30 

19 

55 

20 

45 

31 

35 

88 

80 

83 

5 : 

23 

45 < 

84 

SO 

85 

lO 

25 

50 

86 

30 

27 

lO 

87 

45 

SB 

80 



Inch... 

• ' 1 

Leaks 

Bfiiimi 

198 1 

88 

55 

18^ 

9900 

896 

89 

so. 

13 

108.96 

594 

SO 

5 

13^ 

106 98 

798 

SO 

40 

14^ 

510 88 

1584 

SI 

15 

14} 

114 84 

19 80 

81 

45 

15 

11880 

23.76 

38 

90 

15} 

122.76 

3k7 72 

38 

50 

16 

126 78 

31 68 

ss 

85 

16} 

130 68 

35 64 

33 

55 

17 

134 64 

39 60 

34 

25 

17} 

138.60 ^ 

43 56 


55 

18 

148 56 ^ 

47 53 

S* 

25 

18 } 

146.58^ 

51 48 

35 

55 

19 

150.48 

55 44 

36 

25 

19} 

154 44 

59 40 

36 

55 

80 

158 40 

6S.36 

37 

20 1 

20} 

168.36 

67.38 

37 

50 

21 

166 38 t 

71.88 

38 

15 

81} 

17028 

75 84 

38 

45 

22 ♦ 

174 24 

79 20 

39 

15 

22} 

178.20 

83 16 

39 

40 

23 

188.16 

87 18 

40 

5 

83} 

186.18 

91 08 

40 

40 

8st 

18aiO 

95 04 

41 

O 

84 

190 08 


POLYGON TABLSa 


No. of 
udef» 




Tngon, or eqpstl A 

Totnigoa* cnt aqiiara 

PontoMa 

Hozogon 

H«pti|gOB 

OoU^cm 

Nonagoa 

Decagon 

Uodeeagoa 

Dodecaaon 


Tngon. or eqvd. A 
Tetngon* or wqpmn 
Fientagon 
Hexagon 
Heptagon 


Areae, or 
Muluplien. 


a43^187 
1 0000000 
1.7804774 
8 5900768 
A69d9184 
4.8884871 
611818840 
76948088 
a3656990 
11.1961584 


Konagon 

Daeigoa 

IMaeagoa 




























































